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Abstract

Most of the contemporary ultimate bearing capacity (UBC) formulas assume a linear yield function in shear stress-normal stress
space. However, experimental investigations have corroborated the non-linearity in the failure envelopes of sandy soils. This study
focused on the assessment of the stress level effect on the UBC of surface strip footings ascribed to the soil unit weight (c), footing size
(B), and uniform surcharge load (q). The rigid plastic finite element method (RPFEM) was employed for the analysis. The analysis
method was validated against the centrifuge test results from the published references in the case of various sandy soils with different
relative densities. The RPFEM, using the mean confining stress dependence property of Toyoura sand, is utilized in non-linear finite
element analysis of model sandy soil. The normalized ground failure domains in the case of the non-linear shear strength model are
gleaned smaller than those in the case of the linear shear strength one. The numerical results are compared with the guidelines of the
Architectural Institute of Japan (AIJ) and the Japan Road Association (JRA). The modification coefficients are ascertained for the fric-
tional bearing capacity factor (Nc) and surcharge bearing capacity factor (Nq), and a modified UBC formula is proposed. The perfor-
mance of the proposed UBC formula is examined against the analysis results and various prevailing UBC guidelines.
� 2023 Production and hosting by Elsevier B.V. on behalf of The Japanese Geotechnical Society. This is an open access article under the CC BY-
NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

It is well recognized that the footing size has a substan-
tial effect on the ultimate bearing capacity (UBC) of sandy
soils, thereby rendering significant uncertainty when choos-
ing the appropriate UBC formula accounting for the size
effect phenomenon. It is relevant to mention that, as the
https://doi.org/10.1016/j.sandf.2023.101325
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footing size increases, the confining stresses in the soil
increase and the dilatancy decreases. This results in a
reduced peak friction angle, and hence, causes a significant
drop in the UBC results. The size of the footing affects the
UBC through the confining stress dependency of shear
strength parameter / (Ueno et al., 1998; Zhu et al., 2001).

In view of such bearing capacity problems, it is pertinent
to note that the mean effective stress in the failure domain
is a function of both soil unit weight c and footing size B

through its dependency on the limit bearing pressure.
Therefore, both the footing size and the soil unit weight
are of paramount importance when estimating the confin-
ing stress dependency of the shear strength parameters.
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Some experimental studies have used the term cB to discuss
the size effect of footings on the UBC (De Beer, 1965; Ueno
et al., 1998). Furthermore, footings are often subjected to
heavy overburdens induced by adjoining landfills, which
may lead to incremental confining pressure in the bearing
stratum and result in a reduced peak friction angle.

In the purview of the preceding discussion, a confining
stress-dependent simplified UBC formula, accounting for
the effect of the aforementioned factors, is still lacking.
Therefore, the aim of this research was to study the extensive
UBC analysis of surface strip footings in order to reckon the
influence of the size effect phenomenon on the UBC. The
rigid plastic finite element method (RPFEM) program code
was employed for the UBC analysis in the case of sandy soils
considering centric vertical and uniform surcharge loads.

Nguyen et al. (2016) used the non-linear shear strength
property of Toyoura sand to estimate the size effect of foot-
ings on the UBC. However, the present research employs
the mean confining stress property of Toyoura sand for
the UBC analysis in the case of a model sandy soil. In addi-
tion, the scope of this study is extended to widely investigate
the confining stress dependency of the UBC as a function of
soil unit weight c, footing size B, and uniform surcharge
load q. The challenge of a UBC assessment using a stability
analysis is to consider the effect of the progressive failure on
the UBC due to the shear property of the strain softening of
dense sandy soils. However, many researchers (e.g., Hettler
and Gudehus, 1988; Nguyen et al., 2016) have clarified suc-
cessful assessments of the UBC of strip footings by employ-
ing the peak shear strength parameters of sandy soils in
triaxial compression tests.

The core of the present study comprises three sections.
Initially, the shear strength properties of various sandy
soils are investigated, and the performance of the RPFEM
is evaluated in terms of its ability to compute the UBC in
comparison to experimental studies using centrifuge model
tests. In the subsequent section, a UBC analysis of a model
sandy soil is conducted based on the mean shear strength
property of Toyoura sand. In addition, the results elicited
from the linear and non-linear shear strength criteria are
compared to elucidate the features of the non-linear shear
strength analysis technique and its advantages over the
Drucker-Prager (linear) model. Moreover, the ground fail-
ure domains are thoroughly examined to understand the
effect of the footing size on the strain rate distribution
and the size of the failure domain in the cases of total
and effective stress analysis conditions. Finally, a new
UBC formula is proposed to account for the stress depen-
dency through modification coefficients, and its perfor-
mance is assessed in comparison with the RPFEM
analysis and various existing UBC guidelines.

2. Literature review of some prevailing ultimate bearing

capacity formulas

Some prominent UBC formulas for strip footings on
uniform sandy soils under centric vertical and uniform
2

surcharge loads are arranged in Table 1. Classically, the
UBC of strip footings on uniform sandy soil deposits is
expressed as follows:

qu ¼
1

2
cBN c þ qNq ð1Þ

In Eq. (1), qu represents the ultimate bearing capacity,
and Nc and Nq symbolize the bearing capacity factors
due to the self-weight and uniform surcharge load, respec-
tively, depending solely on the internal friction angle of the
soil, /. Furthermore, c denotes the unit weight of the soil
underneath the footing, B accounts for the footing size,
and q is the uniform surcharge load. Meyerhof (1963)
endorsed the closed-form expression for the bearing capac-
ity factor, Nq, as given in Table 1, which was initially pro-
posed by Prandtl (1921) and Reissner (1924) and later
corroborated by various other researchers (e.g., Vesić,
1973, 1975).

A completely accurate closed-form analytical solution
has not yet been determined for Nc, despite numerous
attempts in various research studies. This is partly owing
to the size effect and difficulty associated with the selection
of the appropriate friction angle while comparing the theo-
retical UBC with that of the test results (Hijaj et al., 2005).
Furthermore, studies have highlighted the state depen-
dency of the internal friction angle, significantly influenced
by the stress level and soil relative density (e.g., Salgado
et al., 2000). The Nc relationship proposed by Meyerhof
(1963) is depicted in Table 1; it is one of the most widely
used expressions for Nc (Poor et al., 2015).

The UBC formula recommended in the engineering
manual for the bearing capacity of soils (EM 1110–1–
1905) by the U.S. Army Corps of Engineers (USACE,
1992) considers the effect of the stress level on the UBC
through the modification coefficient in the frictional term
of the UBC formula. According to the USACE engineering
manual, the choice of bearing capacity factors depends on
the type of model selected, namely, Terzaghi, Meyerhof,
Hansen, or Vesić. In the case of shallow foundations, both
the Soils and Foundations reference manual of the U.S.
Federal Highway Administration (FHWA, 2006) and the
bridge design specifications of the American Association
of State Highway and Transportation Officials
(AASHTO, 2020) recommend using the bearing capacity
factors, which is the same as the recommendation given
in Vesić (1973, 1975). Therefore, the bearing capacity fac-
tors of Vesić (1973, 1975) are used for UBC estimation in
the case of the USACE UBC formula in this study.

The simplified UBC relationship derived from the plas-
ticity theory and the experimental results, as proposed in
the European standard for geotechnical design, i.e.,
Eurocode 7 (EN 1997–1:2004), is practically the same as
that given in Eq. (1) for strip footings on sandy soils.
The relationships for the bearing capacity factors are pre-
sented in Table 1.

The UBC formulas being used in Japan are those devel-
oped by the Architectural Institute of Japan (AIJ, 1988,



Table 1
Comparison of various simplified UBC formulas for strip footings on sandy soils in terms of stress effect modification coefficients.

Author/guideline Formula Bearing capacity factors Stress effect modification coefficients

Nc Nq gc gq

Meyerhof (1963) qu ¼ 1
2 cBN c þ qNq Nq � 1

� �
tan 1:4/ð Þ exp p tan/ð Þtan2 45o þ /

2

� �
No No

U.S. Army Corps of Engineers
(USACE, 1992)

qu ¼ 1
2 cBgcN c þ qNq 2 Nq þ 1

� �
tan/ exp p tan/ð Þtan2 45o þ /

2

� �
1� 0:25 log B

Bo

� �
Bo = 2 m

No

Eurocode 7
(EN 1997–1:2004)

qu ¼ 1
2 cBN c þ qNq 2 Nq � 1

� �
tan/ exp p tan/ð Þtan2 45o þ /

2

� �
No No

Japan Road Association
(JRA, 2017)

qu ¼ 1
2 cBgcN c þ qgqNq Graphic curves Graphic curves Bð Þ�1

3 q�ð Þ�1
3

q� ¼ q
qo
(1 � q*�10)

qo = 10 kPa
Architectural Institute of Japan

(AIJ, 1988, 2001, 2019)
qu ¼ 1

2 cBgcN c þ qNq Nq � 1
� �

tan 1:4/ð Þ exp p tan/ð Þtan2 45o þ /
2

� �
B
Bo

� ��1
3

Bo = 1 m

No

Notes: Bo = Reference footing width, qo = Reference surcharge load.
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2001, 2019) and the Japan Road Association (JRA) in the
Road bridge specifications (2017). The AIJ guidelines con-
sider the stress level effect through the modification coeffi-
cient only in the frictional term of the UBC formula.
However, the JRA guidelines have introduced stress effect
modification coefficients in both frictional and surcharge
terms of the UBC formula. The bearing capacity factors
in the AIJ guidelines correspond to those proposed by
Meyerhof (1963). In the JRA guidelines, however, graphi-
cal curves are used for the bearing capacity factors. They
are practically the same as those used in Meyerhof (1963).

The limitations of the conventional UBC formulas, in
terms of the influence of various factors when estimating
the confining stress dependency of the UBC and the incon-
sistencies amongst the different guidelines for the modifica-
tion coefficients, need to be thoroughly investigated and
thereby uphold the importance of the present research.
3. Constitutive equations for finite element analysis of rigid

footing

In this research, the UBC analysis was carried out using
the in-house RPFEM program code developed by the
authors (Hoshina et al., 2011; Nguyen et al., 2016). The
RPFEM stems from the upper bound theorem of plasticity
which, in fact, applies the upper bound on the true collapse
load to be determined. The rigid plastic constitutive equa-
tion was initially developed for frictional materials by
Tamura et al. (1987). Moreover, the applicability of the
RPFEM was thoroughly examined and endorsed previ-
ously in the purview of geotechnical stability problems
(Asaoka and Ohtsuka, 1986, 1987; Asaoka et al., 1990;
Nguyen et al., 2016).

In this study, the UBC analysis is performed using the
RPFEM based on the linear (i.e., Drucker-Prager (DP))
and non-linear (NL) yield functions. The non-linear rigid
plastic constitutive equation, introduced by Nguyen et al.
(2016) for sandy soils, was employed. It can accurately
account for the various material properties and their mutual
3

dependence, such as the confining stresses and angles of
internal friction. Details of the non-linear yield function
and rigid plastic constitutive equation are provided in this
section, while those of the Drucker-Prager yield criterion
can be found in the articles published by the authors
(Pham et al., 2019a, 2019b, 2020; Pham and Ohtsuka,
2021; Pham et al., 2022). Nguyen et al. (2016) refined the
RPFEM to account for the effect of particle breakage on
the stress-dependent shear strength property of sandy soils
by applying a higher order yield function, as follows:

f ðrÞ ¼ aI1 þ ðJ 2Þn � b ¼ 0 ð2Þ
Here, a and b are the soil parameters corresponding to

internal friction angle / and cohesion c, respectively,
retrieved through the experimental data from strength tests
on a given soil. Furthermore, n depicts the non-linearity of
the failure envelope in relation to the first stress invariant,
I1, and the second invariant of deviator stress, J2. The
non-linear yield function (Eq. (2)) is used under the plane
strain condition by considering the associated flow rule.
The non-linear yield function (Eq. (2)) has been successfully
applied to bearing capacity problems of footings and piles,
using the rigid plastic constitutive equation, in the case of
/ and c-/ soils, and has been shown to adequately demon-
strate the stress dependency of the soil strength in published
research articles by the authors (Hoshina et al., 2011;
Nguyen et al., 2016; Tamboura et al., 2022). Based on the
associated flow rule, strain rate _e is obtained for the non-
linear yield function presented in Eq. (2) as follows:

_e ¼ k
@f ðrÞ
@r

¼ k
@

@r
aI1 þ ðJ 2Þn � bð Þ ¼ k aI þ nJn�1

2 s
� � ð3Þ

In Eq. (3), k is the plastic multiplier, and I and s indicate
the unit and deviatoric stress tensors, respectively. The cor-
relation for the norm of the strain rate is given as Eq. (4).

_e ¼
ffiffiffiffiffiffiffiffi
_e : _e

p
¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a2 þ n2J 2n�2

2 2J 2

q
¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a2 þ 2n2J 2n�1

2

q
ð4Þ

The relationship for plastic multiplier k is finally derived as
follows:
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k ¼ _effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a2 þ 2n2 b� aI1ð Þ2�1=n

q ð5Þ

The volumetric strain rate is expressed as follows:

_ev ¼ tr_e ¼ tr k aI þ nJn�1
2 s

� �� � ¼ 3ak

¼ 3affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a2 þ 2n2ðb� aI1Þ2�1=n

q _e ð6Þ

where _ev and _e depict the volumetric strain rate and the
norm of the strain rate, respectively. The first stress invari-
ant is ascertained from Eqs. (2) to (6) as the following
relationship:

I1 ¼ b
a
� 1

a
1

2n2
3a

_e
_ev

� �2

� 3a2
" #( ) n

2n�1

ð7Þ

The deviatoric stress is identified from Eq. (3) as follows:

s ¼ 1

n
3a

_e

_ev
� aI

� �
1

2n2
3a

_e
_ev

� �2

� 3a2
" #( ) 1�n

2n�1

ð8Þ

The non-linear rigid plastic constitutive equation for con-
fining pressure is finally obtained through Eqs. (7) and
(8) as follows (Nguyen et al., 2016; Tamboura et al., 2022):

r ¼ 3a
n

1

2n2
3a

_e
_ev

� �2

� 3a2
" #( ) 1�n

2n�1
_e

_ev

þ b
3a

� 1

3a
1

2n2
3a

_e
_ev

� �2

� 3a2
" # n

2n�1

0
@

� a
n

1

2n2
3a

_e
_ev

� �2

� 3a2
" # 1�n

2n�1

1
AI ð9Þ

The non-linear yield function (Eq. (2)) corresponds to the
Drucker-Prager yield function in the case of n = 0.5. How-
ever, it is noted that the rigid plastic constitutive equation
(Eq. (9)) is not applicable in the above case. It is pertinent
to point out that, in the case of the rigid plastic constitutive
equation for the Drucker-Prager yield criterion, the stress is
split into two components, one of which is uniquely deter-
mined for the strain rate, and the other of which is indetermi-
nate and determined by solving the equilibrium equation in
consideration of the constraint condition on the strain rate,
such as the dilatancy property for the Drucker-Prager yield
function (Nguyen et al., 2016; Tamboura et al., 2022). On
the contrary, in the case of the non-linear yield function,
the stress is uniquely defined for the plastic strain rate.

4. Discussion on non-linear shear strength property of sandy

soils

4.1. Shear strength property of various sandy soils

This research primarily focuses on the stress-dependent
shear strength property of Toyoura sand, which is one of
4

the most commonly used sandy soils for research in Japan.
Furthermore, the shear strength property of other sandy
soils, i.e., silica and Silver Leighton Buzzard (S.L.B) sands,
is also investigated to grasp the general trend in the stress
dependency of sandy soils. The index properties of various
sandy soils examined in this study are arranged in Table 2.

In the present study, the confining stress dependency of
the frictional material, i.e., Toyoura sand, is modeled based
on the strength tests of Tatsuoka et al. (1986), since the
compression tests were conducted under low to high con-
fining pressures (4.9 kPa to 392 kPa) with very loose to very
dense particle distributions. For a given relative density,
the experimental results indicate a decreasing trend in the
internal friction angle with increasing confining pressure.
In the first instance, the experimental results are arranged
for various relative densities (Fig. 1) to grasp the change
in internal friction angle corresponding to the various
stress levels through the first stress invariant I1 at the crit-
ical state. The negative values for I1 refer to the compres-
sion stress. Through case studies, the experimental data
are extrapolated to estimate the y-intercept, i.e., initial
internal friction angle (/0) against each relative density
(Dr), as shown by the dashed lines in Fig. 1. Such extrapo-
lation is useful for firstly establishing a normalized rela-
tionship for the internal friction angle at various stress
levels corresponding to the initial state and then later com-
paring the ultimate bearing capacity of the model sandy
soil with conventional UBC formulas for a given initial
internal friction angle. The relationship between the nor-
malized internal friction angle and the first stress invariant
is established in Fig. 2. Regardless of the variation in Dr,
the relationship between the normalized internal friction
angle and the first stress invariant reveals the common
property. As the various relative densities represent nearly
similar material responses under stress, it is meaningful to
develop a simplified relationship based on the mean prop-
erty of Toyoura sand against various confining stress levels.
The mean trend line is plotted in Fig. 2 using the least
squares method. In Fig. 2, the reference value for the mean
stress for the normalization of the internal friction angle is
set to zero. However, the normalized internal friction angle
was verified against the normalized mean stress by Nguyen
et al. (2016) and showed a coincident trend, even when the
reference values for internal friction angle /0 and first
stress invariant I10 were purposely set at different values,
which suggests the wide applicability of Fig. 2.

The effect of the confining pressure on the internal fric-
tion angle is witnessed in the case of most sands, gravels,
and ballast, being a general characteristic (Hettler and
Gudehus, 1988). Therefore, it is relevant to survey the
stress dependency of the internal friction angle in the case
of various sandy soils. Based on the strength tests of Zhu
et al. (2001) and Yoshida et al. (1995, 1997), respectively,
the stress-dependent shear strength property of silica and
S.L.B sands is investigated in comparison with that of
the Toyoura sand in this study. The normalized internal
friction angle of various sandy soils decreases with an
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Fig. 1. Relationship between internal friction angle and first stress
invariant for Toyoura sand (after Tatsuoka et al. (1986)).

Fig. 2. Normalized relationship between ///0 and I1 for Toyoura sand.
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5

increase in the stress level (Fig. 3). The normalized relation-
ships for silica and S.L.B sands are closely related to those
of the Toyoura sand, indicating the typical behavior of
Fig. 3. Comparison of normalized relationship between ///0 and I1 for
various sandy soils.



Fig. 4. Validation of analysis method for various sandy soils in cases of B
up to 4 m.
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sandy soils with incremental stress (Fig. 3). The normaliza-
tion between / and I1 always holds irrespective of the ref-
erence value of the confining pressure in standardizing /
(Nguyen et al., 2016). Hettler and Gudehus (1988) investi-
gated the influence of the confining pressure on the shear
strength property in the case of three different sandy soils,
namely, Darmstadt sand, Degebo sand, and Eastern
Scheldt sand, through compression tests performed with
an improved apparatus. Their experimental study con-
cluded that the parameter which determines the effect of
the pressure level on / remained nearly the same in the case
of different sands and different relative densities. Although
the sandy soils investigated in this study are different from
those of Hettler and Gudehus (1988), they indicate the
same trend against incremental stress, indicating the gen-
eral property of sandy soils. The general equation for the
mean trendline in Figs. 2 and 3 can be expressed as follows:

/
/0

¼ 1þ dI1
1þ fI1 þ wI21

ð10Þ

Here,d depicts the linear coefficient of the numerator,
whereas f and w denote the linear and binomial coefficients
of the denominator, enumerated as �1.915 (1/Pa), �2.145

(1/Pa), and 2:105� 10�5(1/Pa2), respectively.
4.2. Validation of simulation method

In this section, the simulation method is corroborated
against the centrifuge experimental results in the case of
three different sandy soils, namely, silica sand, S.L.B sand,
and Toyoura sand, having different relative densities. The
RPFEM(NL) is used for the UBC analysis of surface strip
footings using soil properties identical to those of the cen-
trifuge experiments in the case of each soil. The soil index
properties (Table 2) and the stress-dependent shear
strength relationships (Figs. 2 and 3) discussed in the pre-
vious section are used for the UBC analysis corresponding
to each target soil and relative density. Non-linear param-
eters, a, b, and n are set in this study to correspond to each
soil with a given relative density for the UBC analysis
against the centrifuge tests, as can be observed in Fig. 4.
The normalized relationships between ///0 and I1 are
established in Figs. 2 and 3 for each sandy soil and given
relative density. Therefore, the shear strength parameters
of the non-linear shear strength are set based on the estab-
lished trendline relationship (Figs. 2 and 3) for the target
soil and relative density, with the same initial internal fric-
tion angle as that of the target sand at a given relative
density.

Since centrifuge experiments were conducted up to a
strip footing width of 4 m, the UBC analysis discussed in
this section was conducted up to the same footing size as
that which corresponds to the experimental results depicted
in Fig. 4. For strip footings on Toyoura sand, the analysis
results are compared with the findings of Okahara et al.
(1988) in the case of three different relative densities
6

(Dr = 58%, 74%, and 88%). In the case of S.L.B sand
(Dr = 80%) and silica sand (Dr = 90%), the analysis results
are compared with the experimental studies of Tatsuoka
et al. (1997) and Zhu et al. (2001), respectively, by employ-
ing the shear strength property of each target soil. There is
a good agreement between the analysis results of the pre-
sent study and the centrifuge experimental findings, as
can be observed in Fig. 4. This indicates that the RPFEM
using the non-linear shear strength property of sandy soils
can accurately estimate the effect of the footing size on the
UBC in the case of various sandy soils ranging from lower
to higher relative densities.

5. Ultimate bearing capacity analysis for model sandy soil

5.1. Shear strength property of model sandy soil

In this section the shear strength property of the model
sandy soil is discussed. It is useful to consider the model
sandy soil for comparing the UBC estimated through the
RPFEM and various UBC formulas from literature for a
given initial internal friction angle. According to Peck
et al. (1974), the internal friction angles of loose to dense
sandy soils normally fall in the range of 28.5� to 41�. There-
fore, a reasonably wide range of friction angles, i.e.,
/0 = 30�-40�, is considered for the model sandy soil, as soils
falling in this range are often encountered in practice.
Established for the mean property of Toyoura sand (Figs. 2
and 3), the non-linear shear strength parameters can easily
be set for model sandy soil with a given initial internal fric-
tion angle as normally retrieved through triaxial compres-
sion tests. The model sandy soil is defined by the shear
strength property, which follows the mean trendline (Eq.
(10)) of the shear strength for Toyoura sand. Therefore,
the shear strength parameters of the non-linear shear
strength are set based on the mean trendline (Eq. (10))
through the triaxial compression condition, and initial
internal angle /0 is set as that of the target model sandy
soil.



Table 3
Material shear strength parameters for analyses in case of model sandy
soil.

/0 a b (kPa) n

30� 0.175 1 0.526
35� 0.216
40� 0.257
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The initial friction angle is set to correspond to the ref-
erence value in the first stress invariant, i.e., I1 = 0 MPa,
and the model parameters are set through the non-linear
yield function (Eq. (2)) based on the relationship between

I1 and
ffiffiffiffiffi
J 2

p
of the target model sandy soil, as shown in

Fig. 5. The non-linear parameters, a, b, and n, are depicted
in Table 3 for bearing capacity analyses in the case of the
model sandy soil. Parameter n expresses the non-linearity
of the shear strength against the stress level, and a corre-
sponds to the initial internal friction angle /0 of the target
model sand. Therefore, n is uniquely set by the mean trend-
line property of the shear strength in Eq. (10), and a is

determined by fitting the relationship of I1 and
ffiffiffiffiffi
J 2

p
for

the target internal friction angle /0 drawn by considering
Eq. (10) and the stress condition of the triaxial compression
test, as shown in Fig. 5. A marginal value for the cohesion
parameter (b = 1 kPa) is used in the analysis to stabilize the
computations. However, its overall effect on the bearing
capacity results is minimal. As the general property of Toy-
oura sand against the variation in stress levels remains sim-
ilar for various densities, a constant parameter n is set for
the normalized mean relationship in Fig. 2 for the purpose
of simplifying the modeling.
5.2. Ultimate bearing capacity analysis using Drucker-
Prager and non-linear shear strength

This section focuses on a stability analysis of strip foot-
ings on a model sandy soil under the plane strain condition
using the RPFEM Drucker-Prager (DP) and RPFEM non-
linear (NL). The material shear strength parameters incor-
porated in the RPFEM(DP) analysis procedure are identi-
cal to those gleaned from conventional triaxial
compression tests, while in the case of the RPFEM(NL),
the parameters set in Table 3 are employed. The UBC anal-
ysis is conducted for a wide range of footing sizes (1 m to
10 m) and material shear strength parameters to properly
ascertain the efficacy of the employed technique. The mate-
rial strength characteristics of the footing are set up in such
Fig. 5. Relationship between I1 and
ffiffiffiffiffi
J 2

p
for model sandy soil.

7

a manner as to have a completely rigid mass, while the
boundary conditions are set to be wide enough so that
the rigidity will not have any direct effect on the soil failure
domain.

The analysis results through the RPFEM(DP) and
RPFEM(NL) are plotted along with those from the Meyer-
hof, AIJ, and JRA bearing capacity formulas in Fig. 6 for
the centric vertical loading scenario in the absence of sur-
charge loading in the case of c = 18 kN/m3. It is pertinent
to mention that both AIJ and JRA guidelines propound
the same size effect modification in Nc in the absence of sur-
charge loading. The RPFEM (DP), being the linear shear
strength model, indicates good concurrence with the Mey-
erhof UBC formula (Fig. 6). It corroborates that the
boundary conditions, mesh size, and loading arrangements
considered for the analyses are suitable to precisely com-
pute the ultimate bearing capacity for the various cases
examined in this research study.

The marked difference in the results between the
RPFEM(DP) and RPFEM(NL) is quite noticeable and
can be attributed to the size effect of the footing on the
UBC through the confining stress dependency of the shear
strength parameters. This is primarily because large foot-
ings lead to high stress levels in the soils underneath them,
resulting in a reduced peak friction angle. Apropos, such
an effect of the stress level on the UBC has been pointed
out in numerous experimental studies (De Beer, 1965;
Clark, 1998; Zhu et al., 2001) as well as numerical studies
(Nguyen et al., 2016). Since the size effect of footings is
Fig. 6. Comparison of ultimate bearing capacity results in case of c = 18
kN/m3.
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an evolving subject, the exact reasons behind this phe-
nomenon have not yet been fully clarified. For instance,
Steenfelt (1977) ascribed the size effect to the influence from
the ratio of the grain size to the footing width, whilst
Hettler and Gudehus (1988) attributed it to the effect of
the pressure level on /. Several studies in the recent past
have attributed this phenomenon to the stress level effect
on the internal friction angle. In this study, therefore, the
non-linearity in the shear strength, being a common char-
acteristic of sandy soils, is considered a useful property to
better understand this phenomenon and to ascertain its
contributing factors.

The RPFEM(NL) analysis results are in good agree-
ment with the AIJ and JRA bearing capacity formulas
for a wide range of shear strength in the case of c = 18
kN/m3 under centric vertical load only (Fig. 6). This indi-
cates the effectiveness of the non-linear rigid plastic consti-
tutive equation in estimating the effect of the confining
pressure on the shear strength property of the model sandy
soil. Nguyen et al. (2016) also evinced the consistency in the
bearing capacity analysis results between RPFEM(NL)
and AIJ. It is relevant to mention here that, for an increase
in footing size from 1 m to 10 m, in the cases of /0 = 30�,
35�, and 40�, the RPFEM(NL) leads to a nearly 53%
decrease in the UBC results as compared to the RPFEM
(DP), as can be observed in Fig. 6. It is germane to delin-
eate that Zhu et al. (2001) reported a 55% reduction in
bearing capacity factor Nc for a 10-fold increase in footing
size based on centrifuge experiments using silica sand. Sim-
ilarly, the experimental investigations of Clark (1998) con-
cluded that bearing capacity factor Nc generally decreases
by nearly 50% for each log cycle increase in footing size.
The RPFEM(NL), using the confining stress dependency
of Toyoura sand, can accurately simulate the effect of the
footing size. However, it is extremely important to carry
out a stability analysis for an extensive range of soil unit
weights c to determine its effect on the confining stresses
and size of the bearing area. This is primarily because var-
ious characteristics are encountered in the practical situa-
tion of soils. Furthermore, there are often geographical
conditions involving frequent changes in the water table
which also ultimately affect the strength characteristics of
the underlying soil.

The typical finite element mesh and boundary condi-
tions employed in the stability analysis are manifested in
Fig. 7 in the case of B = 10 m. However, the extents of
the horizontal and vertical boundaries are set so as not
to affect the collapse mechanism. Only one half of the
geometry is modeled for the stability analysis considering
the symmetry of the problem along the centerline. In this
typical case, the total numbers of elements and nodes con-
stituting the soil geometry are 2800 and 2911, respectively.
A relatively finer mesh is created in the vicinity of the
higher stress region for the purpose of accurately simulat-
ing the footing-soil failure mechanism at peak loads. The
domain of the failure zone is expressed through the con-
toured distribution of the norm of strain rate _e in the range
8

of _emin to _emax. The relative distribution and magnitude of _e
govern the magnitude of the UBC, and the typical failure
mode is observed as general shear failure.

5.3. Discussion on total and effective stress analysis

conditions

Pragmatically, the water table below the footing is sub-
ject to change over time. Moreover, soil layers having dis-
tinct strength characteristics are often encountered in the
ground strata. Additionally, the deformation in the soil
failure zone is necessarily a function of the effective stresses
rather than the total stresses. Therefore, a UBC analysis, in
terms of the footing size effect and in consideration of the
variation in soil unit weight c, is necessary to accurately
perceive the confining stress dependency of the shear
strength parameters. In this section, the analysis is per-
formed for the model sandy soil under previous geometri-
cal and boundary conditions (Fig. 7) by considering the
effective unit weight of the soil, 8 kN/m3 (buoyant unit
weight), under the scenario of the water table at the ground
surface. The bearing capacity analysis results are plotted in
Fig. 8.

The results given in Fig. 8 indicate the significant differ-
ence in the UBC between the RPFEM(NL) and the AIJ
and JRA formulas in the case of an effective stress analysis.
This phenomenon can be easily understood by visualizing
the confining stress property of sandy soils. This is mainly
because the stress level decreases with the decrease in c; and
consequently, the shear strength and UBC increase.
Loukidis et al. (2011) also highlighted this effect of soil unit
weight c on the stress level in the soil and concluded that Nc

decreases with the increase in cB and vice versa. Moreover,
eminent experimental studies have also considered the soil
unit weight, in addition to the footing size, while discussing
the stress level effect (De Beer, 1965; Zhu et al., 2001).
However, such an effect of soil unit weight c is not explicitly
considered in the size effect modification coefficients pro-
posed by the AIJ and JRA formulas. The effect of the foot-
ing size and soil unit weight on the normalized failure
domains (D/B and L/B) has also been investigated, as
shown in Table 4. ‘‘D” indicates the depth of the failure
zone from the ground surface, while ‘‘L” indicates the hor-
izontal stretch of the failure zone from the centerline, as
shown in Fig. 7.

It is noted that the failure zone becomes larger when the
internal friction angle is increased. In the case of the non-
linear shear strength model, the internal friction angle
decreases with an increase in the footing size. Therefore,
the peak friction angle differs in accordance with the first
stress invariant; hence, the equivalent plastic strain rate is
correspondingly distributed in the failure zone. Despite
the material constant being the same, the size of the failure
zone is smaller in the case of the non-linear shear strength
model as compared to that of the linear shear strength
model. In the case of the effective stress condition, the
non-linear analysis renders the larger failure zone in terms



Fig. 7. Ground failure domains in case of /0 = 35�, B = 10 m, and c = 18 kN/m3.

Fig. 8. Comparison of ultimate bearing capacity results in case of c = 8
kN/m3.
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of normalized dimensions as compared to the total stress
condition. This phenomenon can be attributed to the differ-
ence in mean effective stress in both cases. On the contrary,
the size of the failure modes remains nearly the same in the
case of the linear shear strength since the effect of the stress
level is not considered in the postulate. Such a variation in
the size of the failure zone needs to be carefully considered,
specifically in urban areas where structures lie in close
vicinity to one another and the performance of one struc-
ture may affect that of another. Based on the numerical
investigations, it is rationally deduced that the proposal
of a modification coefficient is imperative for the frictional
term of the UBC formula in both the AIJ and JRA guide-
lines to properly account for the effect of stress
dependency.

6. Ultimate bearing capacity formula for sandy soils

6.1. Modification coefficient for Nc

An interesting finding in this study is that the combined
effect of soil unit weight c and footing size B governs the
confining stresses in the soil. For instance, in the case of
/0 = 35�, the UBC of the footing size of 5 m at c = 18
kN/m3 is 948 kPa, while that of the footing size of 10 m
at c = 9 kN/m3 is 949 kPa. As the mobilized shear strength
in the soil remains the same for a constant value of the pro-
duct (cB) of soil unit weight c and footing size B, the UBC
results also remain the same. This indicates that the size
effect of the footing on the UBC is a function of the pro-
duct cB. In this study, the term cB is normalized with
respect to the atmospheric pressure, i.e., pa = 101.325 kP
a. In fact, De Beer (1965) initially introduced this concept
and used (cB/Eq) to discuss the stress level effect through
1 g model tests, where Eq was the normalizing factor equal
to atmospheric pressure pa. Since then, this conceptualiza-
9

tion has been used in centrifuge experimental studies (e.g.,
Zhu et al., 2001). The modification coefficient (gc) in the
frictional term can be expressed as follows in the case of
the centric vertical load (Eq. (11)):

gc ¼
2qu
cBN c

ð11Þ

The effect of stress term cB on modification coefficient gc
is examined through bearing capacity analyses of the strip
footing under the centric vertical load. The analysis results
are arranged in Fig. 9 by numerically surveying the bearing
capacity for the wide ranges in footing sizes of B = 1 m to
10 m, soil unit weights of c = 8 kN/m3 to 18 kN/m3, and
internal friction angles of /0 = 30�, 35�, and 40�. The range
in stress (cB/pa) considered in this study adeptly covers the
range encountered in practical situations, i.e., 0.1–0.6
(Loukidis et al., 2011).



Table 4
Sizes of normalized failure domains in case of total and effective stress analyses.

/0

[�]
Footing

B [m]

c = 18 kN/m3 c = 8 kN/m3

Non-linear Linear Non-linear Linear

D/B L/B D/B L/B D/B L/B D/B L/B

30 1 1.05 3.05 1.05 3.10 1.06 3.08 1.06 3.10
5 0.84 2.29 0.93 2.74 0.92 2.51 0.94 2.75
10 0.82 2.27 0.90 2.71 0.88 2.40 0.91 2.70

35 1 1.32 4.02 1.32 4.05 1.32 4.04 1.32 4.03
5 1.05 3.00 1.18 3.60 1.12 3.28 1.19 3.63
10 1.00 2.85 1.14 3.53 1.05 3.11 1.14 3.53

40 1 1.55 5.36 1.55 5.36 1.55 5.35 1.56 5.38
5 1.26 4.20 1.41 4.91 1.33 4.55 1.43 4.91
10 1.22 4.00 1.40 4.80 1.28 4.25 1.40 4.81

Fig. 9. Relationship between modification coefficient gc and cB/pa.
Fig. 10. Performance of proposed UBC formula against RPFEM analysis
results.
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The relationship between gc and cB/pa, based on the
analysis conducted for the model sandy soil, is expressed
by the mean trendline using the least squares method
(Iqbal et al., 2022). The relationship for the mean trendline
in Fig. 9 can be closely approximated by Eq. (12). The
UBC formula for a strip footing on sandy soil, under the
centric vertical load, is proposed as Eq. (13), in terms of
the Nc by Meyerhof (1963) and the modification coefficient
(Eq. (12)). Meyerhof’s bearing capacity factor Nc is
employed in the proposed equation (Eq. (13)) since the
analysis results from the linear shear strength model, i.e.,
the RPFEM(DP), are consistent with those of Meyerhof.
In addition, Meyerhof’s bearing capacity factors are often
referenced and recommended in foundation engineering
manuals and guidelines (e.g., AIJ (1988, 2001, 2019)),
and thus, widely used in engineering practice. In Fig. 10,
the applicability of the approximated formula (Eq. (13))
is evaluated against the RPFEM analysis results through
wide variations in soil properties and footing sizes.
gc ¼ 0:55
cB
pa

� ��1
3

0 6 gc 6 1 ð12Þ
10
qu ¼
1

2
cBN cgc ð13Þ
6.2. Validation of proposed equation

The proposed UBC formula (Eq. (13)) is validated
against the other prevailing UBC formulas, namely, AIJ,
JRA, Eurocode, and USACE, for various analysis condi-
tions, as shown in Fig. 11. In the case of c = 18 kN/m3,
the proposed UBC formula shows a good match with the
AIJ and JRA UBC formulas. However, in the case of
c = 8 kN/m3, the AIJ and JRA formulas underestimate
the UBC by nearly 20%. This is because both the AIJ
and JRA formulas do not explicitly consider the stress level
effect of c on the size effect modification coefficient. On the
other hand, the Eurocode and USACE UBC formulas
overestimate the UBC as compared to the proposed UBC
formula, AIJ, and JRA UBC formulas. This is primarily
because neither the Eurocode nor the USACE formula
adequately considers the effect of the confining pressure
on the UBC rendered by the footing size and soil unit
weight.



Fig. 11. Validation of proposed UBC formula: (a) c = 18 kN/m3 and (b) c = 8 kN/m3.
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7. Discussion on ultimate bearing capacity formula for

surcharge loading

7.1. Ultimate bearing capacity under surcharge loading

The well-known slip-line failure mechanism is depicted
in Fig. 12, where I, II, and III represent the active wedge,
radial shear zone, and passive Rankine zone, respectively,
in the case of centric vertical load Q and uniform surcharge
load q.

Pragmatically, footings are often subjected to surcharge
loading q, as illustrated in Fig. 12. Nevertheless, bearing
capacity studies that consider the effect of the stress level
due to surcharge loading on the UBC still remain scarce,
probably due to the intricacies associated with the prepara-
tion of the model setup. Amongst the UBC formulas/
guidelines in Table 1, only the JRA specifications consider
the modification coefficient in Nq. Therefore, it is pertinent
to settle the discrepancies between the JRA guidelines and
other UBC formulas/guidelines concerning the modifica-
tion coefficient in the surcharge term of the equation. Fur-
thermore, the JRA stress-dependent modification
coefficients are proposed based on semi-experimental inves-
tigations for a limited range in surcharge ratios (q*=1–10),
and hence, need to be validated through extensive numeri-
cal investigations. Moreover, the effect of multiple param-
Fig. 12. General slip failure mechanism of footing B in sand under
surcharge q.

11
eters, such as footing size, soil unit weight, internal friction
angle, and surcharge, need to be thoroughly surveyed to
correctly ascertain the factors governing the surcharge
modification coefficient.

In this section, the non-linear shear strength parameters
are used to analyze the UBC of a strip footing on model
sandy soil under both centric vertical and uniform sur-
charge loads, i.e., 0 kPa to 90 kPa, for the same footing
sizes and soil strength characteristics as in the previous
chapters. The boundary conditions remain identical to
those in the case of the centric vertical load only (Fig. 7).
The RPFEM(NL) analysis results are plotted in Fig. 13
in comparison to those from the AIJ and JRA formulas
to clearly illustrate the effect of non-linearity on the UBC
with an increasing surcharge. The drop in the UBC
through the RPFEM(NL) is mainly attributed to the effect
of the variation in / as the magnitude of confining stresses
increases. Like conventional ultimate bearing capacity rela-
tionships, the AIJ formula considers the linearized effect of
Fig. 13. Effect of surcharge load q on UBC in case of B = 10 m and c = 18
kN/m3.
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the surcharge, thereby resulting in the substantial overesti-
mation of the UBC (Fig. 13). However, the RPFEM(NL)
analysis renders the ultimate bearing capacity as a non-
linear function of the surcharge load, showing a good
agreement with the JRA UBC formula in the case of
c = 18 kN/m3 (Fig. 13). Therefore, in order to avoid the
overvaluation in the UBC estimation under surcharge
loading, it is essential to propose a surcharge modification
coefficient to account for the effect of the stress level.
Fig. 15. Relationship between modification factor gq and (q/ pa).
7.2. Modification coefficient for Nq

The RPFEM(NL) analyses results are utilized to pro-
pose the modification coefficient (gq) in the surcharge term
of the ultimate bearing capacity formula. The surcharge
modification coefficient (gq) is introduced as follows:

gq ¼
qu � 0:5cBN cgc

qNq
ð14Þ

The results are plotted in Fig. 14 to examine the general
property of gq against the footing size for the range in soil
unit weights c.

From the analysis results in Fig. 14, it can be observed
that surcharge modification coefficient gq remains nearly
the same for the substantial variation in footing size B

and soil unit weight c. This demonstrates that the effects
of the footing size and soil unit weight have already been
well considered in frictional modification coefficient gc.
Therefore, surcharge modification coefficient gq is arranged
against surcharge load q through normalization factor pa
(atmospheric pressure) in Fig. 15.

The mean trendline is drawn for the arranged dataset
using the method of least squares (Fig. 15). The trendline
adeptly represents the relationship between the surcharge
load and the modification coefficient for a broad range of
material parameters, footing sizes, and loading conditions.
The relationship obtained from Fig. 15 takes the following
form:
Fig. 14. General property of gq against footing size B and soil unit weight
c in case of /0 = 35�.
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gq ¼ 0:55
q
pa

� ��1
8

0 6 gq 6 1 ð15Þ

Hence, the modified UBC formula can be written as Eq.
(16) in terms of the bearing capacity factors, Nc and Nq,
proposed by Meyerhof (1963). Ohsaki (1962) carried out
a series of bearing capacity experiments on / and c-/ soils
in order to estimate bearing capacity factors, Nc, Nc, and
Nq. Ohsaki (1962) recommended cutting off the bearing
capacity factors at and beyond / = 40�, considering the
fact that soils having an internal friction angle larger than
40� are not often encountered in practical circumstances
and a small error in the laboratory measurement of the
internal friction angle may cause the undue overestimation
of the bearing capacity, particularly in the range beyond /
= 40�. Likewise, the AIJ guidelines also recommend cutting
off the bearing capacity factors at and beyond / = 40�.
Therefore, this study also recommends cutting off the bear-
ing capacity factors at and beyond / = 40� to avoid any
undue overestimation of the UBC for the reasons outlined
above.

qu ¼
1

2
cBN cgc

� �
þ qNqgq
� � ð16Þ

Based on the results in this section, it is inferred that the
conventional ultimate bearing capacity formulas, as well as
the AIJ equation, lead to the overestimation of the sur-
charge load bearing capacity. In Fig. 16, the results
obtained with Eq. (16) are compared to the results obtained
with the UBC equation appearing in the JRA guidelines.

From Fig. 16, the proposed Eq. (16) estimates the UBC
within ± 10% of the JRA formula in the case of c = 18 kN/
m3. However, in the case of c = 8 kN/m3, the JRA formula
underestimates the UBC by nearly 25%. This increase in
difference is primarily because of the effect of soil unit
weight c on modification coefficient gc. The other guideli-
nes, such as AIJ, Eurocode, and USACE, do not propose
the modification coefficient in the surcharge term of the
UBC formula, thereby resulting in the overestimation of



Fig. 16. Comparison of ultimate bearing capacity in case of B = 10 m: (a) c = 18 kN/m3 and (b) c = 8 kN/m3.

Fig. 17. Performance of proposed UBC formula against RPFEM analysis
results.
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the UBC. The proposed equation is better since it provides
a good estimation of the UBC using a wide range of mate-
rial characteristics based on the non-linear shear strength
property. However, the JRA formula is overconservative
and underestimates the UBC, whilst the AIJ formula over-
estimates the UBC under surcharge loading. Accordingly,
the choice of the bearing capacity formula for the UBC
estimation principally depends upon the assessment of
the engineer in charge. Moreover, the performance of the
proposed Eq. (16) has been randomly investigated for very
heavy surcharges which were not used in the development
of this equation. For instance, in the case of /0 = 35�,
B = 30 m, c = 18 kN/m3, and q = 540 kPa, the RPFEM
analysis yields a UBC result of 11,231 kPa, while Eq.
(16) yields a UBC result of 11,183 kPa, which is 99.6% of
the analysis results. Therefore, it is corroborated that the
proposed Eq. (16) accurately accounts for the effect of
the footing size and the surcharge effect on the confining
stress dependency of the shear strength parameters. As
13
the proposed UBC formula (Eq. (16)) is approximated
based on the analysis results, its performance is thoroughly
examined against the RPFEM analysis results by widely
varying the soil parameters, footing size, and surcharge
load in Fig. 17.

8. Conclusions

The conventional UBC formulas (e.g., Meyerhof, 1963;
Terzaghi, 1943) do not account for the effect of the stress
level contributed by various parameters, namely, soil unit
weight c, footing size B, and surcharge load q. Therefore,
this study has evaluated the UBC for broad ranges in foot-
ing sizes, material strength characteristics, and surcharge
loads to properly ascertain the effect of the stress level
through the non-linear shear strength property of Toyoura
sand. Moreover, this study has provided a systematic sur-
vey of the UBC formula for various conditions of the soil
properties and boundary conditions with the advantage of
numerical analysis, which is otherwise difficult to examine
through the model tests. The conclusions can be recapitu-
lated as follows:

(1) The applicability of the RPFEM analysis to UBC
estimations was proved to match the centrifuge
experiments in the published references in the case
of various sandy soils with lower to higher relative
densities. A UBC formula was examined and
improved based on the RPFEM analyses with the
mechanical property of Toyoura sand in Japan. The
failure domain of the ground became smaller due to
the non-linear shear strength property in comparison
with that from the Drucker-Prager strength model.

(2) The applicability of the modification coefficient for
Nc, in both the AIJ and the JRA guidelines, was
found to be limited against the change in the soil unit
weight. Through a numerical survey, the effect of the
soil unit weight was clarified to be accurately indi-
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cated by the normalized variable (cB/pa) in consider-
ation of the size effect of the footing. Based on the
numerical simulations, the modification coefficient
for Nc was newly proposed after past research on Nc.

(3) The modification coefficient for Nq was not well
investigated in the past, except in the JRA guidelines.
However, it needs to be examined, considering the
effect of the footing size and the soil unit weight.
Moreover, the past guidelines did not explore the
modification coefficient for Nq from the viewpoint
of the various factors that affect the UBC. This study
substantiated that the effect of the various factors on
Nq is negligible; therefore, the modification coefficient
for Nq depends only on the surcharge load. Finally, a
modification coefficient for Nq was proposed based
on the computed results. The aptness of the JRA
specifications was discussed as being applicable from
the engineering viewpoint.

(4) The performance of the proposed UBC formula was
evaluated in comparison with the other formulas/
guidelines and the RPFEM analysis in the case of
wide ranges in footing size, soil unit weight, surcharge
load, and strength parameters. The wide applicability
of the proposed UBC formula was confirmed through
its comparison with the RPFEM analysis case
studies.
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