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ABSTRACT
We estimate the critical magnetic field strength at which the lowest and second Landau levels
play an important role in the quark phase inside the hybrid stars, and show that the magnetic
field should be of the order of 1019 G at the nuclear density ∼0.16 fm−3. We also find that the
pressure of quark matter settling only in the lowest Landau level can be expressed as a function
of the energy density independently of the magnetic field strength, which corresponds to the
causality limit of a stiff equation of state. Adiabatic index of quark matter well exceeds 4/3 in
the core, and we find a possibility to construct massive hybrid star models occupied in large
part by quark matter, whose maximum mass becomes larger than two solar mass.
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1 IN T RO D U C T I O N

Neutron stars must be one of the most suitable environments to
examine the physics under extreme conditions. The density inside
the star can be much more than the nuclear saturation density,
ε0 = 2.7 × 1014 g cm−3, and its gravitational binding energy be-
comes too large, such as M/R � 0.2 with the stellar mass (M)
and radius (R) (Haensel, Potekhin & Yakovlev 2006). Via the ob-
servations of the phenomena associated with the compact objects,
one might reveal not only the equation of state (EOS) and nuclear
properties (e.g. Andersson & Kokkotas 1996; Sotani, Tominaga
& Maeda 2001; Sotani & Harada 2003; Sotani, Kohri & Harada
2004; Passamonti & Andersson 2011; Sotani et al. 2012, 2013a,b;
Doneva et al. 2013), but also the gravitational theory itself (e.g.
Sotani & Kokkotas 2004, 2005; Sotani 2009a,b, 2014a,b,c; Yagi,
Yunes & Tanaka 2012). In addition, the observations of pulsars tell
us that the neutron stars generally have a strong magnetic field, such
as ∼1012–1013 G (Lyne & Graham-Smith 2012). Furthermore, the
existence of another class of neutron stars, the so-called magne-
tars, is also suggested observationally (Duncan & Thompson 1992;
Thompson & Duncan 1993, 1996). The surface magnetic field of
magnetars can reach as large as 1014–1015 G, which is determined
through the measurements of the rotational period and spin-down
rate of soft gamma repeaters and anomalous X-ray pulsars (Kouve-
liotou et al. 1998; Hurley et al. 1999; Melatos 1999). According to
the population statistics of soft gamma repeaters, even ∼10 per cent
of the neutron stars produced via supernovae are expected to be
magnetars (Kouveliotou et al. 1998).

The origin of such a strong magnetic field of neutron star is
still uncertain. Maybe, a simple model is caused by fossil magnetic
field of progenitor star. That is, a small magnetic field in progen-
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itor star would be amplified during the gravitational collapse with
conserving the magnetic flux, which produces the strong magnetic
field of neutron star (Chanmugam 1992). Unfortunately, this hy-
pothesis could be difficult to be accepted for magnetars, because
the stellar radius with the canonical mass of M ≈ 1.4 M� should
be less than the Schwarzshild radius defined by RSch = 2GM/c2

to produce a strong surface magnetic field such as ∼1015 G
(Tatsumi 2000). Another possibility of the generation mechanism is
due to the magnetohydrodynamic (MHD) dynamo mechanism, i.e.
the rapidly rotation of protoneutron star with the rotational period
smaller than 3 ms may amplify a seed magnetic field up to ∼1015

G (Duncan & Thompson 1992; Thompson & Duncan 1993). This
scenario is also unfavourable from the observations of supernova
remnants associated with the magnetar candidates (Vink & Kuiper
2006). Additionally, the possibility of the ferromagnetism of quark
liquid inside the neutron star is suggested as an origin of a strong
magnetic field (Tatsumi 2000). Conceivably, the hint to solve the
open question about the origin of strong magnetic field of neutron
star, might lay behind the magnetic properties in the core region.

Furthermore, the exact structure of neutron stars is still unclear,
because the EOS of neutron star matter, especially for high-density
region, is not fixed yet. Even so, it is believed that, under the surface
ocean composed of molten metal, the neutron-rich nuclei form a
lattice structure through the Coulomb interaction, which is usually
called a crust region (Lattimer & Prakash 2004). As the energy
density increases up to ∼ε0, the nuclei in the crust region would melt
into uniform matter. This region corresponds to the core of neutron
stars. Moreover, non-hadronic matter, such as quarks, might appear
in deeper part of core region, depending on the theoretical model of
neutron star matter (Haensel et al. 2006). In particular, the neutron
star having quark matter is referred to as the hybrid star. Inside
the hybrid star, one has only to consider three flavour quark matter
composed of u, d, and s quarks, because the more massive quarks
cannot be produced under the typical energy density of neutron
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stars. Since quark matter makes EOS soft, the mass of hybrid star
is usually expected to be small. In practice, most of the hybrid
stars proposed up to now might be difficult to reach the observed
maximum mass, which is about two solar mass (Demorest et al.
2010; Antoniadis et al. 2013). Or, quark matter occupies very tiny
region, even if the massive hybrid stars could be constructed.

Along with the origin of magnetic field of neutron star, the
strength of magnetic field inside the star is also uncertain.
The dipole magnetic field must dominate outside the star, while
the magnetic configuration inside the star may be more complex
due to the magnetic instability. According to the virial theorem, the
maximum magnetic field for the neutron star with R � 10 km and M
� 1.4 M� could be of the order of ∼1018 G (Lai & Shapiro 1991).
On the other hand, the maximum magnetic field in the quark phase
might reach ∼1020 G, adopting the condition that the magnetic en-
ergy density should not exceed the energy density of the self-bound
quark matter (Ferrer et al. 2010). If the magnetic field inside the star
would be so strong, one has to take into account the effect of mag-
netic field on the neutron star matter, where the quantum effects such
as the Landau levels may also play an important role to determine
the stellar configuration. So far, there are a few literatures about
the macroscopic structures of hybrid stars under the magnetic field
(Rabhi et al. 2009; Casali, Castro & Menezes 2014). Considering
the effects of the magnetic field in hadronic and quark phases, we
find two important differences. One is the population of the charged
particles: neutrons dominate over charged particles in the hadronic
phase, while all the quarks have net electric charge. The other one
is the difference of the mass of particles: baryons have much larger
mass than quarks. These two features suggest that the effect of the
magnetic field should be more important in quark matter. In this pa-
per, we will consider the Landau level in the quark phase of hybrid
star. We derive a critical magnetic field Bc for given density, above
which only the lowest Landau level (LLL) is occupied, and find the
EOS becomes stiffest as a causality limit for B > Bc, independent
of the magnetic field. In addition, we especially examine how mas-
sive the hybrid star can become with the effect of strong magnetic
field. We demonstrate that the EOS becomes stiff as a result of the
hadron–quark phase transition in the strong magnetic field. Then,
we find that the hybrid star whose mass is more than two solar mass
can have a very large quark core, i.e. ‘hybrid quark star’. Unless
otherwise noted, we adopt the geometric unit of c = G = 1, where
c and G denote the speed of light and the gravitational constant,
respectively.

2 EFFECTS O F MAG NETIC FIELDS

Assuming the uniform magnetic field along the z-axis, the nth en-
ergy level of quark with flavour f in the strongly magnetic field is
given by

Ef
n =

√
c4m2

f + c2p2
z + �c|ef B|[2n + 1 + sgn(ef B)s], (1)

where mf, �, B, and s denote the particle mass, the Plank constant,
the magnetic field strength, and the degree of freedom of spin,
respectively, while ef = (2e/3, −e/3, −e/3) with the electron charge
e. As shown later, the LLL plays a primary role in our discussion,
where quark matter settles only in LLL, the quark number density
nf is given by

nf = 3|ef B|
2π2�2c

pf F, (2)

where pf F denotes the Fermi momentum of quark. Since the typical
values of the number density and magnetic field are nf � 3n0 with the

saturation density n0 = 0.16 fm−3 and B � 1018 G in this paper, the
Fermi momentum of quark can be estimated as pf F � 4 × |e/ef |
GeV, which is much less than mf. Then, the mass term in equation
(1) does not significantly contribute to the energy level, En. In this
case, the energy density of quark εf is

εf = 3|ef B|
4π2�2

p2
f F, (3)

and quark matter becomes flavour symmetric, i.e. nu � nd � ns,
which leads to 2puF � pdF � psF. We remark that the baryon num-
ber density nb is given by nb = (nu + nd + ns)/3. Then, the total
energy density ε is defined by ε = εu + εd + εs + B within the MIT
bag model, where B denotes the bag constant. From equations (2)
and (3), ε is

ε = 5π2
�

2c2

2eB
n2

b + B, (4)

while the pressure, P, is calculated by

P = n2
b

∂(ε/nb)

∂nb
. (5)

As a result, one can express P as a function of nb, such as

P = 5π2
�

2c2

2eB
n2

b − B

= 1.31 × 1035 erg cm−3 ×
(

nb

n0

)2

B19
−1 − B

= 82.0 MeV/fm3 ×
(

nb

n0

)2

B19
−1 − B, (6)

where B19 is defined by B19 = B/(1019 G). Although the pressure
expressed by equation (6) depends on B as well as the baryon
number density, we can find that the relation between P and ε

becomes that P = ε − 2B, which is independently of the magnetic
field strength. From this relationship, the adiabatic speed of sound,
cs = (dP/dε)1/2, becomes equivalent to the speed of light c. Thus,
this is corresponding to the limiting case of a stiff EOS, because
cs cannot exceed c to keep the causality. Note that the EOS of free
quark matter gives cs = c/

√
3. We also remark that our EOS would

reduce to the same as the EOS of free quark matter in the limit of
low magnetic field, where quarks occupy all the Landau levels.

The condition that quark matter can settle only in LLL is that
Ef F <

√
2�c|ef B|, where Ef F denotes the Fermi energy of quark.

With the relation of Ef F = cpf F in LLL, one can derive the critical
strength of the magnetic field so that quarks only occupy LLL for
each flavour. We then find that the critical strength for u quarks is
weaker than that for d and s quarks, due to the difference of electric
charge ef. Thus, the condition for all quarks only occupy LLL is
given by that the magnetic field should be stronger than the critical
strength for d and s quarks, i.e. one can show that the magnetic field
strength should be larger than the critical strength Bc given by

Bc =
3
√

6π4�c

e
n

2/3
b

= 1.62 × 1019 ×
(

nb

n0

)2/3

G. (7)

It may be interesting to see that this critical strength is not changed
even in the non-relativistic limit. Thus, the critical strength can be
drawn as a universal function of density (Fig. 1). If the magnetic
field exceeds Bc at some density region in quark matter, EOS is
given by the causal limit there. Note that EOS becomes invariant
for the increase of the magnetic field once B > Bc holds.
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Figure 1. Image of the energy level for magnetized quark matter. In the case that the Fermi energy of quark matter with flavour f is larger than E
f
1 and less

than E
f
2 (Ef

1 < E
f
F < E

f
2 ), quark matter exists in the state either with the momentum p

(1)
f F above the lowest energy level E

f
0 (left-hand panel) or with p

(2)
f F

above the first excited energy E
f
1 (right-hand panel).

The situation that quark matter can settle up to the 2nd Landau
level (2LL) is more complicated. That is, as shown in Fig. 1, the
magnetized quark matter with Fermi energy Ef F can exist in the
state either with the momentum p

(1)
f F above the lowest energy level

E
f
0 or with p

(2)
f F above the first excited energy E

f
1 , where Ef F is

given by

Ef F = cp
(1)
f F =

(
c2p

(2)
f F

2 + 2�c|ef B|
)1/2

. (8)

In this situation, the quark number density and the energy density
of quark can be written as

nf = 3|ef B|
2π2�2c

[
p

(1)
f F + 2p

(2)
f F

]
, (9)

εf = 3|ef B|
4π2�2

[
p

(1)
f F

2 + 2p
(1)
f Fp

(2)
f F + 4�|ef B|

c
ln

∣∣∣p(1)
f F + p

(2)
f F

∣∣∣

− 2�|ef B|
c

ln

(
2�|ef B|

c

) ]
. (10)

One expects that, due to the increase of the degree of freedom, the
EOS in this situation could become somewhat softer than the result
obtained when quark matter exists only in LLL, i.e. P = ε − 2B.
In practice, one may be able to derive the explicit relation between
P and ε with the above equations (8)–(10), but here we avoid to
derive a complicated expression, because we focus on the stiffest
case of EOS with the effects of the Landau levels in this paper.
Instead of the explicit expression of EOS, we only point out how
the critical value of magnetic field strength decreases in this case.
Since the condition that quark matter settles up to the 2LL should
be that Ef F <

√
4�c|ef B|, one can show that the critical magnetic

field is given by

Bc =
[

3π4

(1 + √
2)2

]1/3
�c

e
n

2/3
b

= 7.15 × 1018 ×
(

nb

n0

)2/3

G. (11)

The critical field strengths Bc so that quark matter settles only in the
LLL and up to the 2LL given by equations (7) and (11) are shown as
a function of the baryon number density in Fig. 2. Considering that
the baryon number density at the centre of neutron star would be of
the order of ∼(5–7)n0 fm−3, the effects of the Landau level become
considerably important only when the magnetic field strength is
larger than ∼1019 G. On the other hand, although the distribution
and strength of magnetic field inside the star are still unclear, the
magnetic field may reach such a large strength in the neutron star

Figure 2. The critical magnetic field strengths so that quark matter settles
only in LLL and up to the 2LL are shown as a function of the baryon number
density nb, where the solid and broken lines correspond to the results for
LLL and 2LL, respectively.

core composed of quark matter. We also remark that in any case the
simple dipole magnetic distribution inside the star cannot realize
enough large strength that the effects of the Landau levels play im-
portant roles in the neutron star core (see for the detailed discussion
in Appendix A).

3 H Y B R I D STA R M O D E L S

Now, we consider how the properties of hybrid stars could be
changed due to the effects of the Landau levels, when the mag-
netic field would be enough strong in the stellar core. In particular,
we focus on the case that quark matter settles only in LLL, because
such case realizes the stiffest EOS as mentioned in the previous
section. The equilibrium configuration of magnetized neutron star
is generally deformed due to the non-radial magnetic pressure. But,
as a first step, we simply neglect the effect of magnetic pressure on
the stellar configuration in this paper, i.e. the stellar configuration
becomes spherically symmetric, because the structure of magnetic
field inside the star is still unknown and the stellar deformation
strongly depends on the magnetic geometry (Bocquet et al. 1995).
So, the stellar models considered in this paper are determined by
solving the so-called Tolman–Oppenheimer–Volkoff equations to-
gether with the relationship between the total energy density and
pressure, i.e. the EOS.
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Here, we should remark the MHD issues associated with such
a strong magnetic field advocated in this paper. Canuto & Chiu
(1968) considered the quantum theory of a relativistic electron gas
in the magnetic field, and pointed out that the kinetic parallel and
perpendicular pressures with respect to the direction of the magnetic
field could be anisotropic. However, Blandford & Hernquist (1982)
have shown that the pressure is always isotropic due to the mag-
netization currents in compressed plasma, through the calculations
of the magnetic susceptibility for degenerate free electrons in the
crust of a neutron star. Recently, Potekhin & Yakovlev (2012) have
also shown that the hydrostatic equilibrium of a volume element in
a magnetized star does not depend on the direction of the magnetic
field, i.e. the pressure is isotropic. On the other hand, Huang et al.
(2010) discussed that the mechanical stability of a system formed by
quarks confined to their LLL, and the possibility that the transverse
pressure tends to vanish under such a strong magnetic field, which
may induce a gravitational collapse. Anyway, these issues might be
more important under the strong magnetic field considered in this
paper, which would be discussed elsewhere.

Before considering the stellar models with the effects of the
Landau level, for reference, we construct the stellar model with the
same EOSs as in Maruyama et al. (2007), Yasutake, Maruyama
& Tatsumi (2009) and Sotani et al. (2011). That is, for hadronic
matter, we adopt the EOS based on the non-relativistic Brueckner–
Hartree–Fock approach with �− and � hyperons (Baldo, Burgio &
Schulze 1998), which is referred to as ‘hyperon EOS’ in this paper.
For the quark phase, we adopt the sophisticated MIT bag model
suggested in Yasutake & Kashiwa (2009) and Chen et al. (2009),
which are composed of the massless u and d quarks and s quark
with the current mass of ms = 150 MeV, where the bag constant is
set to be 100 MeV fm−3. Then, the quark phase is connected to the
hadronic matter with a Maxwell construction. The resultant EOS is
referred to as ‘Maxwell EOS’, where the energy density becomes
discontinuous between 5.93 × 1014 and 8.82 × 1014 g cm−3. We
show the pressure as a function of the total energy density for
hyperon and Maxwell EOSs in Fig. 3, while the corresponding
mass–radius relations of the constructed neutron stars in Fig. 4,
where the thick solid and thick dotted lines denote the results with
hyperon and Maxwell EOSs, respectively. From Fig. 3, one can see
that the quark phase becomes stiffer than the hadronic matter in the
high-density region. As a result, the stellar models with quark core
can be more massive than those without quark core, as in Fig. 4.
However, the maximum mass of the stellar model with quark core

Figure 3. Relationship between the total energy density (ε) and pressure
(P) for EOSs adopted in this paper (see the text for details).

Figure 4. Mass–radius relations of neutron stars constructed with several
EOSs shown in Fig. 3.

is still too small to explain the observed maximum mass, i.e. two
solar mass, which is a big problem for considering hybrid stars.

Next, we consider the hybrid star models with the effects of LLL.
For this purpose, we consider that the quark phase in Maxwell EOS
would be modified due to the existence of strong magnetic field. In
the high-density region, such a modified EOS should be expressed
as P = ε − 2B, as derived in the previous section. Meanwhile, it
is not clear how the EOS for quark matter would be connected with
the hadronic matter at the moderate density. So, in this paper, we
adopt three possible cases to construct the modified EOS. That is,
the EOS for quark matter is connected with the hadronic matter
(A) at the upper limit of the density discontinuity in Maxwell EOS,
i.e. εu = 8.82 × 1014 g cm−3, (B) at the lower limit of the density
discontinuity in Maxwell EOS, i.e. εl = 5.93 × 1014 g cm−3, and
(C) at the density defined as εm = (εu + εl)/2, as shown in Fig. 3.
Probably, almost all possibilities of how to connect the EOS for
quark matter modified by the strong magnetic field with the hadronic
EOS must be covered by the above cases from (A) to (C), although
the value of B might be different from the value of bag constant in
Maxwell EOS because of the existence of magnetic field. In fact,
such a connection between quark and hadronic matter has effectively
shifted the value of the bag constant into B = 237.3 MeV fm−3 for
the case (A), B = 160.9 MeV fm−3 for the case (B), and B = 192.8
MeV fm−3 for the case (C). Anyway, we believe that the three cases
are sufficient to see the qualitative behaviour of the hybrid star
models with the effects of the Landau level. Hereafter, we refer to
these modified EOSs as ‘Landau-A’, ‘Landau-B’, and ‘Landau-C’
EOSs.

Fig. 4 shows the mass–radius relations of the hybrid stars con-
structed with the Landau-A (solid line), Landau-B (broken line), and
Landau-C EOSs (dotted line). From this figure, we find that the max-
imum mass of the hybrid star becomes larger for the stellar model
with EOS connected to the hadronic matter at the lower energy den-
sity, i.e. the maximum masses are 2.80 M� for the Landau-B EOS,
2.56 M� for the Landau-C EOS, and 2.31 M� for the Landau-A
EOS. Since the Landau-A EOS is the softest among the three EOSs
due to the existence of a large discontinuity in energy density, the
maximum mass for the Landau-A EOS becomes smaller than the
other cases. Nevertheless, one can obviously see that in any cases
with the effect of LLL, the maximum masses become much larger
than that constructed with the Maxwell EOS. As a result, these mod-
els can avoid the observational problem, i.e. the expected maximum
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Figure 5. Stellar mass as a function of the central energy density, εc, for
the stellar models constructed with the different EOSs.

masses are larger than the two solar mass. Up to now, the expla-
nation of the two-solar mass with the hybrid stars is difficult, but
we are successful to show the possibility to construct the massive
stellar models by considering the effect of the strong magnetic field.
Here, we remark that the strong magnetic field is necessary at least
in the core region to construct such a massive hybrid star, but the
magnetic field in the crust region and at the stellar surface does not
take so large (maybe at most B ∼ 1016 G). It should be worthwhile to
discuss the stability of hybrid stars near the maximum mass. Since
quark matter is well approximated by the free quark-gas in the core
region due to the asymptotic freedom of quantum chromodynamics
(QCD), we can discuss the stability in a rather model-independent
way. It is well known that the adiabatic index γ of the free quark-gas
is 4/3, and cannot satisfy the stability criterion for compact stars,
γ > 4/3 + κM/R with κ ∼ O(1) (Shapiro & Teukolsky 1983).
However, we find that the adiabatic index of the EOS of quark
matter becomes almost 2 from equation (6) in the presence of the
magnetic field, which value satisfies the criterion.

We also show the stellar masses as a function of the central
energy density in Fig. 5, where the solid, broken, and dotted lines
correspond to the stellar models constructed with the Landau-A, -B,
and -C EOSs, respectively. For reference, we also add the stellar
models constructed with the hyperon and Maxwell EOSs in Fig. 5
with the thick solid and thick dotted lines. From this figure, we

find that the central energy density constructing the maximum mass
becomes smaller for the stellar model with the EOS connected to the
hadronic matter at the lower energy density, i.e. εc = 1.74 × 1015

g cm−3 for the Landau-B EOS, εc = 2.06 × 1015 g cm−3 for the
Landau-C EOS, and εc = 2.58 × 1015 g cm−3 for the Landau-A
EOS. Similarly, the central energy density constructing the stellar
models with M = 2 M� becomes smaller for the EOS connected to
the hadronic matter at the lower energy density, i.e. εc = 7.75 × 1014

g cm−3 for the Landau-B EOS, εc = 9.82 × 1014 g cm−3 for the
Landau-C EOS, and εc = 1.35 × 1015 g cm−3 for the Landau-A
EOS. On the other hand, as shown in Fig. 2, the critical magnetic
field above which only LLL is occupied becomes smaller as the
energy density decreases. Thus, the stellar models constructed with
the Landau-B EOS can be easier to be realized with weaker magnetic
field, compared with the stellar models with the Landau-A EOS.

At the end, we show the boundary between the quark and hadron
phases in the hybrid stars constructed with the Landau-A, -B, and
-C EOSs in Fig. 6, where RQ and MQ denote the quark core radius
and mass, respectively. From this figure, it is obvious that, adopting
the Landau EOSs, the quark phase can occupy most part of the
massive hybrid stars, i.e. the quark phase for 2 M� stellar models
becomes � 78 per cent of the stellar radius and � 70 per cent of the
stellar mass. This is a noteworthy feature of the massive hybrid stars
constructed with the Landau EOSs, because this is quite different
from the massive hybrid stars suggested up to now, where the quark
phase is generally quite tiny (Rabhi et al. 2009; Casali et al. 2014).

4 C O N C L U S I O N

Some compact objects have a strong magnetic field, although the
details of the distribution of magnetic field inside the stars are still
uncertain. Maybe, one should consider the effects of such strong
magnetic field on the structure of compact objects. We particularly
focus on the hybrid stars in this paper, i.e. the core region of neutron
stars is composed of quark matter. We estimate that the critical
magnetic field strength above which quarks only occupy LLL (and
2LL), which is shown that B ∼ 1019 G. We also find that the EOS in
the phase of LLL can be expressed as P = ε − 2B independently
of the magnetic field strength, where B denotes the bag constant.
We remark that this is the limit of a stiff EOS, i.e. the sound speed
becomes equal to the speed of light. We derive these results by using
the MIT bag model, where quarks move almost freely, so that our

Figure 6. The boundary between the quark and hadronic phases in the hybrid stars constructed with the Landau-A, -B, and -C EOSs, where RQ and MQ denote
the quark core radius and mass for each stellar model.
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findings should be relevant especially in the core region due to the
asymptotic freedom of QCD. However, there may be added some
non-perturbative effects in the moderate density region. Further,
consideration on the EOS of quark matter based on QCD is a future
subject.

On the other hand, in general, the maximum mass of hybrid star
comes to be smaller than the observed maximum mass, i.e. 2 M�,
because the introduction of quark matter makes the EOS soft. Even
if one can construct the massive hybrid star, the quark region is
generally quite tiny. However, owing to the effect of the Landau
levels in the quark phase, we are successful to construct the massive
hybrid quark stars occupied in large part by quark matter, which can
be larger than 2 M�. Furthermore, in order to examine the quali-
tative behaviour of hybrid stellar models, we simply consider three
different connections of quark matter with the hadronic matter. As
a result, we find that the stellar model constructed with EOS con-
nected to the hadronic matter at the lower energy density can realize
more massive stellar model with smaller central energy density. In
this paper, we consider simple stellar models as a first step, where
we neglect the magnetic pressure and the deformation of stellar
shape. Such additional effects will be taken into account elsewhere.
In addition, one might also have to consider the hadron–quark mixed
phase in the more realistic stellar models (Maruyama et al. 2007;
Yasutake et al. 2009). At any rate, one could see the properties of
such phase modified by the strong magnetic field via the obser-
vations of the stellar oscillations (Sotani, Kokkotas & Stergioulas
2007, 2008; Sotani & Kokkotas 2009), which tells us an additional
information about the strongly magnetized compact objects.
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APPENDI X A : STELLAR MODELS WI TH
DI POLE MAGNETI C FI ELD

In this appendix, we especially consider a dipole magnetic field
with the ideal MHD approximation, as in Konno, Obata & Kojima
(1999) and Sotani et al. (2007). That is, an axisymmetric, poloidal
magnetic field produced by a four-current Jμ = (0, 0, 0, Jφ) is
considered, where the electromagnetic four-potential becomes very
simple such as Aμ = (0, 0, 0, Aφ). From the Maxwell equations
Fμν

;ν = 4πJμ with the expansions of Aφ and Jφ as

Aφ(r, θ ) =
∑

a�(r) sin θ∂θP�(cos θ ), (A1)

Jφ(r, θ ) =
∑

j�(r) sin θ∂θP�(cos θ ), (A2)

one can obtain the elliptic equation describing the �th-order poten-
tial a�:

a′′
� + (�′ − �′)a′

� − �(� + 1)

r2
e2�a� = −4πe2�j�, (A3)

where a prime and ∂θ denote the partial derivative with respect
to r and θ , respectively, while P�(cos θ ) is the �th-order Legendre
polynomial. For a dipole magnetic field, i.e. � = 1, the potential
outside the neutron star, a

(out)
1 , is analytically determined by setting
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j
(out)
1 = 0 and e2� = e−2� = 1 − 2M/r (Wasserman & Shapiro

1983):

a
(out)
1 (r) = −3μbr

2

8M3

[
ln

(
1 − 2M

r

)
+ 2M

r
+ 2M2

r2

]
, (A4)

where μb is the magnetic dipole moment observed at infinity. On
the other hand, the potential inside the neutron star, a

(in)
1 , is ob-

tained by numerically solving equation (A3) in such a way that
a

(in)
1 should be connected to a

(out)
1 at the stellar surface, where the

current distribution is determined by the integration condition, i.e.
j

(in)
1 (r) = f0r

2(ε + P ) (Konno et al. 1999). At last, the mantic field
is determined via a1(r) as

Br = 2a1

r2
e� cos θ and Bθ = −a′

1e−� sin θ, (A5)

which leads to the strength of magnetic field as

B = 1

r2

[
4a2

1 cos2 θ + a′2
1 r2e−2� sin2 θ

]1/2
. (A6)

We remark that since a1(r) becomes a1(r) = αr2 + O(r4) in the
vicinity of the stellar centre, one can show that the magnetic field
strength at r = 0 is B0 = 2α.

After the calculations of the dipole magnetic distribution for the
stellar model constructed with the Landau-A, -B, and -C EOSs, we
find that the magnetic field strength at the stellar centre is propor-
tional to the strength at the stellar surface as

B0 = βBp, (A7)

where Bp is the magnetic field strength at the stellar surface of
the poles (r = R and θ = 0), while β is a proportionality factor.
Fig. A1 shows the value of β as a function of stellar mass, where

Figure A1. The proportionality factor β as a function of stellar mass con-
structed with the Landau-A, -B, and -C EOSs.

the solid line with circles, broken line with diamonds, and dotted
line with squares correspond to the stellar models constructed with
the Landau-A, -B, and -C EOSs. From this figure, we can see that
B0 becomes at most five times larger than Bp. That is, the central
strength of magnetic field cannot reach to the critical magnetic field
strength to realize the Landau effects in quark matter phase even
for magnetar with Bp � 1016 G, if the magnetic field configuration
inside the star would be simply dipole.
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