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Abstract 

Daniel Ellsberg (1961) demonstrated that human decision 
makers dislike unknown probabilities by using a pair of 
gamble comparisons and this violates the Savage's Sure Thing 
Principle. Preference under ambiguous probabilities has been 
studied by psychologists, economists, and more recently 
neuroscientists.  

In this paper, a computational approach using cellular 
automata is proposed to model and simulate the preference 
under ambiguous probabilities of real decision maker. By 
designing cellular automata in a torus consisting of “local 
matches” with the state transition rule governed by stochastic 
local q-majority vote, empirical choice patterns of the 
Ellsberg paradox can be simulated. In addition, a version of 
this model can simulate the event-splitting effect which is 
known to induce, or eliminate, violation of first-order 
stochastic dominance. 

e. 

Keywords: Ellsberg paradox; ambiguous probabilities; 
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Introduction 

Daniel Ellsberg (1961) proposed the following hypothetical 

experiment and argued that real people avoid ambiguity and 

thus do not have a subjective probability in the sense of 

Savage (1954). 

Example 1 (Ellsberg’s “Two-Color” Problem). The 

decision maker (DM) has to select a color and an urn. Urn 1 

contains 50 red balls and 50 black balls. Urn 2 contains x 

red and 100 – x black balls, where the value of x is unknown 

in the second urn, i.e., x ∈ {0, 1, …, 50}. Then, a ball is 

drawn at random from the selected urn. If the DM’s selected 

color is drawn, the DM receives $100 otherwise nothing. 

A strict preference for Urn 1 over Urn 2 implies that the 

probabilities cannot sum to one for both urns. However, 

people may seek ambiguity at a different problem, i.e., 

image 1,000 balls and a single ball draw, and a (un)lucky 

number 687. A sequential numbering is used for an 

unambiguous urn, and the proportion of 687 is unknown for 

an ambiguous urn. Experimental studies have been 

demonstrated a four-fold pattern of ambiguity preferences 

(Becker & Brownson, 1964; Curley & Yates, 1989; Einhorn 

& Hogarth, 1986). Thus, people who are ambiguity-averse 

may exhibit ambiguity-seeking behavior, especially, for a 

small probability of gain and a large probability of loss.  

See Figure 1. Figure 1 shows an experimental data of the 

two-color problem observed in a classroom.  

 

Fig 1:  Real choice patterns of the two-color problem. 14 

subjects are under-graduate students who took Information 

and Management and used a web-based quiz system.  

 

 

Today, some of the solutions to this problem are well 

known. Ellsberg explained the ambiguity preference, 

referring Keynes’ notion of “weight of evidence” and his 

own notion of “degree of confidence.” Gardenfors and 

Sahlin (1982), criticizing Levi’s theory, refined these 

notions and developed the maxmin expected utility model. 

Schmeidler (1989) and Gilboa (1987) studied the Choquet 

representation and axiomatic foundation for the preference 

of maxmin expected utility maximizer. In psychology and 

management science, (bounded) subadditive decision 

weight function to model distorted risk perception under 

some level of uncertainty has been well studied (Einhorn & 

Hogarth, 1986; Tversky & Wakker, 1995). Recently, neuro-

scientists and behavioral economists studied brain activity 

that has correlation to the ambiguity preference (Hsu et al., 

2005). 

However, these models do not provide information 

processing of evidence. Alternatively, this paper proposes a 

computational (multiagent) simulation model of the 

ambiguity preferences of real people. Indo (2012) used a 

cellular automata (CA) in order to model risky choice (see 

Appendix A) and to explain the event-splitting effect. And 

As suggested in the previous work, this approach can also 

be applied to the Ellsberg’s (three-color) problem. In this 

paper we develop CA model that can simulate ambiguity 

preference for the two-color problem and the three-color 

problem and to interpret the violation of the Sure Thing 

Principle.  
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Fig 2: The CA model 1011 and the voting process approaching a 00*-equilibrium. 
 

 

Model 

This section explains a cellular automata model of the 

Ellsberg’s two-color urn problem that can simulate the 

paradox and reproduce the four-fold pattern of real 

ambiguity preference. Changing states of a cellular 

automata can be seen as a process of “forming the 

evidence” for 10* (and against 01*) accumulated in the 

memory of the DM. The DM would reach the confidence if 

the evidence is supported by enough number of cells (see 

Appendix B) 

Cellular Automaton 

The cellular automaton (CA) model for ambiguity 

preferences uses a collection of cells (i.e., a universe), 

which satisfies the following three conditions. 

A1. The universe is a two-dimensional with Moore 

neighborhood. Each cell is located at a position (k, j) 

permanently, using modulo 10 indices. 

A2. Each cell has a three-bit code as a possible state (i.e., 

the CA configuration).  

A3. A stochastic local q-majority vote (defined later) is the 

common transition rule for each cell. 

We also will assume the following voting rule which 

governs the course of changing of states with a random 

attention of a neighbor and a bit.  

Stochastic Local q-Majority Vote 

For each time and bit, a neighbor is randomly selected, 

including itself, after 000 and 111 are excluded from the 

neighborhood. The digit should be updated if three or more 

neighbors share the same value. 

Figure 2 shows a CA model that satisfies conditions A1, 

A2, and A3. Intuitively, each cell represents a local match 

for a pair of balls, virtually sampled without recall from the 

two urns. The state of each cell is a three-bit code b1b2b3 

where b1 = 1 (= 0), and b2 = 1 (= 0), representing 

(un)favorable evidence for Urn 1, and Urn 2 respectively, 

which depend on the possible outcome of the local match. 

For example, 10*, 01* means “Urn 1’s win” and “Urn 2’s 

win,” while 11* and 00* are two types of indifferences 

(where * represents “don’t care”). 

We assume that the DM’s choice can be simulated by the 

CA as a whole in the equilibrium state in the following 

sense. 

Equilibrium, p-value, and d-value 

The state of a CA is said to be at equilibrium if there has 

been no change in the universe during the last three steps. 

Two important indices are used throughout this paper. One 

is q-value, which is a measure of ambiguity aversion, is 

ratio q = count(10*)/count(01*). Another one is d-value, 

which is a measure of decisiveness, d = {count( 10* ) + 

count( 01* )} /count(***). 

Designing Cellular Automata 

There are 8
100

 possible patterns for bi-party matching of 

one-percent events (i.e., local matches), so we use a simple 

and systematic rule to design CA models. In this design 

method, the universe can be schematically described by 

using the following four blocks. 

 

10x 01z 

11y 00w 

 

The CA model is said to have a configuration, or coding, 

if b1 = 1 for the left-hand side (otherwise b1 = 0), b2 takes 1 

or 0 alternatively, and therefore only four codes, i.e., 10x, 

11y, 01z, and 00w, are permissible at Step 0. The CA model 

is referred to as CA model xyzw, or simply xyzw.  

Suppose that a configuration is given. We can interpret the 

coding xyzw as a competitive situation between groups of 

cells. For example, cells 11y promote the rapid spread of 

cells 10x if x = y = 1. Similarly, cells 00w promote the rapid 

spread of cells 01z if w = z = 0. However, when x ≠ y (w ≠ 

z), the spread speed of 10* (01*) is slower, which may help 

the opponent’s spread. 

 

 

Step 0 Step 5  Step 35 Step 10 



3 

 

Experimental Results  

Table 2 (and also Figure 3) summarizes the results of 100 

equilibrium outcomes for each xyzw model. Table 3 picked 

up four models fitted the q-values of the real ambiguity 

preference data to some extent.  

We can explain the q-values in the data using the 

following rank indices (see also Table 1). This rank value 

roughly represents competitiveness of Urn 1 against Urn 2 

as a whole. We can define the rank ρ = ρ(x, y, z, w) of Urn 1 

as shown in Table 2, assuming the CA model xyzw. 

Similarly, Urn 2 has a rank ρ’ = 3 – ρ. 

 

Table 1: Rank for Urn 1 
ρ x = y z = w y w 

0 No Yes 0 0 

1 No No 0 1 

2 Yes Yes 1 0 

3 Yes No 1 1 

 

For the real choice pattern based on Einhorn & Hogarth 

(1986), CA 1011 fitted with moderate q-values for “Gain 

50%” and “Loss 50%,” while CA 0101 (or 0111) fitted with 

a very high q-value for “Loss 0.1%.” And ambiguity 

neutrality for “Gain 0.1%” can also be modeled using CA 

0011. Furthermore, CA 1010 can predict a lower q-value, 

e.g., “Loss 99.9%” of my students shown in Figure 1. 

However, discrepancies in the d-values cannot be ignored. 

See Appendix B for further discussion. 

 

 

Table 2: One hundred equilibrium states for each CA 

model and the winners predicted by rank indices 

 

 

 

 

Table 3: xyzw models to fitted to Einhorn & Hogarth’s 

data (recalculated based on their Table 1).  

 

 

 

Fig 3: Plots of the q-values and d-values from 100 

equilibrium outcomes generated for each configuration 

compared with experimental data from psychological 

studies. The four curves delineate the rejection boundaries 

of ambiguity neutrality, p = 1/2. 

 

 
Fig 4: Simulation results for the three-color problem. 

Each diamond represents a pair of values (p, d) for each 
xyzw model. Two triangles mark the experimental data from 

my class. There were only two pairs (0001, 0011) and 
(0101, 0111) that fitted the real choice pattern, where the 

preference was reversed from ambiguity aversion to 
ambiguity seeking and d-value was reduced when a single 

bit z changes from 0 to 1. 
 

model 10* 01* 11* 00* p d ρ ρ' pred 

0000 1 29 70 0 3% 30% 0 3 01 

0001 15 40 45 0 27% 55% 0 1 01 

0010 1 56 43 0 2% 57% 0 2 01 

0011 39 41 14 6 49% 80% 0 0 tie 

0100 19 17 64 0 53% 36% 2 3 01 

0101 56 5 31 8 92% 61% 2 1 10 

0110 32 29 23 16 52% 61% 2 2 tie 

0111 45 1 0 54 98% 46% 2 0 10 

1000 6 24 70 0 20% 30% 1 3 01 

1001 36 29 21 14 55% 65% 1 1 tie 

1010 8 58 5 29 12% 66% 1 2 01 

1011 34 13 0 53 72% 47% 1 0 10 

1100 33 36 17 14 48% 69% 3 3 tie 

1101 28 3 0 69 90% 31% 3 1 10 

1110 12 15 0 73 44% 27% 3 2 10 

1111 23 1 0 76 96% 24% 3 0 10 

problem q d model error q error d 

Gain 50% 71% 66% 1011 1% –19% 

Gain 0.1% 55% 78% 0011 –6% 2% 

Loss 50% 68% 44% 1011 4% 3% 

Loss 0.1% 94% 80% 0101 –2% –19% 
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Violation of the Sure Thing Principle 
 

CA model can be applied to the Ellsberg’s another 

problem by which he demonstrated the probable choice 

pattern violates the Savage (1954)’s Sure Thing Principle. 

Example 2 (Ellsberg’s “Three-Color” Problem). An urn 

contains 30 red balls and 60 blue or yellow balls. The 

proportion of blue and yellow balls is unknown. Thus, there 

are x blue balls and 60 – x yellow balls, where x∈{0, 1, …, 

60}. The following sequential choices then need to be made.  

Q1. Choose a color, either “red” or “blue.” A ball is then 

drawn at random from the urn. If the selected color is drawn, 

you receive $100. 

Q2. Choose a color, which is either “red and yellow” or 

“blue and yellow.” A ball is then drawn at random from the 

urn. If the selected color is drawn, you receive $100. 

Ellsberg predicted a pair of choices as “red” for Q1 and 

“blue and yellow” for Q2. The experimental data from 11 

students in classroom is shown in Table 4. The CA 

modeling of the three-color problem uses a slightly 

modified condition A1’ based on modulo 9, a subdivision 

27-54 of the universe to represent 90 balls. And we use a 

version of the xyzw configuration, which permits only three 

codes 10x, 01y, and zzw are permissible during Step 0. 

Figure 4 summarizes the simulation results for 16 CA 

models. 

 

Table 4: Experimental results for the three-color problem
*
 

 

 
*
Note: There was significant ambiguity aversion during Q1 

for 11 students (79%), which held during Q2 for six 

students (43%), thereby reducing the q-value (from 79% to 

50%). Eight students changed their individual ambiguity 

preferences between the two gambles. 
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Appendix A 

Indo (2012) developed a CA model for the following two 

pair of gamble choice problems. 

(Q1. AB-Chocie) Choose a gamble either A or B: 

A = ($96, 90%; $14, 5%; $12, 5%) and  

B = ($96, 85%; $90, 5%; $12, 10%). 

(Q2. CD-choice) Choose a gamble either C or D: 

C = ($96, 85%; $96, 5%; $14, 5%; $12, 5%) and  

D = ($96, 85%; $90, 5%; $12, 5%; $12, 5%) 

According to Birnbaum (2008, Table 1), the majority 

selected B against A. However, a few selected D against C 

because D is apparently dominated by C. A is the same of C 

where the best two branches of C are merged, and B is D 

where the worst branches of B are merged. 

These examples inspired my CA modeling. The cognitive 

cause of a reversal is seemed the two-sided matching of 

local events (or branches in gambles) between two gambles. 

The matching scheme can be represented as the following 

two tables (See Table A-1 and Table A-2). And Figure A-1 

shows the CA model based on the event matching schema. 

 

Table A-1: Event matching in the AB-choice 
AB $96 (85%) $12 (10%) $90 (5%) 

$96 (90%) 111 (81%) 101 (9%) - 

$12 (5%) 011 (4%) 000 (1%) - 

$14 (5%) - - 011 (5%) 

 

Table A-2: Event matching in the CD-choice 
AB $96 (85%) $12 (10%) $90 (5%) 

$96 (90%) 111 (81%) - 101 (5%) 

$12 (5%) - 000 (5%) - 

$14 (5%) - 100 (5%) - 

 

Answers Indifference Red & Yellow Blue & Yellow 

Indifference 0 0 0 

Red 1 5 5 

Blue 1 1 1 
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Fig A-1: CA model of branch-split effect in Indo (2012). 

 

 

Appendix B 

Based on the experimental studies of ambiguity preference, 

seemingly there is some hidden factor which affects d-value. 

Two conjectures are as follows. 

Conjecture A (Truncated Equilibrium). Given a coding 

xyzw, a truncation of process and skipping ties may improve 

d-value and strengthens the ambiguity preference, i.e., it 

increases the q-value if ambiguity-averse, whereas it 

decreases the q-value if ambiguity-seeking.  

 Conjecture B (Mental Tâtonnement). As well as 

Conjecture A, repeated truncated equilibrium process given 

xyzw configuration forms evidence. The DM can count and 

the tentative winners (as voters in final decision). 

A stack memory can help the DM’s confidence as follows. 

Derive a new winner P from the CA, skip if it is a tie, and 

push C if it is the first winner. Then pop the last winner C 

and compare it with the current winner P, but if C = P, push 

both P and C, otherwise delete both P and C. Repeat until 

there is sufficient evidence to determine the final winner. 

The number of winners in the stack represents the DM’s 

confidence. 

 

 
 

Fig B-1: The (weighted) average of d-values in the 

truncated equilibrium outcomes of CA 1011.  

 

 

See Figures B-1 and B-2. Conjecture A was supported 

partly by the CA model 1011. Conjecture B is open to 

future study. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig B-2: Truncated equilibrium distributions of CA 1011. 

Truncation at earlier steps increases both the q-value and d-

value.  

 


