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A simple model assuming a two-dimensional rotor is proposed in order to make it possible to perform a wind farm 

simulation of vertical axis wind turbines in a short time. In the proposed method, new model named 

Ultra-Super-Gaussian function adds the accelerating effects observed in the wake profile to the Super-Gaussian 

function to introduce the velocity deficit into the potential flow. The model can predict the distribution of flow velocity 

consistent with the CFD results after x/D = 2 in the wake of a single 2-dimensional rotor. In the wake near the rotor, 

however, some differences are observed at the bottom of the velocity defect valley and at the both sides. When applied 

to a pair of wind turbines rotating in the same direction, the model predicts almost the same azimuthal distribution of 

normalized power as the result of CFD analysis, however, it is shown that a large error occurs in specific azimuths. 

 

１．Introduction 

 Since Whittlesey et al.(1) and Dabiri(2) have shown that the output per 

unit area of a wind farm that closely arranged small vertical axis wind 

turbines (VAWTs) can greatly exceed the power density of a general large 

wind turbine's wind farm, interest in the closely arranged VAWTs, 

especially the behavior of paired wind turbines, has been increasing. For 

example, Zanforlin et al.(3) performed two-dimensional Computational 

Fluid Dynamics (CFD) analysis based on the unsteady 

Reynolds-averaged Navier-Stokes equations (URANS) and showed that 

a pair of inversely-rotating VAWTs gained greater average output than the 

output of an isolated single VAWT. De Tavernier et al.(4) applied the 2-D 

CFD based on the panel vortex method to a closely placed VAWT (with a 

rotor radius of 10 m) pair in order to elucidate the effects of load (solidity) 

and rotor spacing on the rotor pair performance. The research group 

consisting of the members of Tottori University and Kagawa KOSEN has 

recently investigated the wind direction dependence of the output of a 

miniature VAWT pair by wind tunnel experiments and the 2D-CFD(5). A 

common finding in the above studies is that the output of a VAWT pair is 

sensitive to the wind direction, and it is anticipated that the sensitivity 

might be further great in the case of wind farms with an increased number 

of VAWT rotors. When dealing with a large number of wind turbine 

rotors, the cost of time or expense for the CFD analysis or wind tunnel 

experiments is prospected to be increased significantly. Therefore, in 

order to find the optimum layout of the VAWTs on the wind farm, a 

prediction method using a simple model with low cost of time is desired. 

In this study, a model that reproduces the velocity distribution in the wake 

of a two-dimensional single VAWT rotor predicted by CFD analysis is 

proposed, and the model is applied to the calculation of the wind direction 

dependence of the output of a VAWT pair in order to clarify the validity 

and problems. 

 

２．Outline of the proposed Model and object rotor 

 The method proposed in this study is based on the potential-flow-based 

method proposed by Whittlesey et al.(1). That is, assuming a flow field 

around an arbitrary number N of two-dimensional VAWT rotors as shown 

in Fig. 1, the x-direction velocity component uw (x, y) at an arbitrary 

position is assumed to be expressed by Eq. (1). 

 

  𝑢w(𝑥, 𝑦) =  {1 − ∑ 𝑑𝑢𝑘
𝑁
𝑘=1 }𝑢p(𝑥, 𝑦)                  (1) 

 

In Eq. (1), up(x, y) is the potential flow(6), which can be calculated with the 

complex velocity potential W(1) shown in Eq. (2) providing the strengths 

of the circulation Γk and the dipole μk of each rotor are given. The 

circulation is defined to have positive value when a rotor rotates in the 

counterclockwise direction in this study. k is the index of rotors. 

 

𝑊 =  𝑈∞𝑧 + ∑ {−𝑖
Γ𝑘

2π
ln(𝑧 − 𝑧𝑘) + 𝜇𝑘(𝑧 − 𝑧𝑘)−1}𝑁

𝑘=1    (2) 

 

where z = x + i y. duk is a function that represents the velocity deficit of 

each rotor. In the proposed method, a function that fits as much as 

possible to the average velocity distribution of the wake obtained from the 

CFD analysis of a single rotor is searched. Then the obtained function duk 

representing the wake effects of each rotor is linearly superposed to 

simulate the flow field around multiple rotors of a wind farm. 

 

 

 

Fig. 1  Schematic image of wind farm of VAWTs 
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In the present study, the target wind turbine rotor is assumed to be the 

three-bladed two-dimensional rotor used in the previous study(5) (see Fig. 

2). The rotor diameter is D = 0.05 m and the chord length is c = 0.02 m. 

The characteristics of an isolated single rotor, which is shown in Fig. 3, 

were obtained from the CFD analysis in the previous study. The wind 

turbine rotors are assumed to be controlled according to the ideal load 

torque curve shown in Fig. 3 in the proposed method. The method 

postulates that the operating conditions (angular velocity ω [rad/s], output 

power P [W], and rotor torque Q [Nm]) and the rotor-front flow speed of 

a single rotor are known for the several upstream wind speeds. Although 

the details of CFD analysis are omitted in this paper, the calculation time 

was extended to get the averaged flow field of the previously obtained 

CFD results(5) calculated by the unsteady RANS using the DFBI 

(Dynamic Fluid / Body Interaction) model for a single wind turbine. The 

averaged flow field data is utilized to obtain the wake function duk 

representing velocity deficit. The reference CFD data for the 5 states of 

the upstream wind speed U∞ of 4, 6, 8, 10, 12 m/s has been prepared in 

this study. 

 

Fig. 2  2-dimensional rotor 

 

 
Fig. 3  Rotor torque curves and ideal load torque curve 

 

３．Fitting of the wake profile in a single rotor case 

 In the proposed method, first, a wake function that fits the CFD results 

of a single rotor is obtained. Figure 4 shows the dependence of the 

y-directional wake shift δ obtained by the referred CFD data on the 

upstream wind speed and relative distance xn = (x - xk) / D from the wind 

turbine center. The dotted line in red shows the average value obtained for 

the five wind speeds. The coordinate in the y direction considering this 

wake shift is expressed as ynδ = (y - yk - δ ) / D in this study. Figure 5 

shows the y-directional profile of the x-directional component of the flow 

velocity at xn = 2.0 in the wake of a single rotor. The horizontal axis is the 

non-dimensional relative coordinate in the y direction to the center of the 

rotor, that is, yn = (y - yk) / D. The curve in purple shows the profile of 

potential flow and the curve in red is the profile of CFD result. The curve 

in green is the potential flow that is superposed by the Super-Gaussian 

function, which was proposed by Shapiro et al.(7) to reproduce the 

variation in a wake profile from the top-hat shape to the Gaussian shape. 

As shown in Fig. 5, although the velocity deficit predicted by the CFD 

can be fit well using the Super-Gaussian function, the peaks indicating 

velocity acceleration on both sides of the velocity deficit cannot be 

reproduced. Therefore, in this study, the super-Gaussian function is 

corrected by using the correction function fCOR that combines the 

exponential function and the linear function as shown in Fig. 6. Figure 6 

shows the region of ynδ ≧ 0, and CP0, CP1, CP2, CP3 are the fitting 

parameters in that positive region. Although the same correction is applied 

to the region of ynδ < 0, due to the asymmetric distribution, the fitting 

parameters in the negative region are defined as CN0, CN1, CN2, and CN3, 

and the fitting is independently carried out. 

 

 
 

Fig. 4  y-directional normalized Shift δ/D of the wake of an isolated 

single rotor 

 

 

 

Fig. 5  y-directional profiles of x-component of the velocity of wake of 

an isolated rotor at xn/D = 2.0 

 

 

 

Fig. 6  Correction function for positive range in ynδ 
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In this study, the function du representing the velocity deficit in the 

wake of a single rotor is defined by the following equation: 

 

  𝑑𝑢(𝑥n, 𝑦n) = 𝐶w
𝑈f

𝑈∞
𝑓USG = 𝐶𝑤

𝑈f

𝑈∞

(𝑓SG − 𝑓COR)      (3) 

 

where Uf is the flow speed closely in front of the rotor, which is a mean 

value in the x-component velocity obtained along the straight line 

(evaluation line) of the length of D. The evaluation line is perpendicular to 

the mainstream and is located at ep = 0.0361 m upstream from the 

rotational center of the wind turbine shown in Fig. 2. The value of ep is 

decided as a value slightly larger than the radius of the rotating region set 

in the CFD analysis. fSG is the Super-Gaussian function (7) and is defined 

as follows: 

 

  𝑓SG = exp [−
𝐷2

8𝜎0
2

{
2|𝑦nδ|

𝐷𝑑w(𝑥n)
}

𝑝(𝑥n)

]                     (4) 

 

where σ0 = D/4, and p(xn) and dw(xn) are given by Eq. (5) and Eq. (6), 

respectively. 

 

  𝑝(𝑥n) = 2(1 + 𝑓p/𝑥n)                               (5) 

 

    𝑑w(𝑥n) = 1 + 𝑘wln(1 + 𝑒2𝑥n)                       (6) 

 

According to Shapiro et al. (7), kw in Eq. (6) is the wake expansion 

coefficient, however in this model, it is one of the fitting parameters. Also, 

fp in Eq. (5), which is not included in the original Super-Gaussian function, 

is introduced as a fitting parameter. fUSG in Eq. (3), which has been named 

the Ultra-Super-Gaussian function as the model representing the wake 

velocity profile in this study, is defined as the difference between the 

Super-Gaussian function and the correction function fCOR. Cw in Eq. (3) is 

also a fitting parameter. Specific definitions of the correction function fCOR 

in the region of ynδ ≧ 0 are shown in Eqs. (7) to (9). 

 

  𝑓COR = 0,   for  {0 ≤ 𝑦n < 𝐶P3}                      (7) 

  

 𝑓COR = 𝐶P0 exp (−
𝑦n − 𝐶P3 

𝐶P1
) [

1 

𝐶P2−𝐶P3

(𝑦n − 𝐶P3)],  

                            for  {𝐶P3 ≤ 𝑦n ≤ 𝐶P2}     (8) 

 

 𝑓COR = 𝐶P0 exp (−
𝑦n − 𝐶P3 

𝐶P1
),      for  {𝑦n > 𝐶P2}      (9) 

 

The definition of the correction function fCOR in the region of ynδ < 0 is 

described in Eqs. (10) to (12). 

 

  𝑓COR = 0,  for  {−𝐶N3 < 𝑦n < 0}                    (10) 

 

  𝑓COR = 𝐶N0 exp (
𝑦n + 𝐶N3 

𝐶N1
) [

−1 

𝐶N2−𝐶N3

(𝑦n + 𝐶N3)] 

                        for  {−𝐶N2 ≤ 𝑦n ≤  −𝐶N3}     (11) 

 

   𝑓COR = 𝐶N0 exp (
𝑦n + 𝐶N3 

𝐶𝑁1
),    for  {𝑦n < −𝐶N2}      (12) 

 

All the fitting parameters, i.e. CP0,・・・, CN3, used in the definition formula 

of the correction function fCOR are defined as positive values. 

The procedure for obtaining the wake function du for an isolated single 

rotor is divided into two parts. In the first part (Part-1), according to the 

flowchart in Fig. 7, the mean flow speed Uf_CFD closely in front of the 

rotor (along the evaluation line at the position of ep) is calculated using 

the prepared CFD data in different wind speed conditions. The calculation 

of the potential flow and the evaluation of the rotor front speed Uf in the 

potential flow are repeated until the value of Uf becomes almost the same 

as the value of Uf_CFD. In the iteration, the strength of dipole μ is varied 

step by step and the strength of circulation Γ is deduced from the relation 

with the rotor front speed Uf. The strength of the circulation related to a 

specific front speed was obtained by using the CFD data to calculate the 

values of circulation depending on the circular path radius (rn = (xn
2 + 

yn
2)0.5) of integration around a single rotor center and estimating the 

converged value (Γ∞) of circulation in the far region (see Fig. 8). The 

relationships between the rotor front speed Uf and μ or Γ∞ obtained as the 

results of the Part-1 step are depicted in Fig. 9, showing the possibility to 

obtain the linear approximation formula for μ or Γ∞, respectively. Note 

that the strength of circulation Γk used to calculate the potential flow is 

assumed to be the value at far distance (Γ∞) in the present study. 

 

 

 

Fig. 7  Flowchart of fitting the magnitude of dipole (Part-1) 

 

 

Fig. 8  Estimated circulation in the far region from a single rotor center 
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Fig. 9  Relations between Uf and μ or Γ∞ 

 

 

Fig. 10  Flowchart of fitting the values of parameters of a wake (Part-2) 

In the second part (Part-2), using the CFD data input in the first part, 

at the typical positions of xn in the wake of a single wind turbine for each 

wind speed, the 11 parameters (i.e., CW, fp, kw, CP0, ・・・, CN3) that give 

the most fit profile calculated by the model (Eq. 1) into the CFD data are 

searched. In this study, twelve values of xn = 0.75, 0.8, 0.9, 1.0, 1.5, 2.0, 

3.0, 4.0, 5.0, 6.0, 8.0, 10.0 are adopted as the typical positions. The 

flowchart for the second part is shown in Fig. 10. The optimum set of 

parameters calculated at each position (11×12×5 = 660 data in this study) 

is saved as the input dataset for the wind farm simulation described in the 

next section. 

Figure 11 shows the comparison between the velocity profile 

(x-directional component) of the model and that of CFD at xn = 0.75, 2.0, 

10.0 in the case of U∞ = 10 m/s. 

 

 

   (a)  xn = 0.75 

 

   (b)  xn = 2.0 

 

    (c)  xn = 10.0 

 

Fig. 11  Comparison of the velocity profiles between the present model 

and CFD (U∞ = 10 m/s) 

 

４．Simulation method of VAWT wind farm 

 The flow chart for predicting the flow field around rotors and the 

output powers and so forth of a 2-dimensional wind farm of VAWTs is 

shown in Fig. 12. First, in addition to the optimum parameter set obtained 

for an isolated single rotor, the rotational center-coordinates (xk, yk) and 

the rotational direction (CW: 0, CCW: 1) of each rotor distributed on the 

wind farm are input. The upstream wind speed U∞ is set as a calculation 

condition, and the initial states of all rotors are set to have the value of Uf 

of the isolated single rotor corresponding to U∞. The initial values of μ and 

Γ are obtained from the relationship shown in Fig. 9. Needless to say, the 
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relationship between the upstream wind speed U∞ and the wind speed Uf 

closely in front of the rotor is obtained from the CFD results. The flow 

field is calculated based on Eqs. (1) to (12), and the front mean wind 

speed Ufk of each rotor is calculated. In the first calculation, the new 

values of μk and Γk are evaluated, for the next calculation, from the 

relationships shown in Fig. 9 using the new value of Ufk calculated for the 

k-th rotor. In the second calculation and after, the average over all the 

rotors in terms of the difference between the new value of Ufk and the 

previous value is calculated: the calculation is repeated until the averaged 

difference gets smaller than a certain small amount (10-6 in this study). 

The calculation of velocity deficit du at an arbitrary position in the wake 

of each rotor is performed by the interpolation method with respect to 

both the front mean speed Uf and the relative coordinate xn from the rotor 

center, using the input parameter set. 

  Figure 13(a) shows the distribution of x-component of flow velocity, 

which has been obtained by averaging the unsteady flow calculated by 

CFD analysis, around a single rotor in the case of U∞ = 10 m/s. On the 

other hand, Fig. 13(b) is the resultant flow field obtained by the proposed 

method using the procedure shown in Fig. 12 for the same condition as 

the Fig. 13(a), where the rotor revolves in the counterclockwise direction. 

The black circle of a diameter D in Fig. 13(b) shows the wind turbine 

rotor. The rotational speed of the rotor (Fig. 13(b)) calculated from the 

proposed model is 3481 rpm, and the output is 176.4 mW, which are 

almost the same as the CFD results of 3472 rpm and 177.2 mW (Fig. 

13(a)). Regarding the flow field, there is some difference on the upstream 

side of the rotor, but the wakes are in good agreement. 

 

 

 

Fig. 12  Flowchart of simulating the wind farm of VAWTs 

 

(a) CFD 

 

(b) Present model 

 

Fig. 13  Distributions of the x-component of flow velocity around an 

isolated single rotor (U∞ = 10 m/s) 

 

５．Results and Discussion 

  The proposed method was applied to a pair of VAWT rotors rotating in 

the same direction (the gap distance between two rotors: gap = 0.05 m, 

gap/D = 1.0). As an example, Fig. 14 shows the flow field predicted in 

the case of the azimuth angle θ of 22.5° and the upstream wind speed of 

U∞ = 10 m/s. The azimuth is defined as the angle between the mainstream 

direction and the bisector of the line connecting the rotor centers. The 

CFD analysis calculated under the same conditions as Fig. 14, although 

the flow field is not shown in this paper, gives the rotational speeds of 

3470 rpm and 3694 rpm for the rotor 1 (R1) and 2 (R2). On the other 

hand, the model gave the values of 3361 rpm and 3936 rpm for the rotors 

and the relative errors of the rotational speeds predicted by the model to 

the CFD results are -3.14% for the rotor 1 and 6.55% for the rotor 2. 

Figure 15 depicts the 16-wind-directional dependence of the averaged 

power normalized by a single rotor power of a rotor pair rotating in the 

same direction for both the model calculation and the CFD analysis(5). 

The normalized rotor-pair power distribution of the model has a rotational 

symmetry of 180°, which is qualitatively consistent with the distribution 

calculated by the CFD. The CFD analyses using the DFBI model were 

carried out for half of the 16 azimuthal angles, considering symmetry, but 

it took several weeks to calculate all the conditions. On the other hand, 

using the proposed model, the calculation time for 16 directions is about 

140 s. In the directions of θ = 45°, 112.5°, 225°, 292.5°, however, the 

difference between the model and CFD is large. 
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Fig. 14  Simulation by the proposed method on the distribution of 

x-component of flow velocity around a rotor pair rotating in the same 

direction (U∞ = 10 m/s, azimuth angle θ = 22.5°) 

 

 

 

Fig.15  Azimuth dependence of the averaged power normalized by a 

single rotor power of a rotor pair rotating in the same direction 

 

 

 

Fig.16  Relative error of normalized rotor-pair power predicted by the 

model against the CFD result of each direction 

 

The relative error of normalized rotor-pair power predicted by the 

model against the CFD result of each direction is shown in Fig. 16. The 

errors are within about 7% in the directions except the above-mentioned 

four directions. However, particularly in the directions of θ = 112.5° and 

292.5°, the error is as large as about 22%. Improvement of the accuracy 

of the model is necessary and is the near future work of this study. 

 

６．Conclusions 

 A simple 2-dimensional model that can simulate a wind farm of 

vertical axis wind turbines in a short time was developed in this study. As 

a function that introduces velocity deficit into the potential flow, the 

Ultra-Super-Gaussian function that adds the accelerating effects in the 

wake profile to the Super-Gaussian function was proposed. The wake 

profile of a single rotor using the proposed model agreed well to the 

profile obtained by CFD analysis after x/D = 2. Near the rotor, however, 

differences were seen in the profile near the edges of rotor and in the 

region of the bottom of the velocity deficit due to the complexity of the 

flow field. On the whole, however, the Ultra-Super-Gaussian function 

was able to well simulate the wake profile obtained by CFD of an isolated 

single vertical axis rotor. The results applied to a pair of vertical axis wind 

turbines rotating in the same direction showed a large error in specific 

wind direction conditions. Therefore, it is necessary to improve the 

proposed model in near future. One possible improvement may be the 

optimal fitting of the y-directional velocity profile to the CFD results, 

which has not been taken into consideration so far. 
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