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a b s t r a c t

Motivated by the image segmentation problem, we consider the following geometric optimization prob-
lem: Given a weighted n � n pixel grid, find the maximum weight region whose shape is decomposable
into a set of disjoint elementary shapes. We give efficient algorithms for several interesting shapes. This is
in strong contrast to finding the maximum weight region that is the union of elementary shapes for the
corresponding cases—a problem that we prove to be NP-hard. We implemented one of the algorithms and
demonstrate its applicability for image segmentation.

� 2012 Elsevier Inc. All rights reserved.
1. Introduction

Separating an object in an image from its background is a
central problem in pattern recognition and computer vision. This
operation is commonly called image segmentation and many
practical methods are proposed in the literature. A digital (say,
monochromatic) image can be considered as a two-dimensional
pixel grid P, where each pixel p is assigned a real-valued brightness
level (or any other colorimetric measurement) f(p). The segmented
object should be a pixel region that ideally satisfies some nice
geometric shape property. Clearly, the quality of the segmentation
depends on the separation of brightness levels between the object
and the background.

There is a large number of different approaches to solve this
problem in the literature. If we know the location and an approx-
imate shape of a simply connected object (i.e., a connected region
without holes), the task of image segmentation is to find its bound-
ary contour. In many cases, the active contour method [16] is used:
in this approach, we define an energy function describing the
smoothness of the contour curve approximating the object region
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boundary, and shrink an initial contour curve to find one that opti-
mizes the energy function. Another method is the graph cut meth-
od [6,5] that reduces the problem to finding the s-t cut of a graph.
The user indicates two special pixels s and t inside and outside the
object, respectively. By defining a suitable weight function repre-
senting the similarity of brightness of adjacent pixels, a minimum
s-t cut yields a contour curve that separates the object from the
background.

Both these methods implicitly use additional information (nor-
mally given by the user). Besides its theoretical interest, we believe
that a fully automated image segmentation algorithm with explicit
control of object shapes would be useful for computer vision tools
in practice. In image data mining and retrieval systems such as
Google Image search and Yahoo Visual Seeker, it is desired that
images in the database are processed automatically. In these appli-
cations it would be very useful if the user could ask the system to
retrieve objects with a specified shape feature selected from a set
of region families, together with some other attributes such as col-
ors and textures.

In such fully (or semi) automatic systems, the segmentation
problem is usually formulated as a global combinatorial optimiza-
tion problem. There are two general aspects that control the qual-
ity of a segmentation: the goodness-of-fit that measures the
homogeneity of the detected region and the regularity of the
region’s shape. The basic task when segmenting an object from
the background is to approximate the brightness function f by a
two-valued function g that takes one brightness value n inside
the object region and another value g in the background. If we
do not care about the geometric shape of the object, we can solve
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the segmentation problem by finding the function g that minimizes
the difference Dðf ; gÞ ¼

P
p2Pdðf ðpÞ; gðpÞÞ between f and g, where d

is a difference measure. However, in this form there is no control of
the regularity of the detected object’s geometric shape.

Hence we need to introduce constraints that control the shape
of the objects or the background. This can be done implicitly by
modifying the objective function to include a term that evaluates
the shape (or regularity) of the region, or explicitly by defining a
constrained family of admissible object shapes.

In the mainstream research on image segmentation, the object
shapes are implicitly controlled. Typical examples would be the
graph cut method [17], or the scale-sets method of Guigues et al.
[14]. These approaches are very successful in practice, even for
sophisticated objective functions that make the problem NP-hard.
In this paper we are interested in explicitly controlling the object
shapes. Let P be an n � n pixel grid, and consider a family
F � 2P of pixel regions. (Think of F as the family containing all re-
gions that satisfy some geometric shape constraint.) We define the
pixel p = p(i, j) of P as the unit square whose top-right corner is the
grid point ði; jÞ 2 Z2, where 1 6 i, j 6 n. Every pixel p in P has a real
value W(p) assigned as its weight. The weights define a real-valued
n � n-matrix W = (W(i, j))16i, j6n, where the row indices are counted
from bottom to top and column indices from left to right. For con-
venience we extend W to an (n + 2) � (n + 2)-matrix by defining
W(0, j) = W(n + 1, j) = W(j,0) = W(j,n + 1) = 0 for all j = 0, . . ., n + 1.
We follow the general framework of Asano et al. [2]. This frame-
work yields a method to compute a solution of the segmentation
problem, provided that the maximum weight region problem
(MWRP) for the region family F defined in the following can be
solved efficiently.

Problem 1 (MWRP). Find a region R 2F maximizing the weight
WðRÞ ¼

P
p2RWðpÞ.

The difficulty of MWRP depends on the family F. If F ¼ 2P, the
problem is trivial, since R is obtained as the set of all pixels with
positive weights. On the other hand, the problem is NP-hard if F
is the set of all connected regions in P in the usual 4-neighbor
topology [2].

The following is a list of previously known families for which
the maximum weight regions can be computed efficiently, see
Fig. 1 for examples (necessary definitions will be given later): rect-
angles [4,21,3], x-monotone regions [2], base-monotone regions
[2], rectilinear convex regions [22], staircase convex regions cen-
tered at a pixel r (also known as stabbed union of rectangles
[7,12]), and digital star-shaped regions centered at r [10]. More
generally, we can solve the problem for all families F that can
(a) (b)

(d) (e)
Fig. 1. Examples for regions from six families: (a) rectangle, (b) x-monotone region, (c) b
with center r, (f) star-shaped region with center r.
be represented as closures in a graph defined on P [8,15]. All of
the above families can be treated in this framework, but this ap-
proach might not lead to the most efficient algorithm.

Although the framework of Asano et al. [2] is mathematically
interesting, a major criticism was the fact that the method can only
handle cases where the image contains a single object with a very
elementary shape.

This is where our new results come in. In this paper, we show
how to solve MWRP with more complex region families F. As a di-
rect consequence, we can now segment complex objects that are
decomposable into two or more elementary shapes in a robust
fashion. We believe that this is a significant advancement for the
theoretical aspect of the image segmentation problem with explicit
shape control, but at the same time the results also seem useful for
computer vision tools in practice.

Our first algorithm for base monotone regions of k axis-parallel
base lines (Section 2) requires no prior information about the loca-
tion of objects. As demonstrated in our experiments in Section 5,
we can segment a large variety of shapes. Moreover, our algorithm
runs fast, and it can be adjusted to scale reasonably. A useful fea-
ture is that we can control the number k of base lines to give seg-
mentations of different resolution.

Our second algorithm for regions decomposable into two star-
shaped regions (Section 3) needs the positions of the two star cen-
ters as an input. It is similar in this respect to the contour finding
methods. A novel feature is that the region is allowed to have holes,
and thus the contour curve can be the union of more than one con-
nected component. Moreover, we can formulate the global optimi-
zation problem to find the two positions of the centers that
maximize the objective function. In this case the locations of the
centers need not be known in advance.

On the negative side, if we allow non-empty intersection be-
tween objects, the NP-hardness result of Section 4 says that it is
difficult to segment such objects from the background. Thus,
Fig. 2a is difficult to segment while Fig. 2b is easier since it can
be decomposed into two non-overlapping star-shaped regions as
shown in Fig. 2d. We believe this is valuable knowledge for design-
ing an efficient image segmentation system.

Algorithms for solving MWRP of regions decomposable into
other types of regions (for example, k non-intersecting rectangles)
are studied in a companion paper [1]. Following a preliminary con-
ference report [11] of this paper, an implementation of an image
segmentation algorithm that segments an object formed as the un-
ion of two digital star-shapes was given in a recent report by
Gibson et al. [20]. We note, however, that their algorithm is based
on network flow, and takes a very different approach from ours.
(c)

(f)
ase-monotone region, (d) rectilinear convex region, (e) stabbed union of rectangles



Fig. 3. A segmented flower.

Fig. 4. A base-monotone feasible region and its decomposition.

Fig. 5. A solution for the room-edge problem.

(a) (b) (c) (d)
Fig. 2. Union and decomposition of two star shapes.
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2. Base-monotone MWRP

A base line of the pixel grid P is a vertical line x = s or horizontal
line y = s where 0 6 s 6 n. For a given horizontal base line ‘: y = s
and a pair of functions g, f: [0,n + 1] ? [0,n + 1] with g(i) 6 s 6 f(i)
for all i, the corresponding base-monotone region is the region
{p(i, j):1 6 i 6 n,g(i) < j 6 f(i)}. In other words, it is a union of col-
umn segments intersecting the base line. It is a special case of an
x-monotone region, where the intersection of the region with each
column can be any connected segment. Note that the ith column
segment is empty if g(i) = f(i), thus we do not assume connectivity
of the region. The vertical base line case is analogously defined. A
base-monotone region with the base line x = 0 (resp. y = 0) is often
called based x-monotone (resp. based y-monotone) region.

A base-monotone region with a horizontal base line ‘is subdi-
vided into the base-monotone regions of the upper and lower half-
planes of ‘: the upper region is defined as {p(i, j): 1 6 i 6 n,
s < j 6 f(i)} and the lower region as {p(i, j):1 6 i 6 n,g(i) < j 6 s}.
The family of base-monotone region of the upper and lower half
planes of ‘ are denoted by Uð‘Þ and Dð‘Þ, respectively (meaning
that each column grows upward and downward from the base line,
respectively). Similarly, for a vertical base line m, we define fami-
lies LðmÞ and RðmÞ of base-monotone region in the left and right
halfplanes of m, respectively.

Given a set of k base lines, a region R is called base-monotone
feasible if it can be decomposed into pairwise disjoint base-mono-
tone regions with respect to the given base lines. Fig. 3 shows a
segmentation of a picture of a flower as a complement of the dis-
joint union of four base-monotone regions, where the base lines
are the four grid boundary edges. Also, Fig. 4 gives an example of
a base-monotone feasible region with six given base lines. Note
that each base-monotone region does not need to be connected
and that the decomposition is not uniquely determined.

2.1. Room-edge problem

First, we consider a special case (called room-edge MWRP),
where we are given the four boundary edges of P (or a subset of
them) as the set of base lines. Fig. 5 illustrates an example, where
four regions are colored with different levels of gray. We abbrevi-
ate U; D; L and R for the families of base-monotone regions of
upper, lower, left, and right halfplanes with respect to the bottom,
top, right, and left boundary edges of P (note that R grows right-
wards from the left edge, etc.). A region S is called room-edge feasi-
ble if it can be decomposed into pairwise disjoint regions U, D, L, R
such that U 2 U; D 2 D; L 2L and R 2 R. Imagine that we paint
U, D, L, and R by blue1, red, yellow and green in a way that each
color starts painting from a boundary edge in the direction perpen-
dicular to the edge without breaking or mixing of colors. Then, the
feasibility means that we can paint the region with the four colors.
We would like to find the room-edge feasible region S⁄ that maxi-
mizes W(S⁄).
1 For interpretation of color in Figs. 5–9 and 14–22, the reader is referred to the
web version of this article.
2.2. Algorithms for the room-edge MWRP

Our algorithm for the room-edge MWRP with i 2 {2,3,4} colors
is recursively based on an algorithm for painting with i � 1 colors.
So we will start our description with an algorithm to paint with
one color and subsequently describe the other cases.

One color. Painting with only one color can be easily solved in
linear time [2]: suppose that we would like to maximize W(U)
for U 2 U. Now, it suffices to consider the prefix sums
prefixðs; jÞ ¼

Ps
k¼0Wðk; jÞ for each column j, and compute the array

U(i, j) = max06s6i prefix(s; j), which is the maximum prefix in the jth
column up to the ith row. Then, WðUÞ ¼

P
16j6nUðn; jÞ, and the

region U is obtained as {(i, j):U(i � 1, j) < U(n, j)}. This computation
can be done in O(N) = O(n2) time. Similarly to computing U(i, j),



Fig. 6. Maximum-weight painting with two colors from oppositete sides. Observe
that the complement of the painted regions is the maximum-weight x-monotone
region for the negated weights.
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we compute the tables D(i, j), R(i, j), and L(i, j) for the other three
directions; these tables will be utilized later.

Two colors Next, let us discuss painting with two colors. There
are basically two cases: Painting from opposite edges (e.g., D and
U), and painting from adjacent edges (e.g., U and R). It is easy to
paint from opposite edges, since we can consider each column
(or row) separately and compute an optimal split into disjoint
opposite column segments in O(n) time per column. In fact, if we
negate all the weights, the complement of the solution region for
this case is nothing but the maximum-weight x- (or y-) monotone
region, see Fig. 6.

Let us now consider painting from adjacent edges using U (blue)
and R (green). Let UR(i, j) be the maximum possible weight if we
color the pixel grid up to (i, j) by blue and green; that is, we con-
sider the submatrix of W up to the jth column and the ith row.

Theorem 2. We can compute the matrix UR in O(N) time.
Proof. We compute the table UR(�, �) by dynamic programming
classifying the optimal painting of UR(i, j) into three cases based
on the status of pixel (i, j) as shown in Fig. 7: if (i, j) 2 U we have
UR(i, j) = UR(i, j � 1) + U(i, j) (Fig. 7a); if (i, j) 2 R we have UR(i, j) =
UR(i � 1, j) + R(i, j) (Fig. 7b); otherwise, if (i, j) belongs to neither
color (Fig. 7c), both formulas yield the same value. Thus, using the
recursive formula UR(i, j) = max{UR(i, j � 1) + U(i, j), UR(i � 1, j) +
R(i, j)} and the precomputed tables U and R for painting with one
color, we can compute UR(�, �) in linear time. Also note that the
optimal region attaining weight UR(n,n) is obtained in the usual
way by backtracking. h

Three colors Next, let us consider painting with three colors.
Suppose we paint from bottom, top and left edges to maximize
W(U [ D [ R). We precompute tables UR, UD and DR in O(N) time
and define UDR(j) as the maximum weight of coloring the pixels
in the first j columns using three colors.

Theorem 3. We can compute the table UDR in O(N) time.
(a) (b
Fig. 7. The three cases for obtaining the maximum-weight
Proof. The algorithm to compute UDR is also based on dynamic
programming. We distinguish two cases. If the jth column of the
region attaining UDR(j) does not intersect the left region R, we have
UDR(j) = UDR(j � 1) + UD(j), where UD(j) = UD(n, j) � UD(n, j � 1) is
the maximum weight painting of the jth column from top and bot-
tom as computed previously. Otherwise, the picture is divided into
upper half and lower half by the row of R that intersects column j,
and each half is painted by two colors. Thus, we have
UDR(j) = max06i6n {DR(i, j) + UR(i + 1, j)} for this case. Since the
tables UD, DR, and UR are precomputed in O(N) time, the value
UDR(j) can be computed in O(n) time for each j as the maximum
of the values in the above two cases, and the table UDR(�) can be
computed in O(n2) = O(N) time. h

Four colors Finally, we consider painting by four colors from four
edges. There are three cases to consider. If there exists a vertical
line x = j in an optimal solution separating R and L, we can decom-
pose the problem into two instances of the three-color paintings.
Thus, the optimal value for this case is computed as
max06j6n{UDR(j) + UDL(j + 1)}, where UDL(j + 1) is the weight of
the optimal three-color region to the right of the partition line
x = j. This type of the solution region can be computed in O(n) time,
provided that the tables UDR and UDL have already been precom-
puted. Obviously, the case in which there exists a horizontal line
separating U and D can be solved analogously.

It remains to consider the case where the solution neither al-
lows a horizontal nor a vertical partitioning line. Assume we know
the length of the longest column/row in each colored region, and
decompose the pixel grid into five rectangular parts as shown in
Fig. 8a. The center rectangle must remain unpainted, since every
color is blocked by another painted region. Moreover, in every
other rectangular part, the painting is done with only two colors,
and can be done independently of the painting of the other regions.
Therefore, we can obtain the optimal four-color painting by com-
bining the two-color paintings of these four rectangular parts.
The optimal value is obtained by combining the four optimal
sub-solutions in O(1) time (recall that tables DL, DR, UL, UR are pre-
computed) for each possible partition. Since there are O(n4) = O(N2)
possible partition patterns and O(n) possible vertical and horizon-
tal splitting lines from the previous cases, we can solve the room-
edge MWRP in O(N2) time and O(N) space.

In the following we show how to reduce the time complexity to
O(N1.5). We use another decomposition as shown in Fig. 8b, where
the pixel grid is decomposed into two L-shaped regions, each of
which is painted with three colors. There are four ways to decom-
pose the grid into L-shaped regions, two horizontal and two verti-
cal decompositions. In each case the L-shaped region is the union
of two rectangles containing a corner of the pixel grid. As an exam-
ple, let’s focus on the L-shaped region Lðs; t; uÞ that is a union of
two rectangles containing the left-lower corner: the tall rectangle
has height s and width u, and the short rectangle has a height t
) (c)
painting UR(i, j) with two colors from adjacent sides.



(a) (b)
Fig. 8. Decomposition into (a) four two-colored rectangles and (b) L-shaped regions.

(a) (b) (c)
Fig. 9. The three cases for obtaining the maximum-weight three-color painting in the L-shaped region Lðs; t;uÞ.
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and width n, see Fig. 8b. All other types of L-shaped regions are
handled analogously.

We define F(s, t,u) to be the optimal three-color painting (from
the left, right, and bottom edge) for the given parameters. There are
three different cases for obtaining the maximum-weight painting
reflected in the following recursive formula:

Fðs; t;uÞ ¼ maxfFðs� 1; t;uÞ þ Rðs;uÞ;URðs; uÞ
þ ULðt;uþ 1Þ; Fðs; t;u� 1Þg

In the first case (Fig. 9a), row s is not penetrated by region U; thus,
row s can only be reached from the left, and painted in the color of
R. In the second case (Fig. 9b) column u is not penetrated by region
L, thus we can split the L-shape in column u into two two-colored
rectangles; one has height s, and the other has height t. In the third
case (Fig. 9c) row s is penetrated by U, and column u is penetrated
by L; thus, the hatched region in the uth column beyond the tth row
is blocked for all three colors, and must remain uncolored.

For each entry of the table F(s, t,u), we must also find the weight
in the remaining region. Recall that we were considering the case
in which an optimal solution is decomposed into four rectangular
regions (DR, DL, UR, and UL) and an empty one in the middle. Thus,
the optimal solution is decomposed into an L-shape Lðs; t;uÞ,
whose weight is F(s, t,u), and two pieces UR and UL. By definition,
UR and UL are separated at column u. Hence, their weights are
UR(s, j) and UL(t, j), respectively.

We can compute each entry of the table F(�, �, �) in O(1) time using
previous entries and the precomputed tables. Hence, the time com-
plexity for computing the entire three-dimensional table F is
O(n3) = O(N1.5). If we store the whole table, O(N1.5) space is needed.
Notice that the value of t is fixed in the recursion, hence we do not
need to store the whole matrix in memory. That is, for a fixed value
of t, we compute and store the table F(�, t, �). Once the table is com-
puted, we store the cut whose value is optimal, discard the table
F(�, t, �), and proceed to the next value of t. By doing so, we avoid
explicitly storing the table, thus only O(N) space is needed.

We conclude by summarizing the above results into the follow-
ing theorem.

Theorem 4. The room-edge MWRP can be solved in O(N1.5) time and
O(N) space. Moreover, if three or less colors are used, the problem can
be solved in H(N) time and space.
2.3. Allowing k base lines

We now consider the case in which we are given k (vertical or
horizontal) base lines. We study the k base-line MWRP, where
we look for the maximum-weight (possibly disconnected) region
that can be decomposed into base-monotone polygons with
respect to the given base lines. The arrangement of k base lines
decomposes the pixel grid into O(k2) cells that are themselves rect-
angular sub-grids. The next lemma shows that we can solve the k
base-line MWRP by solving each cell of the arrangement indepen-
dently (using the room-edge MWRP approach of the previous
subsection).

Lemma 5. The union of the optimal solutions of the room-edge
MWRP problem for each of the cells of the arrangement is decompos-
able into pairwise disjoint base-monotone regions of the given
separating lines. Moreover this union attains the maximum weight
of the k base-line MWRP.
Proof. Suppose that a base-monotone region R(‘) with base line ‘
intersects another base line ‘0 that is parallel to ‘. The line ‘0 splits
R(‘) into two regions R1 [ R2, where R2 is separated from ‘ by ‘0. We
replace R(‘) by R1 and R(‘0) by R(‘0) [ R2 to obtain a new set of base-
monotone regions, whose union remains the same and which sat-
isfies the additional property that the new R(‘) does no longer
intersect ‘0. Repeating this process for all such intersections, we
can transform the decomposition in a way that no component
intersects any other parallel base lines. Since base lines are either
horizontal or vertical, all crossings between lines are orthogonal
and all obtained cells will be rectangles. Thus, by partitioning the
problem into separate cells and taking the union of the solutions
of each of the obtained room-edge instances we get the global
solution of the k base-line MWRP. h

For each cell Gt of the base-line arrangement consisting of Nt

pixels, the room-edge problem inside the cell can be solved in
OðN1:5

t Þ time by Theorem 4. Since
P

Gt
OðN1:5

t Þ ¼ OðN1:5Þ, the total
time complexity of solving all the different room-edge problems
is O(N1.5). Thus, we have the following theorem.

Theorem 6. The k base-line MWRP can be computed in O(N1.5) time
and O(N) space.
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Remark 1. The time complexity is independent of k. We can even
take k = n to have all grid lines as base lines so that every region
can be decomposed into base-monotone regions; in this case, how-
ever, the optimal solution is the trivial set gathering all pixels with
positive weights. Therefore, in practice, we should consider the
trade-off between the loss of simplicity of the region family and
the gain of the weight. Moreover, if the selection of k base lines

is not given, there are 2n
k

� �
possible combinations.
3. Digital star-shaped regions

In this section we study the equivalent of star-shaped regions in
digital geometry. We are given a graph G that represents the adja-
cency relation of pixels of P (typically the 4 or 8 neighbor topol-
ogy). A digital ray system is a rooted spanning tree T of G such
that all leaves are located on the boundary of the grid. A digital
star-shaped region R (with respect to T) is a rooted subtree of T.
The path from root o to a pixel p is called the digital ray to p. A dig-
ital star-shaped region is characterized as a region such that for
any pixel p in the region, the digital ray to p is also in the region
(see Fig. 10).

For a fixed root o, a construction of a digital ray system such
that each digital ray is almost straight and has at most O(logn)
Hausdorff distance to the Euclidean straight line is known
[10,19]. This result was further extended to a consistent digital line
system by Christ et al. [9]. Either of the two constructions can be
used to obtain digital star-shaped regions that nicely approximate
Euclidean star shaped regions (i.e., the Hausdorff distance between
the two regions is O(logn)).

Here we assume that the digital segment system is consistent
[10,9]. Among other properties it implies that the intersection of
any two digital segments forms a connected component. Further-
more, a consistent system has the symmetry property that the seg-
ment from a pixel p to a pixel q equals the segment from q to p.
Note that the consistency axioms [10,9] immediately imply that
the ray system is based on paths in a spanning tree of the grid
graph, where all leaves are boundary pixels. For technical reasons,
we further assume that the diameter D of both trees is bounded by
O(n). Note that this constraint is reasonable if we consider a digital
star-shaped region as an approximation of a geometric star-shaped
region. In particular, this constraint is satisfied by the construc-
tions of [10,9].

Given two root positions r1 and r2 and a consistent digital seg-
ment system, let T1 be the set of rays emanating from r1 and T2 the
Fig. 10. A star-shaped region (marked in grey). The spanning tree (dashed
segments) and the root (dark point) are also depicted.
rays emanating from r2. A feasible decomposition of a region R is a
pair of rooted subtrees R1 and R2 (of T1 and T2, respectively) such
that R = R1 [ R2. Since we are studying the decomposition, we also
add the constraint R1 \ R2 = ;. Whenever such a decomposition ex-
ists we say that R is (2-starshape) feasible.

In this section we give a method to solve the MWRP for two star
shapes:

Theorem 7. The 2-starshape MWRP can be solved in O(N3) time and
O(N2) space.
Proof. The idea of the proof is similar to the one of Theorem 2,
although it is considerably more complicated since we define a
new ordering (or ‘‘coordinate system’’) of pixels using T1 and T2

to define the dynamic programming table. Let p1(u) and p2(u) be
the digital rays to the pixel u in T1 and T2, respectively. Observe
that p1(r2) = p2(r1) by consistency of the system. Computing the
maximum weight star-shape region with respect to a single tree
T was done in [10]. Hence, without loss of generality we can
assume that neither R1 nor R2 is the empty set.

We define the initial path e1 = R1 \ p1(r2) to r2 in R1 and the
initial path e2 = R2 \ p2(r1) to r1 in R2. Let z1 be the terminal of e1,
and z2 the terminal of e2. Although we know neither R1 nor R2 in
advance, we pick a pair of candidates of endpoints z1 and z2 among
O(n2) possibilities. We say a pixel v is T1-prohibited if the path p1(v)
contains r2. Also, a pixel v0 is T2-prohibited if the path p2(v0)
contains r1. We observe that no T1-prohibited pixel can be in R1,
and that no T2-prohibited pixel can be in R2. The union of the set of
all prohibited pixels and the pixels in the path p1(r2) is called the
separating belt (see Fig. 11). If we remove the separating belt, the
grid is decomposed into two disconnected pixel regions G1 and G2.
We consider each region separately.

Main Process: Without loss of generality, we consider the region
G1 above the separating belt, and design a dynamic programming
algorithm. Let (v1,v2, . . . ,vm�1) be the list of all boundary pixels of G1

in clockwise ordering; we set v0 and vm to be the adjacent
(prohibited) leaves to the endpoints of the list (see Fig. 12).

Without loss of generality, we can assume that r1 is to the left of
r2. For any 0 6 i, j 6m, consider the paths p1(vm�i) and p2(vj), and
let p(i, j) be the intersecting point nearest to r2 (if any). Let e1(i, j)
and e2(i, j) be the paths p1(p(i, j)) and p2(p(i, j)), respectively. If there
is no intersection between p1(vm�i) and p2(vj), we set
e1(i, j) = p1(vm�i) and e2(i, j) = p2(vj). The following lemma is clear
from the non-intersecting property of the decomposition of a
feasible region and consistency of T1 and T2.

Lemma 8.
For any feasible region R and its decomposition R1 [ R2 into two

star shapes, let R1(i) be the intersection of R1 and [ 06k6ip1(vm�k) and
Fig. 11. Roots r1, r2, points z1, z2 and separating belt (marked in grey). Trees T1 and
T2 inside the separating belt are also depicted (solid for T1, dashed for T2 and point-
dashed for the common part).



Fig. 12. Key idea of the algorithm: either point p(i, j) belongs to R1 or to R2. In both
cases, we can solve the interior zone G(i, j) (dark region) using dynamic
programming.
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let R2(j) be the intersection of R2 and [06k6jp2(vk). Then for every pair
1 6 i, j 6m � 1 either e1(i, j) \ R2(j) = ;or e2(i, j) \ (R1(i)) = ;.

For any 0 6 i, j 6m, let G(i, j) be the set of pixels of G1 below (or on)
the union of e1(i, j) and e2(i, j). It is observed that G(i, j) # G(i0, j0) if
i 6 i0 and j 6 j0. Let us consider two non-intersecting paths b1 and
b2 that are subpaths of p1(vm�i) and p2(vj), respectively. Now let
R = R(i, j;b1,b2) be a maximum weight feasible region that consists
of b1, b2 and a set of pixels in G(i, j), and let W(i, j;b1,b2) be its
weight. Note that one of b1 or b2 may go beyond G(i, j), but not both
(otherwise both paths would contain point p(i, j)). We consider
an admissible decomposition (R1,R2) of R. From the above lemma
and the symmetry of the problem, we can assume that
R1 \ e2(i, j) = ; (we can deal with the other case similarly). Let s
be the point in which paths p2(vj�1) and p2(vj) split. Observe that
if b2 does not contain s, we have R(i, j;b1,b2) = R(i, j � 1;b1,b2)
and W(i, j;b1,b2) = W(i, j � 1;b1,b2). Otherwise, R can be given as
the union of b2 and a region Q ¼ Rði; j� 1; b1;b

0
2Þ for a subpath b02

of p2(vj�1) that is inside G(i, j). Thus, we can compute W(i, j;b1,b2)
as the maximum of Wði; j; b1;b

0
2Þ þWðb2 n b02Þ over all O(n) possi-

ble choices of b02.
We use the above observation to compute W(i, j;b1,b2) for all

combinations of (i, j,b1,b2) via dynamic programming. The size of
the DP table is O(n4) = O(N2). Computing an entry W can be done in
O(1) time (if b2 does not contain s) or in O(n) time (otherwise).
However, observe that the optimal path b02 does not depend on b2.
Hence, once b02 has been computed, we can reuse it for all entries of
the form W(i, j;b1,⁄). That is, after an O(n) preprocessing, we can
compute the whole column W(i, j;b1,⁄) in O(n) time. Repeating this
process for all possible tuples (i, j;b1), we can compute matrices W
and R in O(N2) time and space.

We apply this algorithm to the disconnected regions G1 and G2.
Each of these regions can be computed independently (in order to
avoid counting the weight of the initial paths twice we ignore them
when processing the lower half part G2). An additional factor of
O(n2) = O(N) time is needed in order to synchronize the two
solutions (i.e., guessing the endpoints z1 and z2). Thus, the overall
time complexity is O(N3). h
4. Union versus decomposition

We discuss the difference of the complexities of the problems for
union and decomposition. Recall that in the union variant regions are
allowed to overlap (although the weight of the overlapping regions
is only counted once). That is, we are interested in finding the
region R = R1 [ R2 whose weight is maximized. We will study the
cases in which R1 and R2 are either (i) R1 2 U and R2 2 R or (ii) R1

and R2 are star-shaped regions with respect to centers o1 and o2. No-
tice that the first case corresponds to the union variants of the 2-
base-line MWRP in which two orthogonal directions are considered
(the case in which colors are parallel is trivial and can be solved as
in the decomposition case) and the second case corresponds to the
2-starshape MWRP. The following theorem shows a strong contrast
to the positive results in Theorems 2 and 7.

Theorem 9. The union variants of both the 2-base-line MWRP and 2-
starshape MWRP are NP-hard.
Proof. The proof is by reduction from the NP-hard problem
MAX-2SAT [13], which is defined as follows: Given a set S ¼
fs1; s2; . . . ; sng of variables, a set C ¼ fc1; c2; . . . ; cmg of 2-CNF
clauses over S, i.e., ci ¼ li;1 _ li;2 for two literals li;1 and li;2, and a
positive integer K 6 m, is there a truth assignment for S that
satisfies at least K clauses in C?

We start by giving the proof for the union variant of the 2-
starshape MWRP; given an instance of MAX-2SAT we will construct an
instance that has a solution whose weight is at least K0 if and only if
there is a truth assignment for the Boolean variables that satisfies K
or more clauses.

The construction is as follows: we fix any W > 4n and consider
the grid region [0,W] � [0,W]. We locate the roots at the top-left
and bottom-right vertices (that is, o1 = (0,W) and o2 = (W,0)). The
path from any point (x,y) to o1 is defined as the L-shaped union of
the horizontal segment from (x,y) to (0,y) and the vertical segment
from (0,y) to o1. Analogously, the path from (x,y) to o2 first goes
vertically down from (x,y) to (x,0) and then horizontally to o2. It is
easy to see that the two trees T1 and T2 emanating from the roots
are indeed consistent.

We then select 4n parallel horizontal (resp. vertical) paths for
the tree T1 (resp. T2). These paths form the two tree structures
shown in Fig. 13, where nodes are represented as squares and
edges are represented as arcs directed towards the root oi of their
respective tree Ti (i = 1,2). Each node is labeled with its weight.
Many grid nodes that have weight 0 (and hence do not affect the
solution) have been omitted in the figure for clarity. The edges of T1

are drawn as solid arcs, and those of T2 are drawn as dashed arcs.
Rows and columns of the grid are numbered from bottom to top
and from left to right.

Each variable si produces 16 nodes in rows and columns 2i � 1
and 2i with weights that are 0, N, �N or 2N, where N is a large
integer that satisfies N > jCj. These variable nodes are located in
the first 2n rows and columns (shaded in Fig. 13). Note that rows
and columns of different variables are independent of each other
(i.e.: there is no edge between nodes of different variables).
Furthermore, row 2n + 2i � 1 and column 2n + 2i correspond to the
positive literal si, whereas row 2n + 2i and column 2n + 2i � 1
correspond to the negative literal si.

Now, using the literal rows and columns f2nþ 1;2nþ 2;
. . . ;4ng, we can model each clause ci ¼ li;1 _ li;2 as a pair of nodes
with weight 1=2 at the intersection of the row corresponding to li;1
and the column corresponding to li;2 (and at the intersection
between the li;1th column and li;2th row, see Fig. 13).

We first show that a maximal contribution of the shaded
variable nodes to the weight of the union of closures in this MWRP
instance translates to a valid variable assignment. If we consider
each row (or column) independently, its maximal contribution is 0
since positive and negative weights along the path cancel out and
no subpath has positive weight. The situation changes if we
consider the pair of rows and the pair of columns belonging to
the same variable as a whole. For example, take the rows and



Fig. 13. Union-MWRP instance that encodes the MAX-2SAT instance with variables S ¼ fs1; s2; s3g and clauses C ¼ fðs1 _ s2Þ; ðs1 _ s3Þ; ðs2 _ s3Þ; ðs2 _ s3Þg.
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columns corresponding to s1. A positive weight is obtained by
sharing a node with negative weight. This is the case only if we
select either the first row and the second column or the second
column and the first row all the way up to the final nodes with
weight 2N. In this case the rows and columns of s1 contribute N to
the weight of the union of closures and we call such a selection of
nodes in the closures valid. No other combination of paths (or
partial paths) of these rows and columns can yield a positive
weight. We interpret for a variable si the choice of row 2i � 1 and
column 2i as si= false and the choice of row 2i and column 2i � 1 as
si= true. Hence we obtain a maximal weight of nN in a valid union of
closures for the variable nodes, which also corresponds to a valid
variable assignment.

Given such a valid selection of variable nodes we can gain
additional weight by adding the clause nodes for the satisfied
clauses: if a literal, e.g., s2, is true the two nodes with weight �N in
row 2n + 3 and in column 2n + 4 are already selected. Hence we can
add all clause nodes with weight 1/2 along the two paths to the
respective closure and gain 1 unit weight for each clause that is
satisfied by s2. Note that no additional gain is obtained if the
second literal of an already satisfied clause also evaluates to true.
Furthermore, for a literal that is false all clause nodes are blocked
by the unselected node of weight �N in its row and column. Since
N > jCj such a row or column can never add a positive weight to
the union of closures.

For the reduction from MAX-2SAT, which is clearly polynomial, it
remains to set the MWRP threshold K0 = nN + K, where K is the
integer given in the corresponding MAX-2SAT instance. This means
that for the weight of a union of closures to exceed K0, there exists a
valid selection of variable nodes that yields a weight of nN, and at
least 2K clause nodes with weight 1/2 each must be selected,
which translates into at least K satisfied clauses. Conversely, a
variable assignment that satisfies at least K clauses corresponds to
a union of closures with weight at least K0. Note that the union
variant of the 2-starshape MWRP lies in NP since we can guess a
selection of nodes and verify in polynomial time whether they
form a union of star shapes with weight at least K (hence the
decision version of this problem is NP-complete).

To complete the proof it remains to adapt the proof for the
union variant to the 2-base-line MWRP. Notice that, all the cells in
the construction are placed in a grid like fashion. Hence, it suffices
to fill the empty regions with cells of weight zero and consider the
bottom and left extremes as the two base lines. The proof for this
case follows verbatim. h
Corollary 10. The 2-starshape MWRP is hard to approximate within
any constant factor.
Proof. We can control the value of the objective function to a
small positive value � by giving the weight W = �(nN + X � �)/2
to both o1 and o2, where X is any fixed integer X < m. After this
transformation, the maximum closure will be non-empty (and in
particular of strictly positive weight) if and only if there is a vari-
able assignment that satisfies at least X clauses in the MAX-2SAT
instance. In such a case, any approximation algorithm of the 2-star-
shape MWRP must give a closure whose weight is strictly positive
(or an empty closure otherwise). This way we obtain a polynomial-
time algorithm to decide whether or not at least X clauses are sat-
isfiable in any given MAX-2SAT instance. Combining this fact with
a binary search on X gives an algorithm to solve any MAX-2SAT
problem in polynomial time. This is a contradiction. Note that
the same approach cannot be used to 2-base-lines variant, since
there is no root in this variant of the problem. h



Table 1
Running times for segmenting the image in Fig. 14.

Value of k 0 1 3 7 15

Computation time Tk (s) 16.0 5.72 2.12 1.40 0.681
Ratio of Tk to T0/(k + 1) 1 0.715 0.53 0.7 0.681

J. Chun et al. / Computer Vision and Image Understanding 116 (2012) 803–814 811
5. Experimental results

Although the main focus of this paper is theoretical, we imple-
mented the MWRP algorithm given in Section 2 to demonstrate the
segmentation quality of the algorithm
5.1. Setting of the experiment and computation time

In our experiment we used grayscale pictures of size 256 � 256
containing N = n2 = 65,536 pixels. From the gray level f(p) of each
pixel p = p(i, j), we obtain W(p) = f(p) � h, where h is an adjustable
parameter. The choice of h depends on the application, as well as
the input picture. For example, if we want to maximize the
interclass variance, we can compute the optimal value of h by
the probing algorithm of Asano et al. [2]. Note, however, that in
this case, we need to run our algorithm O(N) times in the worst
case. Moreover, it has been observed that maximizing interclass
variance does not always give the best value of h that obtains a
good segmentation as judged by a human.

In our implementation we set h = al(P) instead, where l(P) is
the average gray level in the picture P and a is a user-specified con-
stant. Although a good choice of a may depend on statistic proper-
ties of the picture, a = 5/6 was suitable for all pictures we tried
(except for the CT image given in Fig. 20). The base lines are se-
lected such that they equally partition the grid into square subgr-
ids by using k vertical lines and k horizontal lines (thus, we solve
the 2k-base line MWRP). We set k = 0, 1, 3, 7, and 15 so that the
grid is decomposed into 1, 4, 16, 64, and 256 rooms of width
256, 128, 64, 32, and 16, respectively.

Our algorithms were implemented in C], and executed on a
standard desktop PC (3.16 GHz processor and 3 GB memory). We
applied our O(N1.5) = O(n3) time algorithm for the room-edge prob-
lem. If we use k separating horizontal lines and k vertical lines, the
time complexity is reduced to Oðn3

k Þ since we solve (k + 1)2 different
problem instances (i.e. cells of the k � k grid) of size n/(k + 1) � n/
(k + 1) each. The running time for the room-edge problem (i.e.,
k = 0) was 0.146, 1.36, and 16.0 s for n = 64, 128 and 256, respec-
tively, on the picture of a swan in Fig. 14. We note that the running
times for the other images were very similar. The dependency on k
(recall that n is fixed to be 256) is shown in Table 1. We note that
the ratio of Tk to T0/(k + 1) should ideally be equal to 1 and the ob-
served running times basically support the theoretical analysis.

Thus, provided that the algorithm yields a good image segmen-
tation, it is faster and advantageous to use a larger k. However, we
will see that if k is too large, the output quality is very sensitive to
noise and texture in the input pictures.
5.2. Demonstration of the algorithm behavior

A sample execution of our algorithm can be seen Fig. 15. The
leftmost image depicts the original picture. The next two images
show the segmentation for k = 0: first the four colored regions U,
D, L, R, then their union, i.e., the segmented image. Analogously,
the last two images show the resulting segmentation for k = 1,
Fig. 14. Image segmentation of a picture of a swan for
where the horizontal and vertical base lines can be seen in the
four-colored image.

The main difference between both images is the handling of the
flower head. Notice that the head is included in the third picture,
but it has been excluded in the fifth one. Thus, preference between
the two figures should depend on the application and user’s taste.
In general, an increase of k allows the segmentation of more com-
plicated shapes, at the cost of an increase in the output complexity.
5.3. Segmenting pictures with a clear single object

Now, we consider segmenting a picture that contains a clear
single object surrounded by the background (as shown in Fig. 14,
leftmost image), which is often referred to as figure-ground seg-
mentation in the literature. We apply our algorithm for k = 0, 1, 3
and 7. In all cases, the swan (and its shadow) is correctly seg-
mented. However, for k = 0, the curve of the neck cannot be cap-
tured. Fig. 16 (top row) shows the results if we introduce 10%
random white noise to each pixel of the input. We observe that
noise has a stronger impact for larger values of k. In the bottom
row the white noise has been increased to 30%. As a result, small
curved textures appear. Notice that the noise textures follow the
borders of the colored areas (see Fig. 17). Hence, we can remove
the textures in a post-processing step, in which each region is
slightly enlarged.
5.4. Segmenting pictures with many objects

Next we consider the case where there are many (possibly over-
lapping) objects in the picture, and each of them has a simple
shape, e.g., oval. Fig. 18 shows an image with many goldfish, and
the resulting segmentations for k = 3, 7 and 15 (from left to right,
respectively). In the picture some of the goldfish are hard to see,
even for a human. However, if we set k = 7 or 15, all goldfish are
captured by our algorithm, although some components are con-
nected to each other (i.e., the algorithm segments two fish as
one). We observe that in this case, a smaller k gives a worse result.
The rightmost picture shows the case in which 10% noise is added
to the input (and k = 7). As in the previous case, we observe that the
algorithm is robust to the presence of white noise.

The picture of a shoe store shown in Fig. 19 is another instance
with many oval-like objects. We applied the algorithm using k = 3,
7, and 15 for this image. Notice that the larger the value of k, the
better segmentation is obtained. However, there is no big differ-
ence between k = 7 and k = 15. The bottom row of Fig. 19 shows
the same figure, where 30% white noise has been added to the in-
put. Notice that the effect of noise is visually milder than in Fig. 16.
k = 0, 1, 3, and 7 (from left to right, respectively).



Fig. 15. Image segmentation of a picture of a flower.

Fig. 16. Segmentation of a picture of a swan with 10% and 30% noise (top and bottom row, respectively).

Fig. 17. Room-edge four-colorings of the picture of a swan with 30% noise for k = 0, 1, 3, and 7 (from left to right, respectively).

Fig. 18. Segmenting an image with many goldfish (k = 3, 7, and 15). The rightmost one has an input with 10% noise and k = 7.
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This is caused by the fact that the objects of the image make tex-
ture curves, hence they are easier to detect.

5.5. Segmenting a picture with heterogeneous components

Finally, we consider the case in which the image has many het-
erogeneously shaped components, such as a computer tomography
(CT) image of a human body (see Fig. 20). In this figure, we set
a = 1, and execute our algorithm with values k = 0, 1, 3, 7, and
15. For large values of k (7 or 15) all important parts of interest
to a physician are detected, while smaller values of k give a poorer
segmentation of the image. Fig. 21 shows the detail coloring for
k = 1, 3, and 7.
5.6. Conclusions on the experiment

We believe that the MWRP algorithm not only has theoretical
value, but also is a useful tool in designing an efficient image seg-
mentation system. Overall the algorithm has given very reasonable
image segmentations for all of the tested images. In particular, it
can capture various kinds of shapes, and the resolution of the seg-
mentation can be controlled by choosing suitable parameters k and
a. We have seen that a good choice of k depends on the nature of
the input picture. Another interesting general observation is the
fact that the larger the value of a is, the smaller the segmented area
will be. For example, by increasing the value of a, we can segment
the swan without its shadow (see Fig. 22).



Fig. 19. Segmentation of a picture of a shoe shop. The bottom row shows the case in which 30% random white noise has been added to the input image.

Fig. 20. Segmentation of a CT image (for k = 0, 1, 3, 7, and 15 from left to right and up to down).

Fig. 21. Room-edge four-colorings of the CT image (for k = 1, 3, and 7).
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The O(N1.5) = O(n3) time complexity might be too large if we
consider more detailed pictures. For example, for n = 1024 and
k = 0 we expect that the running time will increase to 16 � 43 s
�17 min. However, we can handle such situations by increasing
the value of k so as to keep n/k as a constant. This way, the increase
in computation time is only linear in the size of the input. In our
experiments, the output is generally good if we fix n/(k + 1) 6 64
(i.e., k P 3 for n = 256), and the running time to handle a room of



Fig. 22. Segmentation of the picture of a swan for k = 1 and different values of a (1.2�1, 1.2, 1.22, 1.23, and 1.24 from left to right, respectively).
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size 64 � 64 is less than 0.15 s. Thus, if we enlarge n up to 1024, we
expect that the running time will grow to approximately 40 s.

In our future work, we will optimize the location of the base
lines to obtain further improvement, and try a direct handling of
colored pictures in this framework. Although those remaining
problems are theoretically challenging, we have heuristics ideas
that will be reported in upcoming research.

6. Concluding remarks

To the best of our knowledge, the study of the complexity of
combinatorial algorithms for segmenting a figure decomposable
into k elementary objects has just started with this work (except
for the companion paper [1]). Especially, the development of
fixed-parameter algorithms is important and unsolved in many
cases. Moreover, if we want to solve the original image segmenta-
tion problem in a fully automatic manner, we need a mechanism
that selects the parameter k to obtain the best segmentation. The
three-dimensional extension of the segmentation problem has po-
tential applications to a variation of the open-pit mining problem
[15,18]. Each pixel (or voxel, in three dimensions) models a block
of soil, and the weight shows the profit to dig the block. If we
are given k stem pits and dig orthogonal tunnels from each stem
pit without allowing crossings of tunnels, the maximum weight re-
gion gives the optimal way of mining.
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