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Abstract. We consider the dense subgraph problem that extracts a subgraph, with a prescribed number
of vertices, having the maximum number of edges (or total edge weight, in the weighted case) in a given
graph. We give approximation algorithms with improved theoretical approximation ratios assuming
that the density of the optimal output subgraph is high, where density is the ratio of number of edges (or
sum of edge weights) to the number of edges in the clique on the same number of vertices. Moreover,
we investigate the case where the input graph is bipartite and design a randomized pseudopolynomial
time approximation scheme that can become a randomized PTAS, even if the size of the optimal
output graph is comparatively small. This is a significant improvement in a theoretical sense, since no
constant-ratio approximation algorithm was known previously if the output graph has o(n) vertices.
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1. Introduction

We consider the weighted dense subgraph problem (often called the maximum
dispersion problem or dense k-subgraph problem) defined as follows.

Consider a weighted graph G = (V, E), where |V | = n, and each edge
e has a nonnegative weight 0 ≤ w(e) ≤ 1. Given a natural number
k ≤ n, find a subgraph H = (X, F) of G such that |X | = k and
w(F) = ∑

e∈F w(e) is maximized.
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43:2 A. SUZUKI AND T. TOKUYAMA

Its bipartite version is as follows.

Consider a weighted bipartite graph G = (U, V, E), where |U | = m,
|V | = n, and each edge e has a nonnegative weight 0 ≤ w(e) ≤ 1.
Given two natural numbers m ′ = pm ≤ m and n′ = qn ≤ n, find
a subgraph H = (X, Y, F) of G such that |X | = m ′, |Y | = n′, and
w(F) = ∑

e∈F w(e) is maximized.

We note the condition 0 ≤ w(e) ≤ 1 is given, since it is convenient for presenting
our theoretical results. We say unweighted dense subgraph problem if w(e) = 1 for
each edge. We define the density ρ of the output subgraph H to be ρ = 2w(F)

k(k−1)
for

the nonbipartite case and ρ = w(F)
m ′n′ for the bipartite case. In other words, density is

the ratio of the weight sum to the number of edges in a clique (or a bipartite clique)
of the same size. We mainly consider the case where the density of the optimal
output subgraph is high (e.g., ρ = �(1)), and aim to design efficient approximation
algorithms.

Clique and Dense Subgraph with a Density Condition. We first show a mo-
tivating scenario to convince readers that the problem is interesting, even for the
special case where ρ = 1 and the graph is unweighted. Suppose that we want to find
a clique of size k in a graph G, suspecting that such a clique exists. Suppose that
such a clique indeed exists. Since this clique problem is NP-complete, we want to
have an approximate solution. The required property for the approximate solution
depends on the application. One possibility is to find a clique of a size k ′ ≤ k such
that the approximation ratio k/k ′ is small. Unfortunately, it is very difficult to obtain
a clique of large size, since it is known to be hard to attain the approximation ratio
n1−ε unless CO-NP = NP, and the current best ratio is O(n(log log n)2/ log3 n)
[Feige 2004]. Another possible solution is to find a dense subgraph with k ver-
tices. Again, unfortunately, the current known approximation ratio for the general
dense subgraph problem is high. However, because ρ = 1, we have a much better
approximation ratio using the results given in this article.

Previous Work. The densest subgraph problem that finds a subgraph with the
maximum average degree without any size constraint of the subgraph can be solved
in polynomial time [Gallo et al. 1989]. However, the unweighted dense subgraph
problem (where k is given) is NP-hard, since the max-clique problem is reduced to
it.

Therefore, several approximation algorithms have been proposed [Arora et al.
1999; Asahiro et al. 2000; Czygrinow 2000; Feige et al. 2001; Kortsarz and Peleg
1993] in the literature for the dense subgraph problem. We use the convention that
an algorithm has an approximation ratio r > 1 for a maximization problem if its
objective value is at least r−1 times the optimal value. Some papers regard r−1 as the
approximation ratio, and readers accustomed to that convention should be aware
of it. In practice, a greedy algorithm removing the smallest weighted-degree vertex
one-by-one often works well; however, its approximation ratio is 2n/k (ignoring
smaller terms) if k < n/3, and it is asymptotically tight [Asahiro et al. 2000].
One nice feature of this algorithm is that it gives a constant approximation ratio
if k = �(n); however, the linear dependency of the ratio in n is not satisfactory
from the theoretical point-of-view. The current best algorithm [Feige et al. 2001]
has an approximation ratio slightly better than n1/3, and it is conjectured that there
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exists some constant ε such that nε approximation is hard [Czygrinow 2000; Feige
et al. 2001; Asahiro et al. 2002; Kortsarz and Peleg 1993]. As for the lower bound,
Feige [2002] showed it R3SAT-hard to approximate within a ratio better than some
constant r (6/5 > r > 1) when k = �(n). The gap between the upper and
lower bounds is very wide compared to other popular combinatorial optimization
problems.

Unweighted dense subgraph problems with some additional density conditions
on the input/output graph have been also considered. In particular, when the optimal
subgraph has �(n2) edges (thus ρ = �(1) and k = �(n)), PTAS algorithms are
known [Arora et al. 1999; Czygrinow 2000]. The input density condition seems to
be essential: The algorithm of Czygrinow [2000] relies on Szemerédi’s regularity
lemma, and input density is vital. The algorithm of Arora et al. [1999] applies a
general framework to solve combinatorial optimization problems in a dense graph,
and the error caused by their method is �(n2ε); hence, input density is necessary
as it is. However, in many applications of the dense subgraph problem, it is de-
sired to solve the problem with only a density assumption on the optimal output
graph.

An nε-approximation algorithm with time complexity O(n1/ε) is known for the
case ρ = �(1) under an additional condition that the average degree of the input
graph is �(k) [Feige et al. 2001]. It is also claimed in Feige et al. [2001] that
if the optimal subgraph is a clique, there is an nO((1/ε) log(n/k)) time algorithm to
have an (1 + ε)-approximation solution: This time complexity is polynomial only
if k = �(n). As far as the authors know, no constant-ratio algorithm is known
for k = o(n) even for the unweighted problem. It is an interesting question as to
whether we can relax the requirement k = �(n), and this is one of our motivations
of this research. Indeed, one may suspect this to be difficult, since the maximum
clique problem is known hard to approximate if the approximation ratio is measured
by the number of vertices of the clique.

Next, let us consider the bipartite dense subgraph problem. In recent applications
such as clustering and association rule computation in data mining and Web analy-
sis, bipartite cliques and high-density bipartite subgraphs are frequently considered.
Although the bipartite dense subgraph problem looks easier than the general dense
subgraph problem, it has not been revealed how much easier it is. Indeed, it is not
substantially easier. The problem is NP-hard, since the NP-hard edge-maximizing
bipartite clique problem is reduced to this problem. Note that the bipartite clique
problem is polynomial-time solvable if the criterion is to maximize the number of
vertices. (See Hochbaum [1998] for the complexities of bipartite clique problems.)
Moreover, as shown later, if we have an approximation algorithm with the approxi-
mation ratio r for the bipartite dense subgraph problem, we have an approximation
algorithm with the approximation ratio 2r (roughly speaking) for the general dense
subgraph problem.

Our Contribution. We mainly focus on the bipartite problem, since the general
problem is reduced to the bipartite case (as shown later).

For the bipartite dense subgraph problem and any given 0 < ε < 1, we have
a randomized algorithm with time complexity O(mn2O(ρ−1ε−2 log p−1 log q−1)) which
outputs a subgraph H0 = (X0, Y0, F0) with a weighted density ρ0 satisfying
the conditions |X0| = pm, |Y0| = qn and (1 + ε)ρ0 ≥ ρ with a high proba-
bility. The time complexity implies that we have a randomized PTAS if either:
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(1) ρ and min(p−1, q−1) are bounded by constants, (2) both p−1 and q−1 are
bounded by a constant and ρ = �(log−1 n), or (3) ρ is bounded by a constant and

max(p−1, q−1) = 2O(
√

log mn). Here, randomized PTAS is an algorithm to compute a
(1+ε)-approximation solution for any given constant ε > 0 with a high probability
in polynomial time in the input size.

We also give a polynomial-time approximation algorithm with an approximation
ratio (min(p−1, q−1))ε for any constant ε > 0 only with the density condition
ρ = �(1).

These results imply that ρ is the principal parameter to control the computational
complexity. Indeed, Feige’s constant-ratio lower bound [Feige 2002] is given for the
bipartite dense subgraph problem where min(p−1, q−1) is bounded by a constant.
Thus, our randomized PTAS shows that the computational complexity class of
the problem is controlled by ρ, even if min(p−1, q−1) is bounded by a constant.
The second result implies that we need to consider a problem where the output
graph has both medium size and density, in order to find an nε lower bound for the
approximation ratio.

From the viewpoint of application, we remark that ρ = �(1) and min(p−1, q−1)
is small in the data mining application discussed in Section 4. Our results are
purely theoretical and not practically useful as they are, since the exponents in
the complexities are high and dependent on parameters. However, our contribution
includes a novel analysis of a core algorithm of common heuristics, and will help
to give a guideline to tune such heuristics.

Reduction of the General to the Bipartite Problem. We can reduce the general
problem to the bipartite problem by increasing the approximation ratio by a factor
of 2, by the following folklore technique.

We are given a graph G = (V, E) and want to find a dense k-vertex subgraph
H = (X, F). We first randomly divide V into two sets V1 and V2, where each
vertex of V is assigned to V1 with probability 0.5. Thus we have a bipartite graph
G̃ = (V1, V2, Ẽ). Consider what happens on the optimal subgraph H . Let F̃ =
Ẽ ∩ F . Then, we have a bipartite subgraph H̃ = (V1 ∩ X, V2 ∩ X, F̃) of G̃. By
using the argument of randomized max-cut [Motwani and Raghavan 1995], the
expected value of w(F̃) is w(F)/2, and (2 + δ)w(F̃) ≥ w(F) with a nonnegligible
probability for any δ > 0. Thus, an r -approximation solution for the bipartite
dense subgraph problem on G̃ (for a suitable choice of the pair m ′ and n′) induces
a (2 + δ)r -approximation solution for the general dense subgraph problem on
G.

Therefore, as direct consequences of the results on the bipartite problem, we
have the following results for the nonbipartite dense subgraph problem: We give
a polynomial-time algorithm with an approximation ratio (n/k)ε if the optimal
solution has �(k2) edges (or w(F) = �(k2) for the weighted problem). This
improves the previous nε-approximation ratio of Feige et al. [2001] when k is
large, and also the additional condition on the average degree of the input graph
is removed. Moreover, we give a (2 + ε)-approximation algorithm for any ε ≤ 1
that runs in O(n22O(ρ−1ε−2 log2(n/k))) time. This implies that we have a (2 + ε)-
approximation polynomial-time algorithm if ρ = �(1) and n/k < 2

√
log n . As far

as the authors know, this is the first constant-ratio polynomial-time algorithm for
the dense subgraph problem that works for some k = o(n).
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2. Approximation Scheme for the Bipartite Problem

Since the general can be reduced to the bipartite problem, we concentrate on the
latter from now on. In this section, we present our algorithm to obtain an (1 + ε)-
approximation solution.

2.1. THE ALGORITHM FOR THE BIPARTITE DENSE SUBGRAPH PROBLEM. We
write U = {u1, u2, . . . , um} and V = {v1, v2, . . . , vn}. We often identify U and V
with the index sets {1, 2, . . . , m} and {1, 2, . . . , n}, respectively. The weight of the
edge between ui and v j is denoted by wi, j . We use a convention that wi, j = 0 if
there is no edge between ui and v j . For a given S ⊂ U , we define an n-dimensional
vector d(S) = (d1(S), d2(S), . . . , dn(S)), where d j (S) = ∑

i∈S wi, j is the total
weight of the edges incident to v j ∈ V in the induced subgraph of G by the vertex
set S ∪ V . Analogously, we define d(T ) for T ⊂ V .

Definition 2.1. Given S ⊂ U , its best partner J (S) ⊂ V is the set of indices of
the n′ largest entries of d(S). In other words, J (S) is the set of vertices of V with n′
largest weighted-degrees (we apply any tie-break strategy) in the subgraph induced
by S ∪ V in G. Similary, given T ⊂ V , its best partner Ĵ (T ) is the set of indices of
the m ′ largest entries of d(T ).

We give an algorithm named ABDense (approximate bipartite-dense) for com-
puting a dense subgraph with a given combination (m ′, n′) = (pm, qn) of numbers
of vertices in a bipartite graph. The following is a pseudocode of the algorithm that
is also illustrated in Figure 1:

Algorithm. ABDense(G, m ′, n′)

(* Output is a subgraph H with density D *)

1. ρ0 = 0;

2. for i←1 to I ;

3. do
4. Randomly select a subset X0 ⊂ U of size �;

5. Y1 = J (X0) and X1 = Ĵ (Y1);

6. H1 = the subgraph induced by X1 ∪ Y1;

7. if density ρ1 of the graph H1 is larger than ρ0;

8. then ρ0 = ρ1, H = H1:

9. return H ;

To implement the algorithm, we need to give parameters � < m ′ and I , which
are the sample size and number of iterations, respectively. We randomly select a
small subset X0 of size � from U , and find the best partner Y1 = J (X0) ⊂ V of
X0. Then, we find the best partner X1 = Ĵ (Y1) of Y1 to have the induced subgraph
by (X1, Y1) as a candidate output.

The algorithm itself is a familiar one. If � = m ′, it is a common naive algorithm
for this problem that is a core of many heuristics (e.g., multistart local search or
evolutional methods), and its deterministic version is utilized as a constituent of a
hybrid algorithm of Feige et al. [2001] with an n1/3-approximation ratio. ABDense
with a small � resembles the core part of the DOC algorithm of Procopiuc et al.
[2002] to find a bipartite clique, where the output is the maximum subset of V
forming a bipartite clique with the sample set X0.
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FIG. 1. Illustration of the algorithm.

Our contribution is a precise analysis of this algorithm. The probability that we
have a solution satisfying ρ0 > (1 + ε)−1ρ depends on the parameters � and I . We
need a rough estimate of ρ to determine these parameters. If we do not have such
an estimate in advance, we can run ABDense by using 2− j as estimates of ρ for
j = 0, 1, 2, . . . d up to a constant d, until we have ρ0 ≥ (1 + ε)−12− j ; otherwise
we decide that G does not have a dense subgraph with density 2−d . We analyze
the performance of the algorithm to give suitable choice of � and I , and show the
following result.

THEOREM 2.2. For any 0 < ε < 1, ABDense computes a (1+ε)-approximation
solution for the bipartite dense subgraph problem with a high probability by setting
the sample size � = cρ−1ε−2 ln q−1 and the number of iterations I = c′ p−� for
sufficiently large constants c and c′. The randomized time complexity is O(mnp−�),
which is O(mn2O(ρ−1ε−2 log p−1 log q−1)).

Without loss of generality, we assume that ln q−1 ≥ 1; in other words, q−1 ≥
e = 2.718. . . . If ln q−1 < 1, we set � = cρ−1ε−2, and the analysis works anal-
ogously. Note that we use both the natural logarithm and the binary logarithm for
convenience, although they are essentially equivalent under the Big-O notation.

2.2. FRAMEWORK OF THE ANALYSIS. Our analysis was originally inspired by
the quadratic integer programming argument of Arora et al. [1999], and we could
use their framework as shown in the preliminary version of this article [Suzuki and
Tokuyama 2005]. However, we give a more direct analysis without using quadratic
programming .1 From now on, we fix an optimal bipartite subgraph H = (X, Y, F).
Given the set X of the optimal subgraph, the set Y can be greedily selected, and we
assume that Y = J (X ) without loss of generality.

1 The authors gratefully acknowledge valuable suggestions of anonymous referees to change the
framework to the current one.
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Definition 2.3. Given S ⊂ U , we define z(S) = ∑
i∈X, j∈J (S) wi, j = ∑

j∈J (S)

d j (X ).

By definition, the total weight of the optimal solution H equals z(X ). We often
abbreviate z(X ) by z∗ for simplifying formulas.

In the ABDense algorithm, X0 is a random sample of size � in U , Y1 = J (X0),
and X1 = Ĵ (Y1). The total edge weight of the output graph is

∑
i∈X1, j∈Y1

wi, j ,

which is apparently not less than z(X0) = ∑
i∈X, j∈Y1

wi, j because X1 is the best
partner of Y1 = J (X0).

Thus, it suffices to show that the algorithm finds an X0 such that z(X0) ≥ (1−ε)z∗.
This gives an approximation ratio (1−ε)−1, and it is routine to replace this by (1+ε)
increasing constants hidden in big-O notations in the time complexity.

We set γ = �/m ′, and define

F1(X0) =
∑
j∈Y

(d j (X ) − γ −1d j (X0))

and

F2(X0) =
∑

j∈J (X0)

(γ −1d j (X0) − d j (X )).

LEMMA 2.4. z∗ − z(X0) ≤ F1(X0) + F2(X0).

PROOF. By definition,

z∗ − z(X0) = z(X ) − z(X0) =
∑
j∈Y

d j (X ) −
∑

j∈J (X0)

d j (X ).

Since J (X0) is the best partner of X0,
∑

j∈J (X0) d j (X0) ≥ ∑
j∈Y d j (X0). Thus

z∗ − z(X0) ≤
∑
j∈Y

d j (X ) −
∑

j∈J (X0)

d j (X ) + γ −1

{ ∑
j∈J (X0)

d j (X0) −
∑
j∈Y

d j (X0)

}

= F1(X0) + F2(X0).

Thus, in order to obtain an approximate solution whose objective function value
is at least (1 − ε)z∗, it suffices to find a set X0 such that F1(X0) + F2(X0) ≤ εz∗.

In the following, we first consider a random sample X0 of size � of X , and analyze
F1(X0) + F2(X0) to find the value of parameter � such that the sum is bounded by
εz∗ with a constant probability. Then, we consider the number of iterations I in the
algorithm ABDense such that it selects a sample X0 that is a subset of X with a
high probability. Since ABDense randomly selects subsets of U , if it luckily picks
a subset of X , it can be considered as a random sample of X .

2.3. ANALYSIS OF F1(X0) AND F2(X0).

2.3.1. Outline. In this section, we fix a random sample X0 of size � of X . The
outline of our analysis is as follows: Consider the induced subgraphs G(X, V ) and
G(X0, V ) of G by the sets’ vertices X ∪ V and X0 ∪ V , respectively. By definition,
for any vertex v j in V , d j (X ) and d j (X0) are weighted degrees of v j in G(X, V ) and
G(X0, V ), respectively. For simplicity, we denote h j = d j (X0), and μ j = γ d j (X )
from now on. Since X0 is a random sample and its size is � = γ |X |, the expected
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FIG. 2. Proof of Lemma 2.5.

value of h j is μ j , and the difference between h j and μ j can be analyzed by using
the Chernoff’s bound.

By definition, γ F1(X0) is the summation of μ j −h j over all j ∈ Y , and γ F2(X0)
is the summation of h j − μ j over all j ∈ J (X0).

Both Y and J (X0) are subsets of size n′ of V . The set Y is independent of the
sampling, while J (X0) is dependent on the sample X0. Hence, it requires more
deliberation to analyze F2(X0) as opposed to F1(X0).

The idea is as follows: If γ F2(X0) = ∑
j∈J (X0) h j − μ j is larger than a given

threshold value θ , we can find a constant C1 and another value C2 > C1 such that
either there are �(n′) indices j satisfying h j − μ j > C1θ/n′ or there is an index
such that h j − μ j > C2θ/n′.

The probability that the first case happens can be bounded by using a standard
argument on the expected values (i.e., Markov’s inequality). If C2 = �(log n′), we
can see that the second case happens with a small probability (a Clarkson-Shor type
argument [Clarkson and Shor 1989]). Unfortunately, if we only use two parameters,
we cannot make C2 so large.

Intuitively, if we use many values instead of two, we may do better. Our analysis is
based on this intuition, and the following combinatorial fact is our tool for realizing
it.

LEMMA 2.5. Let S = {n1, n2, . . . nk} be a set of k real numbers satisfying that∑
1≤i≤k ni ≥ N for a given number N. Then, there exists a natural number 	 such

that at least 2−	+1k entries of S exceed 	N/3k.

PROOF. See Figure 2 to get intuition. Assume that, on the contrary, there are
less than 2−	+1k entries that exceed 	N/3k for each 	. In other words, the number
of entries that exceed (	 + 1)N/3k is at most 2−	k for each 	. Each gray block
indicates the value of n j for 1 ≤ j ≤ n. If we cut the region bounded by the bold
lines by horizontal lines through the corners, we can see that it is decomposed into
rectangles, each with height 2−	+1k − 2−	k = 2−	k and width (	 + 1)N/3k for
each 	. From the assumption, the sum of areas of gray blocks is smaller than the
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area of the region bounded by the bold lines. Thus

N ≤
∑

1≤i≤k

ni <

∞∑
	=1

2−	(	 + 1)N

3
= N ,

and we have a contradiction.

2.3.2. Detailed Analysis. Let us start the detailed analysis. We prepare some
Chernoff-type statements.

LEMMA 2.6. Pr[h j > μ j + δ] < e−δ2/(2μ j +δ) and Pr[h j < μ j − δ] < e−δ2/2μ j

for each 1 ≤ j ≤ n.

PROOF. We take each vertex of X in the sample with probability γ , and the
vertex ui contributes by wi, j to h j if it is selected. We define a random variable Zi, j
that takes wi, j with probability γ and 0 with probability 1−γ for i ∈ X . This gives
a series of independent variables for each fixed j , and h j = ∑

i∈X Zi, j . Thus, we
apply Chernoff’s bounds (Appendix, Theorem A.2) to obtain the lemma.

COROLLARY 2.7. For any real number f such that f > μ j , Pr[h j < μ j − t f ]

< e−t2 f/2 and Pr[h j > μ j + t f ] < e−t2 f/(2+t) for any t > 0.

PROOF. Immediate from Lemma 2.6 by substituting δ = t f and using f/μ j ≥
1.

Since the density of the optimal subgraph is ρ, ρm ′ is the average of di (X ) for
all i ∈ Y . Thus, the average of μi = γ di (X ) for all i ∈ Y equals γρm ′ = �ρ. We
denote the average by μ∗.

If j ∈ J (X0) \ Y , then d j (X ) ≤ dy(X ) for any y ∈ Y because Y is the set of
indices of the n′ largest entries of d(X ). Thus μ j = γ d j (X ) ≤ μ∗ if j ∈ J (X0)\Y .
Since the corresponding terms in F1 and F2 cancel out for indices in Y ∩ J (X0), we
can remove them from the estimation, and assume without loss of generality that
Y ∩ J (X0) = ∅. Thus we can assume that μ j ≤ μ∗ for each j ∈ J (X0).

LEMMA 2.8. If � = cρ−1ε−2 ln q−1 for a sufficiently large constant c,
F2(X0) < εz∗/2 with a probability at least 0.9.

PROOF. We assume F2(X0) ≥ εz∗/2. Thus

γ F2(X0) =
∑

j∈J (X0)

(h j − μ j ) ≥ γ εz∗/2 = γ ερm ′n′/2 = εμ∗n′/2. (∗)

We apply Lemma 2.5 by setting n j = h j − μ j for j ∈ J (X0), k = n′
and N = εμ∗n′/2. We call the index j ∈ V = {1, 2, . . . , n} as 	-bad if
n j > 	N/3n′ = 	εμ∗/6. The inequality (*) implies that

∑
j∈J (X0) n j ≥ N , and

hence, from Lemma 2.5, there exists an 	 such that the number of 	-bad indices in
J (X0) is at least 2−	+1n′.

We consider the probability Pr[h j − μ j > 	εμ∗/6] that an index j becomes 	-
bad. Recall that μ j ≤ μ∗, and we apply Corollary 2.7, where f = μ∗ and t = 	ε/6.
For our choice of � we have μ∗ = cε−2 log q−1, and hence the previously given
probability is bounded by

P(	) = e−c(	/6)2 ln q−1/(2+	ε/6) = qc 	2/(72+6	ε).

If we take c sufficiently large, we can make that P(	) < q4	.
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Since there are n choices of j , the expected number of 	-bad indices j is bounded
by n P(	). Here, we consider not only indices in J (X0) but also all indices in V .
Hence, from Markov’s inequality, the probability Q(	) that there are 2−	+1n′ indices
1 ≤ j ≤ n that are 	-bad is bounded by n P(	)/(2−	+1n′) = q−1 P(	)2	−1 <
q4	−12	−1. Since we assume that q < e−1, the righthand side is less than e−3	, and

we have
∑log n′

	=1 Q(	) <
∑log n′

	=1 e−3	 < 0.1, as desired.

LEMMA 2.9. If � = cρ−1ε−2 ln q−1 for a sufficiently large constant c, then
F1(X0) < εz∗/2 with a probability at least 0.9.

PROOF. The proof is analogous to Lemma 2.8. The only difference is that we
do not have μ j ≤ μ∗ for j ∈ Y . If μ j > μ∗, we break X into �μ j/μ

∗� subsets
such that in each subset S, the summation of wi, j for i ∈ S does not exceed μ∗.
Now, we generate �μ j/μ

∗� random variables for each j ∈ Y , and in total we have
at most 2n′ random variables, since μ∗ is the average of μ j for j ∈ Y .

Thus, instead of considering the error of sum of n′ random variables, we consider
error of sum of at most 2n′ random variables such that the expected number of each
random variable is at most μ∗. Now, we can apply the same argument as that of the
proof of Lemma 2.8.

We remark that we can reduce the sample size by a factor of ln q−1 in Lemma 2.9
using the argument given later in Lemma 3.2, although we do not need it here.

Thus, from Lemmas 2.8 and 2.9, Fi (X0) < εz∗/2 with a probability at least
0.9 for each of i = 1, 2. Therefore, F1(X0) < εz∗/2 and F2(X0) < εz∗/2 with
a probability at least 0.8. Thus, the algorithm ABDence computes an (1 + ε)-
approximation solution with probability 0.8 when it finds a sample X0 ⊂ X .

2.4. TIME COMPLEXITY ANALYSIS. Now, we show that ABDense computes
an (1 + ε)-approximation solution for the bipartite dense subgraph problem in

O(mn2O(ρ−1ε−2 log p−1 log q−1)) time with a high probability, if we set the parameter �
to be cρ−1ε−2 ln q−1.

Consider the probability that a set of size � randomly selected from U is a subset
of X . This is approximately p�, since p = m/m ′ = |X |/|U | and the sample size �
is sufficiently smaller than m ′. Thus, ABDense finds a random sample X0 of X in

p−� = 2O(ρ−1ε−2 ln p−1 ln q−1) iterations with probability 1− (1− p�)p−� ≈ (1−1/e).
Thus, the success probability that ABDense finds an (1 + ε)-approximation

solution is at least 0.8(1 − 1/e) > 0.5 if I = p−�, and it is increased to 1 − 0.5c′
if

we increase the number of iterations I to c′ p−� for any natural number c′ > 1. It
is easy to see that a single iteration of ABDense can be done in O(mn) time. Thus
we have Theorem 2.2.

3. Approximation Algorithm Without Size Restriction

Now, let us consider the case where both p and q are allowed to be small, and we
only have a density condition of the output graph. By symmetry, we assume p ≤ q
without loss of generality.

THEOREM 3.1. For any fixed ε > 0, we have an O(q−ε)-approximation
polynomial-time algorithm for the weighted bipartite dense subgraph problem if
ρ = �(1).
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We assume that q is sufficiently small, since otherwise we have already given
a PTAS. The algorithm is ABDense, but the sample size � is set to be cρ−1,
where c is a sufficiently large constant dependent on ε. Although we do not give
the precise values of q and c, we can see that the following analysis works if

c > max{1000, 50ε−1} and q < 12−2ε−1

. We use the same notations as in the
previous section, but since we change the parameter �, the values of variables and
parameters may change accordingly. In particular, γ = �m ′−1 = cm ′−1ρ−1.

Using the analysis given in the previous section, the time complexity to find a

random subset X0 ⊂ X of size cρ−1 is O(mnp−O(ρ−1)), which is polynomial if
ρ = �(1).

Therefore, it suffices to analyze the probability that the approximation ratio is
O(q−ε) when the algorithm finds a random sample X0 ⊂ X of size �. We prove in
the following that the approximation ratio is at most 2q−ε with a high probability.

LEMMA 3.2. If we take c sufficiently large and take a random sample X0 of size
cρ−1, the probability that F1(X0) < z∗/2 holds is at least 0.9.

PROOF. If F1(X0) ≥ z∗/2, we have
∑

j∈Y (μ j −h j ) ≥ ∑
j∈Y μ j/2. The average

of μ j over j ∈ Y equals �ρ = c. Thus
∑

j∈Y μ j = cn′.
The random variable h j has μ j as its expectation. Similarly to the proof of

Lemma 2.9, if μ j > c, we can decompose X into t = �μ j/c� subsets S1, S2, . . . , St
(the decomposition depends on j) such that γ

∑
i∈Sk

wi, j ≤ c for k = 1, 2, . . . , t .
We refine h j to h j,k = ∑

i∈Sk∪X0
wi, j for k = 1, 2, . . . , t . Thus, we have at most

2n′ random variables such that the expectation of each of them is at most c. In
order to simplify notation, we assume that this refinement has been already done,
and represent h j , for each refined random variable whose expectation μ j ≤ c,

by replacing the index set Y with Ŷ = {1, 2, . . . , 2n′}, and consider the failure
probability, that is, the probability

∑
j∈Ŷ (μ j − h j ) ≥ cn′/2, happens.

From Lemma 2.5, if
∑

j∈Y (μ j − h j ) ≥ cn′/2, there is a natural number 	 such

that at least 2−	+12n′ = 2−	+2n′ indices of j ∈ Ŷ satisfy μ j −h j >
cn′	/2

6n′ = c	
12

. We
consider Pr[μ j − h j > 	c/12]. We apply Corollary 2.7 (where we set f = c) to

obtain this probability as bounded by e−	2c/288 ≤ e−3	2

, where we set c sufficiently
large.

Thus by Markov’s inequality, the probability that there are 2−	+2n′ such indices

is bounded by 2n′e−3	2

/2−	+2n′ = e−3	2

2	−1 < e−3	. Note that we can use 2n′
instead of n considered in Lemma 2.8, since Y is independent of the sample and
we can rid the indices V \ Y from the consideration. Thus, the failure probability
is bounded by the series

∑∞
	=1 e−3	 < 0.1.

The average of μ j over j ∈ Y equals γ z∗n′−1 = (cm ′−1ρ−1)(m ′n′ρ)n′−1 = c,
Thus, if the average of μ j over j ∈ J (X0) is more than cqε , the approximation
ratio of the optimal solution is at most q−ε . In other words, we have the following
lemma.

LEMMA 3.3. If γ z(X0) ≥ cqεn′, ABDense gives an q−ε-approximation solu-
tion.

PROOF. Recall that z(X0) = ∑
j∈J (X0) d j (X ), and the algorithm finds a solution

whose objective value is at least z(X0). Since γ z∗ = (cρ−1m ′−1)(ρm ′n′) = cn′,
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if γ z(X0) ≥ cqεn′, we have z(X0) ≥ qεz∗, and the algorithm gives an q−ε-
approximation solution.

CLAIM 3.4. If X0 is a random sample of size � = cρ−1 of X, the probability
Pr[F1(X0) < z∗/2 and γ z(X0) < qεn′c] is at most 0.1.

If the aforesaid claim is true, from Lemma 3.2, the probability that γ z(X0) ≥
cqεn′ is at least 0.2. Thus, from Lemma 3.3, ABDense outputs an q−ε solution
once it finds a sample X0 ∈ X with probability 0.8, and we have Theorem 3.1.
Therefore, it suffices to prove Claim 3.4.

3.1. PROOF OF CLAIM 3.4. Now, let us prove the claim.

LEMMA 3.5. If F1(X0) < z∗/2,
∑

j∈J (X0) h j > cn′/2.

PROOF. Recall that F1(X0) = z∗ − γ −1
∑

j∈Y h j and
∑

j∈J (X0) h j ≥ ∑
j∈Y h j ,

since J (X0) is the best partner of X0. Thus, if F1(X0) < z∗/2, then
∑

j∈J (X0) h j >

γ z∗/2, and we have the lemma since γ z∗ = cn′.

LEMMA 3.6. For any number x > μ j and t > e2 ≈ 7.39, Pr[h j > t x] <

t−t x/2.

PROOF. If t > 1, Chernoff’s bound (Theorem A.1 in the Appendix) gives

Pr[Z > tμ j ] < { et−1

t t }μ j < ( t
e )−tμ j . Since t > e2, we have Pr[h j > tμ j ] <

t−tμ j /2. Since x ≥ μ j , replacing t by t x/μ j in the preceding formula, we have

Pr[h j > t x] < (t x/μ j )
−t x/2 < t−t x/2.

The following lemma is a refinement of the Lemma 2.5 in the sense that the latter
is the special case of Lemma 3.7 where m j = 1 for every j .

LEMMA 3.7. Let S = {n1, n2, . . . nk} and T = {m1, m2, . . . mk} be sets of
positive numbers, and

∑
1≤ j≤k m j ≤ M and

∑
1≤ j≤k n j ≥ N for a given pair M

and N of natural numbers. For a natural number 	, let I	 ⊂ {1, 2, . . . , k} be the
set of all indices j satisfying that n j ≥ 	Nm j

3M . Then, there exists an 	 such that∑
j∈I	

m j > 2−	+1 M.

PROOF. The proof is analogous to that of Lemma 2.5. Assume on the contrary
that

∑
j∈I	

m j ≤ 2−	+1 M for any 	. Then, we have

N ≤
∑

1≤i≤k

ni <

∞∑
	=1

∑
j∈I	\I	+1

(	 + 1)Nm j

3M
<

∞∑
	=1

2−	+1 M · (	 + 1)N

3M
.

The righthand summation is N
3

∑∞
	=1 2−	(	 + 1) < N , and hence we have a con-

tradiction.

We renumber the indices such that J (X0) = {1, 2, . . . , n′}, and define τ j =
max{μ j , cqε}. Then, we apply Lemma 3.7 by setting k = n′, m j = τ j , and n j = h j
for j ∈ J (X0).

From Lemma 3.5, if F1(X0) < z∗/2, we have
∑

j∈J (X0) h j > cn′/2. Thus we set

N = cn′/2. Also, if γ z(X0) < cqεn′, then
∑

j∈J (X0) τ j < cqεn′ + ∑
i∈J (X0) μ j =

cqεn′ + γ z(X0) < 2cqεn′. Thus we set M = 2cqεn′.
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We say an index j is 	-bad if h j ≥ 	Nτ j/3M = 	q−ετ j/12, and let I	 be the
set of all 	-bad indices in V = {1, 2, . . . , n}. From the previous observations and
Lemma 3.7, if F1(X0) < z∗/2 and γ z(X0) < cqepsilonn′, then there exists a natural
number 	 ≥ 1 such that

∑
j∈I	∪J (X0) τ j > 2−	+1 M = 2−	+2cqεn′; therefore of

course
∑

j∈I	
τ j > 2−	+2cqεn′.

Let Q(	) be the probability that the size I	 of the set of all 	-bad indices exceeds
2−	+2n′. The probability Pr[F1(X0) < z∗/2 and γ z(X0) < cqεn′] is hence bounded
by

∑∞
	=1 Q(	).

If j is 	-bad, h j ≥ 	q−ε max(μ j , cqε)/12. We can assume that q−ε/12 > e2,
and from Lemma 3.6, where t = 	q−ε/12 and x = cqε , the probability that a fixed
index j is 	-bad is bounded by P(	) ≤ (	q−ε/12)−	c/12. Recall that q is sufficiently
small and c sufficiently large and that they can depend on ε. Thus, we can set them
such that P(	) < q (2+ε)	 holds (this artificial expression is chosen to simplify the
following argument).

Now, considering the expectation of summation of τ j for all 	-bad indices j , we

have Q(	) < (2−	+2cqεn′)−1 P(	)
∑n

i=1 τi by Markov’s inequality. Since
∑n

i=1 μi

≤ q−1
∑

i∈Y μi = cn, we have
∑n

i=1 τi ≤ cqεn + cn ≤ (1 + qε)cn. Thus, since

n′/n = q, then Q(	) < P(	)q−1(1 + q−ε)2	−2 < 2q2	−12	−2 = (2q)2	−1. Thus

Pr[F1(X0) < z∗/2 and γ z(X0) < cqεn′] ≤
n∑

	=1

(2q)2	−1,

which is smaller than 0.1 if q is sufficiently small.

4. Application to Dimension-Reducing Cluster Finding

We briefly explain an application of the bipartite dense subgraph problem with the
density condition. We consider a dataset S containing m data records (often called
tuples) on n attributes. A cluster in S is a subset X such that each of a pair of tuples in
X “resembles” the other. In a data mining situation, we need a dimension-reducing
cluster: We consider a subset Q of attributes for the cluster, and each of a pair of
data items in the cluster should be strongly correlated to the other in the subspace
corresponding to Q. The quality of a cluster depends on |X |, |Q|, and the strength
of the correlation. If each attribute is binary or categorical, the dimension-reducing
cluster finding problem is a problem in a bipartite graph between the set U of
tuples and the set V of categories of attributes. The output cluster is represented by
a subset X ∈ U and Y ∈ V , and its quality is measured by m ′ = |X |, n′ = |Y |, as
well as the property (e.g., density) of the induced subgraph. Roughly speaking, Y
corresponds to Q mentioned earlier.

It is popular to formulate the problem as a bipartite clique problem. In the seminal
paper by Agrawal et al. [1993], Y is called the item set and |X |/|U | = m ′/m = p
is called the support of the item set, where X is the set of all vertices in U that
are incident to all vertices in Y . Thus, X and Y induce a bipartite clique. Further,
we call a large item-set that item set whose support p is larger than a threshold
constant. Agrawal and Srikant [1994] presented an algorithm (named Apriori) to
enumerate all large item-sets with a time complexity linear in output size. Also,
there are several algorithms (e.g., Makino and Uno [2004], Pasquier et al. [1999])
that enumerate all maximal large item sets (named closed item sets) to reduce the
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FIG. 3. Formulation of the cluster finding problem.

output size, although there is an exponential number of closed item-sets in the
worst case. Procopiuc et al. [2002] gave a Monte-Carlo algorithm (named DOC)
to find a cluster maximizing a particular objective function in a numeric database.
In essence, the algorithm constructs a bipartite graph, and solves a version of the
bipartite clique problem. DOC is polynomial time if p−1 = m/m ′ is a constant,
but requires the β-balanced condition, which is not always assured.

A dense subgraph can be used as a substitute for a bipartite clique for representing
a dimension-reducing cluster, and our approximation algorithm works well in a
theoretical sense, especially if the support p is not overly small. Moreover, it often
happens that there exists a dense subgraph with large m ′ and n′, even if there is no
large bipartite clique, and thus our approach enables to obtain a high-dimensional
large cluster even if there is no large clique.

The weighted bipartite dense subgraph problem is useful to model the cluster
finding problem if the database has numeric attributes, for example, if we consider
an attribute “Income” and classify the data into three categories “high-income”,
“middle-income”, and “low-income” to have three vertices in V . Here, we can give
weights indicating the strength of the classification: We give the weight 1 if the
classification is sure (e.g., income is very high) but give lower weights otherwise,
depending on the value of income (e.g., 0.7 to the edge to “high-income” and 0.3
to the edge to “middle-income”).

5. Concluding Remarks

It is important to seek for more practical algorithms with approximation ratios as
good as those given in this article.

Our algorithms are not practically efficient, but we may have a good solution
by combining with heuristics. In this way, the process may finish within practical
computation time by reducing the number of sampling iterations. For example, we
can improve our solution by finding the best partner Y2 of X1 to replace Y1, and
further finding the best partner X2 of Y2, and so on while the solution changes.
This is a kind of local search method that system engineers tend to try without
considering its performance guarantee. Our analysis implies a principle to design
its multistart version that has a theoretical guarantee, and analysis considering the
effect of the local search remains as a research problem.
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Our algorithms are randomized. A general framework of derandomization (see
Arora et al. [1999]) seems to work for derandomizing our algorithms, although its
detailed analysis is left to future work.

Finally, it would be nice if we could directly approach the nonbipartite dense
bipartite subgraph problem, removing the factor of 2 caused by the ratio for the
max-cut.

Appendix

A. Chernoff’s Bounds

We use the following Chernoff’s bounds which slightly differ from the familiar
ones given in a popular textbook [Motwani and Raghavan 1995] in order to handle
the weighted case (for the unweighted case, we can use standard formulas instead).

We remark that pi = γ and wi = wi, j x
opt
i for each i in our application ( j ∈

{1, 2, . . . , n}).
THEOREM A.1 (CHERNOFF’S BOUNDS). Let Z1, Z2, . . . , Zk be independent

random variables such that for 1 ≤ i ≤ k, Pr[Zi = wi ] = pi and Pr[Zi =
0] = 1 − pi , where 0 ≤ pi < 1 and 0 ≤ wi ≤ 1. Let Z = ∑k

i=1 Zi and
λ = E[Z ] = ∑k

i=1 wi pi . Then for any θ > 0,

Pr[Z > (1 + θ )λ] <

[
eθ

(1 + θ )(1+θ )

]λ

(1)

and for any 1 > θ > 0,

Pr[Z < (1 − θ )λ] <

[
e−θ

(1 − θ )(1−θ )

]λ

. (2)

PROOF. We prove only the formula (1). We can prove the formula (2) in just
the same way.

For any positive real t ,

Pr[Z > (1 + θ )λ] = Pr[exp(t Z ) > exp(t(1 + θ )λ)].

Applying the Markov inequality to the righthand side, we have

Pr[Z > (1 + θ )λ] <
E[exp(t Z )]

exp(t(1 + θ )λ)
. (3)

We bound the righthand side by observing that

E[exp(t Z )] = E

[
exp

(
t

k∑
i=1

Zi

)]
= E

[
k∏

i=1

exp(t Zi )

]
.

Since the Zi ’s are independent, the random variables exp(t Zi ) are also independent.

It follows that E[
∏k

i=1 exp(t Zi )] = ∏k
i=1 E[exp(t Zi )]. Using these facts in (3) gives

Pr[Z > (1 + θ )λ] <

∏k
i=1 E[exp(t Zi )]

exp(t(1 + θ )λ)
. (4)
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The random variable et Zi assumes the value etwi with probability pi , and the value
1 with probability 1 − p. Computing E[et Zi ] from these observations, we have

Pr[Z > (1 + θ )λ] <

∏k
i=1[pi etwi + 1 − pi ]

exp(t(1 + θ )λ)

=
∏k

i=1[1 + pi (etwi − 1)]

exp(t(1 + θ )λ)
. (5)

Now we consider the function g(x) = etx − 1 − x(et − 1). The second derivative
g′′(x) = t2etx ≥ 0 and g(0) = g(1) = 0. Thus, in the range 0 ≤ x ≤ 1, the g(x) ≤
0. This means that etwi − 1 ≤ wi (et − 1). Thus E[exp(t Zi )] ≤ 1 + pi wi (et − 1).
We use the inequality 1 + x < ex with x = pi wi (et − 1) to obtain

Pr[Z > (1 + θ )λ] <

∏k
i=1 exp(pi wi (et − 1))

exp(t(1 + θ )λ)

= exp(
∑k

i=1 pi wi (et − 1))

exp(t(1 + θ )λ)

= exp(λ(et − 1))

exp(t(1 + θ )λ)
. (6)

Substituting t = ln(1 + θ ), we obtain the theorem.

We use the following modified version of Theorem A.1 in our analysis.

THEOREM A.2. Let Z1, Z2, . . . , Zk be independent random variables such that
for 1 ≤ i ≤ k, Pr[Zi = wi ] = pi and Pr[Zi = 0] = 1− pi , where 0 ≤ pi < 1 and
0 ≤ wi ≤ 1. Let Z = ∑k

i=1 Zi and λ = E[Z ] = ∑k
i=1 wi pi . Then for any δ > 0,

Pr[Z < λ − δ] < e−δ2/2λ and (7)

Pr[Z > λ + δ] < e−δ2/(2λ+δ). (8)

PROOF. First we prove the formula (7). We can assume δ < λ, since otherwise
formula is trivial. We set δ = θλ in the formula (1) to obtain

Pr[Z < (1 − θ )λ] = Pr[Z < λ − δ] <

[
e−θ

(1 − θ)(1−θ)

]λ

.

We consider the righthand side of this inequality. From the McLaurin expansion
for ln(1 − θ ), we have

(1 − θ )1−θ > exp(−θ + θ2/2).

Substituting this for (1 − θ )1−θ , we obtain formula (7).
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Next, we prove the inequality (8). It suffices to show that [eθ/(1 + θ )(1+θ )]λ ≤
e−δ2/(2λ+δ), then (8) follows from formula (2) immediately.

[
eθ

(1 + θ )(1+θ )

]λ

≤ e− λ2θ2

2λ+λθ

⇔ eθ+ θ2

2+θ ≤ (1 + θ )1+θ

⇔ e
2θ

2+θ
(1+θ ) ≤ (1 + θ )1+θ

⇔ e
2θ

2+θ ≤ 1 + θ (9)

Thus we shall show the inequality (9).
We consider the function f (θ ) = 1 + θ − e2θ/(2+θ ). f (0) = f ′(0) = 0 and the

second derivative

f ′′(θ ) = 8

(2 + θ )3

(
1 − 2

2 + θ

)
e

2θ
2+θ ≥ 0

in the range θ > 0. Thus we obtain f (θ ) ≥ 0 and e2θ/(2+θ ) ≤ 1 + θ for θ > 0 and
prove the theorem.
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