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ABSTRACT

The parametric minimax problem, which �nds the parame-

ter value minimizing the weight of a solution of a combina-

torial maximization problem, is a fundamental problem in

sensitivity analysis. Moreover, several problems in computa-

tional geometry can be formulated as parametric minimax

problems. The parametric search paradigm gives an e�-

cient sequential algorithm for a convex parametric minimax

problem with one parameter if the original non-parametric

problem has an e�cient parallel algorithm. We consider

the parametric minimax problem with d parameters for a

constant d, and solve it by using multidimensional version

of the parametric search paradigm. As a new feature, we

give a feasible region in the parameter space in which the

parameter vector must be located.

Typical results obtained as applications are: (1) E�cient

solutions for some geometric problems, including theoret-

ically e�cient solutions for the minimum diameter bridg-

ing problem in d-dimensional space between convex poly-

topes. (2) Parametric polymatroid optimization, for exam-

ple, O(n log n) time algorithm to compute the parameter

vector minimizing k-largest linear parametric elements with

d dimensions.

1. INTRODUCTION

Consider an optimization problem Q that �nds a vector

x = (x1; x2; : : : ; xn) maximizing an objective function g(x)

under given constraints on x.
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If we replace the objective function g(x) with a family

g�(x) continuously dependent on a d-dimensional real pa-

rameter vector � = (�1; �2; : : : ; �d), we have a parametric

family Q(�) of the original optimization problem, where the

solutions continuously depend on the values of �. Let z(�)

be the optimal value of the objective function g�(x) ofQ(�).

Let R be a (possibly unbounded) convex polygonal region

in the d-dimensional space such that � should be contained.

We call R the feasible region of the parameters (note that it

is di�erent from the feasible region of x).

The problem of �nding the value � 2 R minimizing z(�)

is called a minimax parametric optimization problem. In

general, this is a di�cult problem. In this paper, we deal

with the convex minimax parametric optimization, where

z(�) is a convex function in the parameters. Thus, its lo-

cus L(�) : z = z(�) becomes a convex hypersurface in the

(�; z)-space.

The convex minimax parametric optimization problem is

a fundamental problem in sensitivity analysis [9]. For exam-

ple, suppose we have a weighted undirected graph G, and

the original problem Q is the problem of �nding the mini-

mum cut of the graph. If the weight of edges linearly depend

on a set of d parameters, the minimum cut depends on the

parameter values, and it is a natural problem to �nd the

parameter vector maximizing the minimum cut value. This

is a maxmin problem with a concave objective function, but

if we consider the negative of the sum of edge weights as

the objective function, it is equivalent to a convex minimax

parametric optimization problem. Moreover, several geo-

metric problems can be formulated into minimax parametric

optimization problems. Indeed, many of LP-type problems

such as minimum enclosing ball computation and distance

computation of convex polytopes can be formulated as para-

metric minimax problems.

Since z(�) is a convex function, we can apply the binary

search paradigm to solve a minimax parametric optimization
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problem, provided that the problem Q(�) can be solved ef-

�ciently for any given � 2 R. The time complexity of the

above binary search method depends on the precision � of

the problem. It is desired to design an e�cient algorithm

whose running time is independent of � (on a model count-

ing comparisons and arithmetic operations). If we have a

set (with a size independent of �) of candidate values of the

parameter such that the set contains the optimal value �opt,

we can perform the binary search on it. In one-dimensional

case, the set of all break points of the piecewise linear func-

tion z(�) is such a set, although it is expensive to compute

it. Therefore, it is desired to solve the parametric minimax

problem by performing the binary search without computing

a large size of candidate set.

Megiddo's parametric searching [16, 21] is a well-known

algorithmic paradigm to realize this idea: If there is a par-

allel algorithm to solve the original problem Q with O(�)

parallel time using N processors, the one-parametric prob-

lem can be solved in O((N + TD)� logN) sequential time.

It is natural that the design of an e�cient algorithm for

a parametric problem is related to the parallel structure of

the algorithm for solving Q. Indeed, the following interest-

ing relation between parametric optimization and parallel

complexity was explored by Mulmuley[19]: If z(�) has U

break points, there is a constant b such that the original

(non-parametric) optimization problem cannot have a par-

allel algorithm (in the PRAMmodel without bit operations),

which runs in
p
logU=b time and 2

p
logU=b processors. This

implies that � logN is 
(logU) ifN is the number of the pro-

cessors and � is the running time of the parallel algorithm.

Since the (original version of) parametric search simulates

the binary search on the set of break points, the number

of calls of the decision algorithm D in a parametric search

algorithm is 
(logU). Hence, the O((N + TD)� logN) time

complexity of the parametric search matches this argument.

For d � 2, the locus L(�) becomes a convex polytope in

(d+ 1)-dimensional space, and its construction will become

expensive and complicated. However, there are several pos-

sible approaches to solve the minimax parametric problem

e�ciently without explicitly constructing L(�). The mini-

max parametric problem of the maximum element �nding

problem, which �nds the maximum of n real numbers, is

simply a linear programming (LP) problem (if the weight

functions are linear), and it can be solved in linear time for

any �xed d [17].The solution for the �xed dimensional LP

is generalized as an algorithmic paradigm to solve a family

of LP-type problems, and studied from several aspects (see

[6]).

Another powerful general framework for solving minimax

parametric optimization problems is the multi-dimensional

parametric search paradigm. The idea of multi-dimensional

parametric search was given by Cohen and Meggido [5] to

solve the parametric cycle detection problem. Norton, Plotkin,

and Tardos [20] gave a similar idea to solve some LP prob-

lems and network problems. Matou�sek and Schwarzkopf [15]

gave a geometric interpretation, applied it to give an e�cient

LP-query for constant-dimensional LP problems, and pre-

dicted that the paradigm would be useful for solving prob-

lems in computational geometry.

The aim of this paper is to give applications of the multi-

dimensional parametric search paradigm (possibly combined

with LP-type approach) to d-dimensional minimax paramet-

ric optimization problems. Here, we need to modify the

paradigm so that � is restricted in a feasible region R. It is

essential that we consider the feasible region of the param-

eters in several applications; Indeed, in sensitivity analysis

problems, we often need to consider locally convex functions

instead of globally convex functions. For the one-parameter

case, a feasible region is an interval, and we do not need to

worry about the increase of time complexity caused by re-

stricting the parameter value to be in the interval. However,

in the multi-dimensional case, the complexity of a feasible

region is often large, and we need to design an algorithm to

minimize its a�ect.

As demonstrated in Matou�sek and Schwarzkopf [15] for

the LP-query problem, some geometric query structures are

often useful to improve the time complexities; indeed, in the

multi-dimensional case, we call a decision algorithm many

times, and hence it deserves to spend some preprocessing

time to speed up each call of the decision algorithm.

Consider an optimization problem Q, and its paramet-

ric version Q(�) with d parameters. We assume that we

have the following two algorithms for solving Q(�) for any

�xed parameter vector �, where we may preprocess the in-

put data using an O(Tpre) time complexity: 1. an O(TD)

sequential time algorithm (called a decision algorithm), and

2. a generic parallel algorithm (called a guide algorithm)

with O(� ) parallel time on O(N) processors by using linear

decision operations with respect to the parameters. Here,

a linear decision is to decide whether the value of a linear

form on parameters is positive or not. We assume that R

is a convex polytope de�ned as an intersection of M half

spaces; thus, it has at most M facets. Number of lower di-

mensional faces of R is irrelevant to our analysis. We have

the following general framework:

Theorem 1.1. The parametric minimax problem forQ(�)

can be solved in O(Tpre+M +(N +TD logN)�d(logN)d�1)

sequential time, where M is the number of de�ning halfs-

paces of R, and Tpre is the time spent for the preprocessing.
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We observe that if we have a suitable data structure which

makes both N and TD to be O(n1��), where n is the in-

put size, the preprocessing time often dominates the time

complexity. For example, we will show that the parameter

vector minimizing the sum of k largest elements among n el-

ements linearly dependent on d parameters can be computed

in O(n log n) time, where n log n comes from the preprocess-

ing time for the half-space range searching data structure.

We give some geometric applications (in reply to Ma-

tou�sek and Schwarzkopf's prediction). For example, we give

e�cient algorithms to solve the minimum diameter bridge

problem: Given two point set V1 and V2 in the d-dimensional

space, �nd a bridge (line segment) b between two convex

hulls Conv(V1) and Conv(V2) in the d-dimensional space so

that the longest distance in Conv(V1)[b[Conv(V2) is min-

imized. We can also handle the case where we have more

than two point sets.

Besides geometric applications, our framework has sev-

eral other applications in parametric polymatroid optimiza-

tion and graph algorithms. Typical such application results

are: an O(n logd n) time algorithm to compute a maxmin

spanning tree of a parametric graph with n edges, and an

O(n2 log4d+1 n) time algorithm to compute a maxmin cut of

a parametric graph with n vertices.

2. PARAMETRIC SEARCH
FOR THE MINIMAX PROBLEMS

2.1 Basic paradigm

Multidimensional parametric search uses an algorithm G
called the guide algorithm, which can solve Q(�) for any

given �xed value of � in O(TG) time. The guide algorithm

G is generic, i.e., it has a decision circuit (directed acyclic

graph) whose graph structure is independent of the value

of �. Each node requiring a decision has two outgoing

branches. Arithmetic computations are additions and sub-

tractions of linear forms in �i (i = 1; 2; : : : ; d) and multi-

plications by constants. Hence, in the parametric situation,

they are operations in the additive module of linear forms

in �. The decision of branches at each node v of the circuit

is done by comparing the value fv(�) of a linear function

fv with 0. (In precise, the function fv may depend on the

results of preceding decisions and arithmetic operations).

We simulate the behavior of G as if it had been computing

z(�opt), where �opt is the parameter vector at the solution

of the parametric minimax problem. For doing it, we use

the parametric linear test, which answers the side of a given

hyperplane H in the parameter space containing �opt.

We start guide algorithm G; however, since the value �opt
is not input, the algorithm halts. When the algorithm G

halts at each node v of the decision circuit requiring a deci-

sion depending on the parameter vector �, we want to know

whether fv(�opt) � 0 or fv(�opt) < 0. Since we know the

function fv itself, we have the hyperplane Hv de�ned by the

equation fv(�) = 0. The parametric linear test gives the

correct decision, and hence we can proceed to the next step.

If the parametric linear test needs O(TT ) time, the above

method computes �opt and z(�opt) in O(TT TG) time.

2.2 Implementation of parametric linear tests

Let �opt be the parameter vector at which z(�) takes the

maximum. A parametric linear test can be implemented as

follows: We restrict the feasible region R on the hyperplane

Hv. The restricted problem is a (d-1)-dimensional paramet-

ric problem, and its minimax solution can be obtained by

using the algorithm (denoted by D(d � 1)) for the (d-1)-

dimensional parametric problem. The maximum of z(�) on

the hyperplane Hv is attained at the point p associated with

the solution. We know the function z(�) around p which has

a constant number of di�erentiable pieces. We �nd a tan-

gent plane L to the function z(�) at p (this must exists since

z(�) is convex). LetH+
v be a halfplane de�ned by fv(�) > 0.

We take any point q of L[H+
v , and suppose that the z-value

at q is not smaller than that of p. In this case, we decide

that fv(�) � 0 for the optimal value �opt. If the equality

fv(�opt) = 0 holds, we have already found the solution, and

hence we give the decision that fv(�opt) < 0 for continuing

the process. If the z-value of q is smaller than that of p, we

decide that fv(�opt) > 0.

Therefore, the parametric search without utilizing a par-

allel structure works for the d-dimensional case, in which

each decision (parametric linear test) is done by calling the

(d� 1)-dimensional parametric algorithm D(d� 1).

If we ignore M in the analysis, this method takes

O(TGTD(d�1)) = O((TG)d�1TD(1)) time to compute the op-

timal value �opt.

2.3 Utilizing a parallel structure

In order to improve the time complexity, it is advanta-

geous to use a guide algorithm G that has a parallel struc-

ture such that it runs in O(�) parallel time by using N

processors (in PRAM or the Variant's comparison model).

Thus, the algorithm G has O(� ) layers and visits at most

N nodes at each layer. At each layer, instead of calling the

parametric linear test at each visited node, we consider the

arrangement A of hyperplanes constructed from the set H of

all threshold hyperplanes in the layer, and seek for the cell

containing �opt. Precisely speaking, we add the hyperplanes

corresponding to halfspaces de�ning R to H and form the

arrangement A.
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Suppose that we can �nd the cell C that contains �opt of

A. If �opt is on the boundary of the cell, we have reduced

the problem to a (d� 1)-dimensional problem, and we can

solve it by using D(d� 1). Otherwise, for each v, if C is in

the halfspace de�ned by fv > 0, we can decide that fv > 0

holds for �opt. Hence, we know all correct decisions at the

nodes in the layer, and can proceed to the next layer.

The following multidimensional prune-and-search method

was developed by Matou�sek and Schwarzkopf [15] for search-

ing the cell. We have a set H of N hyperplanes in the pa-

rameter space Rd, and an unknown point �opt in the space.

We want to construct a planar subdivision � into a constant

number of simplices such that the number of hyperplanes in

H intersecting the simplex �(�opt) of � containing p is less

than n=2 (with high probability by using a randomized al-

gorithm).

This can be attained by using an �-cutting, which is fre-

quently used in computational geometry, especially for de-

signing algorithms based on geometric divide-and-conquer.

An �-cutting of an arrangement A of N hyperplanes is a sub-

division of the d-dimensional space R
d into d-dimensional

simplices such that O(�N) hyperplanes intersect (the in-

terior of ) each simplex. We apply a popular randomized

method to construct a cutting (see Mulmuley [18]): We

�rst randomly sample r hyperplanes among N hyperplanes,

and construct the arrangement of them. Then, triangulate

each cell into simplexes by using the canonical triangula-

tion. The obtained triangulation � has O(rd) simplices, and

is an O(r= log r)-cutting with a high probability. Theoreti-

cally better cuttings are known [2, 18], although the above

method is su�cient for our use. Indeed, we �x the unknown

point �opt in the space, and it su�ces to consider the ex-

pected number of the intersecting hyperplanes with each

edge of �(�opt). It is not di�cult to see for any given point

p, the simplex �(p) containing p in the cutting � intersects

at most cN=r hyperplanes for a suitable constant c with a

high probability if N is larger than a suitable constant. The

time for the construction is O(Nrd�1). Note that we do

not need parametric linear tests for the construction of the

cutting.

We choose r to be a constant satisfying that r > 2c. Once

we have the cutting, we can �nd a simplex �(�opt) by using

an O(rd) number of linear tests. We have N 0 hyperplanes

intersecting �(�opt). Since r > 2c, N 0 � cN=r < N=2 with

a high probability. Now, except those corresponding to the

N 0 hyperplanes, we know all the N � N 0 decisions of the

layer of the guide algorithm.

In order to determine the remaining decisions, instead of

the original arrangement, we next consider the arrangement

of N 0 hyperplanes intersecting � together with the d + 1

bounding hyperplanes (some of them may be newly created

hyperplanes) of �, and �nd its cell containing �opt by ap-

plying the same method. Thus, we can determine all the

decisions in a layer of the guide algorithm with an O(logN)

number of parametric linear tests. The computation time

for constructing the cuttings is O(N) in total for each layer.

Therefore, the time complexity of this version of paramet-

ric search follows the formula:

TD(d) = O(� (TD(d�1) logN +N +M)):

If we analyze more carefully, the number of the de�ning

hyperplanes of the feasible region that are intersecting the

current cell in cuttings is reduced during the process. In-

deed, after the second parallel step of the guide algorithm,

we have already known a simplex in R such that the optimal

parameter vector is located in the simplex. Let TD(d)(M;n)

be the time to solve the parametric problem in d-dimensions

whose feasible region has M de�ning halfspaces and the size

of the non-parametric optimization problem is n. We have

the following formula:

TD(d)(M;n) � rd(
PlogN

i=1 TD(d�1)(1 + c(M=ri); n) +
P�

t=1fTD(d�1)(c; n) logN +Ng)

for a suitable constant c.

Hence, TD(d) = O(M + (� logN)dTD + �d(logN)d�1N),

Here, TD is the time to solve the non-parametric problem.

3. APPLICATIONS

3.1 Geometric Applications

3.1.1 Dynamic solutions and restricted solutions for
LP-type problems

There are several LP-type problems in computational ge-

ometry [22]. Although many LP-type problems can be solved

in linear time, the parametric search method is useful if we

consider their dynamic version. Matou�sek and Schwarzkopf [15],

applied parametric search method to design e�cient dy-

namic LP query data structure, and the query method was

utilized to improve some geometric algorithms; e.g., �nding

all extremal points in a given point set. We show that the

idea can be applied some other (not all) LP type problems

by demonstrating for the minimum enclosing ball problem.

The computation of minimum enclosing ball of a point set

S in the d-dimensional space can be considered as minimax

parametric problem, where the parameter vector � corre-

sponds to the center of a ball and Q(�) is the problem to

compute the farthest point in S from �.

We use a farthest-neighbor search data structure to solve

the the �xed-parameter problem. Although the farthest
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Voronoi diagram is a popular data structure, we want a

data structure with less preprocessing time if d � 3. In-

deed, the dual of the farthest-neighbor search of a point

q = (q1; q2; : : : ; qd) is a point location problem in an up-

per envelope of n planes in d+ 1 dimensional space, and its

dual problem is a LP query problem formulated as follows:

Given a set of n points in (d+1)-dimensional space, prepro-

cess it, and for any query vector q = (q1; q2; : : : ; qd), �nd the

lower halfspace H�(q) : xd+1 � q1x1+ q2x2+ : : :+ qdxd+�

containing all n points such that it contains a point on its

boundary hyperplane H(q). We need to �nd the constant �.

A data structure of Matou�sek and Schwarzkopf [15] attains

O(n1�1=b(d+1)=2c+�) query time with O(n log n) preprocess-

ing time. Thus, we can solve the minimum enclosing ball

problem in O(n log n+n1�1=b(d+1)=2c+� log2d n) = O(n log n)

time.

The above time complexity is inferior to the known lin-

ear time complexity. However, if we consider the version

where S is dynamically updated permitting insertions and

deletions, we can use a dynamic farthest-neighbor search

data structure, and replace the O(n log n) time preprocess-

ing time by the update time. For d � 3, using a linear

data space, a dynamic farthest-neighbor search data struc-

ture permits O(n1�1=b(d+1)=2c log n) time query and O(n�)

update time for any positive constants � and � [15]. Thus, we

can query the minimum enclosing ball in this dynamic sit-

uation in O(n1�1=b(d+1)=2c log2d+1 n) time, which is ~O(n0:5)

if d = 3; 4 (also for d = 2). If we can use more space, we can

improve the time complexity slightly.

Moreover, we can consider the restricted minimum en-

closing ball problem, where the center of the ball must be

located in a convex region de�ned as an intersection of M

halfspaces. This problem can be solved in O(M + n log n)

time by applying the multidimensional parametric search-

ing.

3.1.2 Parametric k smallest elements

Consider a set E of n linear functions f1; f2; : : : ; fn in d

parameters, and we want to �nd the parameter vector � 2 R

minimizing the sum of values of the k largest functions at

the parameter values. Note that this is an LP problem if

k = 1.

Naturally, the sum of k smallest functions is a convex

function. If k is a constant independent of n, we can formu-

late the problem as an LP-type problem and solve in linear

time. However, if we formulate the problem for k 6= O(1)

as an LP-type problem, we have some di�culty, since it is

required that the solution is determined by using a constant

number of input elements in an LP-type problem. Although

it seems that the solution is uniquely described by a point

in the k-level of the corresponding arrangement of n hyper-

planes, it is a not suitable description since the k-level is not

a convex surface.

Thus, we consider an approach by using the parametric

search. At each �xed parameter vector �, the sum of the

values of the set of k smallest functions can be computed

by using the half-space range searching data structure, if

we consider its dual problem. Indeed, we can compute it in

O(log2 n) parallel time using O(n1�1=d) processors if we pre-

process the data in O(n log n) time by using Matou�sek's set

partition data structure for the halfspace range searching.

Thus, we have the following by applying the multidimen-

sional parametric searching:

Corollary 3.1. The parameter vector � 2 R � Rd max-

imizing the sum of k smallest functions in E can be com-

puted in O(M + n log n) time if each edge weight is a linear

function, where M is the number of de�ning halfspaces of

R.

3.1.3 Minimum diameter bridge problem

Suppose that two point sets V1 and V2 and two convex

regions R1 and R2 are given in the d-dimensional Euclidean

space. We call R1 and R2 islands and V1 and V2 terminal

sets. The minimum diameter bridge problem is to �nd p1 2
R1 and p2 2 R2 such that d(p1; p2) + maxv2V1 d(v; p1) +

maxw2V2 d(p2; w) is minimized, where d() is the Euclidean

distance.

The problem has been considered in the literatures for the

case where Ri are the convex hulls of Vi. Especially, for the

two dimensional case, the problem is to construct a bridge

(p1; p2) between two islands minimizing the diameter of of

the union of islands and the bridge. A linear time algorithm

is given for d = 2 [13] by formulating the problem into a

matrix search problem in a totally monotone matrix, and

a quadratic time algorithm is given for d = 3 [23]. Some

approximation algorithms for the higher dimensional cases

are considered by Chong [3].

As we will show, the problem can be formulated into an

LP-type problem; However, it is not easy to see it at a glance

(especially if Ri = Conv(Vi)), since we should consider

R1 �R2 as the parameter space to reveal it. The minimum

diameter bridge problem is a minimax parametric optimiza-

tion problem if we consider the coordinates of p1 and p2 as

parameters. The feasible region of the parameter vector is

the direct product of R1 and R1 in the 2d-dimensional space.

The Euclidean distance is a convex function, and hence our

objective function is a convex function.

If R1 and R2 are given as intersections of halfspaces, the

LP-type method is most e�cient. Let M be the total num-

ber of such halfspaces. Let U be the union of the set of
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vertices of Vi (i = 1; 2) and the set of halfspaces de�ning Ri

(i = 1; 2). For each subset W � U , we consider subproblem

de�ned by the points and halfspaces in W , and let L(W ) be

the value of the objective function (diameter) of the opti-

mal solution for the subproblem. Then, L(W ) � L(W 0) if

W � W 0. Moreover, the solution is de�ned by a constant

number (in precise, at most 2dk) of members of H. Thus,

the problem can be solved in O(M + n) time, where n is

the sum of numbers of vertices in Vi (i = 1; 2; : : : ; k) and

M =
P

iMi. Since this approach is a little isolated in this

paper, details will be given in a companion paper [24].

Proposition 3.2. The minimum diameter bridge prob-

lem can be solved in O(M + n) time.

If each Ri is given by the set Pi of its vertices such as

Ri = fv =
P

p2Pi
a(p)p :

P
p2Pi

a(p) � 1; a(p) � 0g, we
want to avoid to construct the representation of Ri by using

halfplanes. For example, in the original bridging problem,

Ri = Conv(Vi), and hence the input is only the set of ver-

tices. Indeed, M = 
(nbd=2c), and too large if d � 4.

We can formulate the problem as an LP-type problem on

the set P1[P2 and apply a randomized incremental method.

The solution is de�ned by at most 2(d+1) vertices de�ning

two simplices (one is a subset of R1 and the other is a sub-

set of R2), and the diameter is monotonically decreased if

we add points to P1 or P2. Its base problem is to compute

a bridge (p1; p2) between p1 2 �1 and p2 2 �2 minimiz-

ing d(p1; q1)+maxv2V1 d(v; p1)+maxw2V2 d(p2; w) for given

simplices �1 and �2 de�ned by d+ 1 points of P1 and P2,

respectively. If TB is the time for solving the base prob-

lem, the minimum diameter bridge problem can be solved

in O(nTB) time. As we have seen above, the base problem

can be solved in O(n) time. Hence, the total time complex-

ity becomes O(n2).

However, we can do better. Let us consider the parametric

search method. If the parameter values are given, we can

compute the diameter by computing maxv2R1
d(v; p1) and

maxw2R2
d(p2; w) �rst, and then compute the summation of

three distances. We need nonlinear operations to compute

the summation of three distances. However, fortunately, all

decisions are linear with respect to the parameters; indeed,

implicitly maxv2Vi d(v; pi) is determined by the cell of the

farthest Voronoi diagram of Vi containing p.

We use the farthest-neighbor search data structure intro-

duced in the previous subsections to design the guide al-

gorithm and the decision algorithm for the �xed-parameter

problem. Thus, the computation time for our parametric

searching becomes O(n log n + M + q(n) log2d n) time for

q(n) = n1�1=bd=2c+�. This is not attractive at a glance com-

pared to the O(n+M) time method describe before, but if

it is applied as a subroutine to solve the base problem for

the above LP-type framework, the O(n log n) preprocess-

ing is done only once, and M = O(1). Therefore, TB =

O(q(n) log2d n). Hence, we can solve the minimum diameter

bridge problem in O(nq(n) log2d n) = O(n2�1=b(d+1)=2c+�)

time (polylogarithmic factors are hidden by n�) for any pos-

itive constant �.

If we can use more space complexity, we can spend O(y)

time (y � n log n) to improve the query process for the

farthest-neighbor query by using the method in [15] to give

the following result.

Theorem 3.3. The minimum diameter bridge problem can

be solved in O(n2=(1��+1=b(d+1)=2c)) (randomized expected)

time, where � is any nonnegative real number.

The time complexity becomes O(n4=3+�) if d = 4 and

O(n3=2+�) if d = 5; 6.

Remarks:

1. we can replace the objective function with �d(p; q) +

maxv2P d(v; p) + maxw2Q d(q; w) for any nonnegative con-

stant � (imagine that the bridge is a highway).

2. Analogously to the parametric k smallest element prob-

lem, if we use the parametric searching paradigm, we can

handle the case where we want to minimize �d(p; q)+

max(v1;::: ;vk)2Pk

Pk
i=1 d(vi; p)+ max(w1;::: ;wk0 )2Qk

Pk0

i=j d(q; wj)

for given k and k0 which may depend on n. The time com-

plexity is O(M+n log n) or O(n2=(1��+1=b(d+1)=2c)) depend-

ing the representation of the input.

3.1.4 Bridging more than two islands

The solution for the minimum diameter bridge problem

can be generalized for the case where we have more than

two islands. We have sets V1; V2; : : : ; Vk of points and a set

of convex regions R1; R2; : : : ; Rk for a constant k. We �x

a tree structure with k nodes u1; u2 : : : ; uk corresponding

to Ri (i = 1; 2; : : : ; k). For each edge e in the tree, we

construct a bridge between two points (called bridge bases)

in the regions corresponding to the end vertices of e. For a

pair points x 2 Vi and y 2 Vj , the path from x to y goes

through the bridges following the unique path in the tree.

Let l(x; y) be the length of the path that depends on the

choice of the bridge bases. We call maxx;y2[1�i�kVi l(x; y)

the diameter.

We can apply the LP-type approach analogously to the

case where k = 2 to design an O(M + n) time algorithm, n

is total number of vertices in Vi (i = 1; 2; : : : ; k) and M is

total number of halfspaces de�ning Ri (i = 1; 2; : : : ; k).

We can also apply the parametric search paradigm. Here,

we have di�culty that we need nonlinear decision to com-
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pare l(x; y) and l(x0; y0). However, if both x and x0 are in Vi
and both y and y0 are in Vj , the comparison is linear in pa-

rameters as we have seen in the previous subsection. Hence,

in the guide algorithm, we �rst do the nonlinear decisions,

and the rest of (at most k(k + 1)=2) comparisons are done

in a brute force manner by checking all the cells in the ar-

rangement of k(k+1)=2 hypersurfaces. Hence, we can solve

the problem in O(n2=(1��+1=b(d+1)=2c)) time.

3.1.5 Joint location problem

We use the notations as above. Instead of bridges, we can

choose one point pi (called joint) in each Ri and realize the

network T by connecting each pair of points corresponding

to an edge of T by a line segment. (The di�erence is that

we only choose one point in Ri, whereas in the bridging

problem we choose degi points in Ri if the degree of the

point associated with Ri in the tree T is degi.)

We can de�ne the distance between x 2 Vi and y 2 Vj by

d(x; pi)+lT (pi; pj)+d(pj; y), where lT (pi; pj) is the length of

the unique path in the network. We can de�ne the diameter

by using this distance, and compute the locations of joints

to minimize the diameter.

Also, we can consider the length of the tree connecting

Vi (i = 1; 2; : : : ; k), and compute the locations of joints to

minimize it. Here,
P

(i;j)2T d(pi; pj)+
Pk

i=1maxv2Vid(v; pi)

is the objective function that we want to minimize. This

second optimization problem corresponds to constructing a

network, where the points of Vi are serviced by using a radio

network from pi.

We can solve these problem with the same time complex-

ity as the bridging problem. We omit details, since it is rou-

tine to translate the argument for the minimum-diameter

bridging problem to solve them.

3.1.6 Containment in an intersection of balls

Given a pair of set P of n points and Q of m points in the

d-dimensional space, we consider m balls centered at points

of Q, such that each ball encloses P (in other words, the

intersection of these balls contains P ). We want to minimize

the (sum of) radiuses of balls: This is an easy problem, since

it su�ces to compute the farthest-neighbor point in P from

each point of Q.

Consider its parametric version where the locations of

points of Q depend on k parameters linearly. For exam-

ple, if Q can be translated in a group (resp. s groups) in

the d-dimensional space, the locations of points depend on

d (resp. sd) parameters. The parameter vector should be

in a region R with M facets. Let us consider the prob-

lem of computing the parameter vector minimizing the sum

of diameters of enclosing balls. We can preprocess P in

maxfn log n; (nm)2=(1��+1=b(d+1)=2c)g time to enable to query

the farthest neighbor in P for m points in Q in e�ciently.

Proposition 3.4. If both d and k are �xed constants, the

parameter value minimizing the sum of diameters of m en-

closing balls can be computed in O(M +n log n+m logk n+

(nm)1=(1��+1=b(d+1)=2c)) time for any � > 0. If d = 2, it can

be computed in O(M + n log n+m logk n) time.

3.1.7 Geometric fitting problems

Given k point sets V1; V2; : : : ; Vk in a d-dimensional space,

we translate Vi with a translation vector ti to have a point

set Vi+ ti = fv+ ti : v 2 Vig. We regard d and k to be �xed

constants. We consider the union V (t) =
S
i=1;2;::: ;k(Vi+ti),

where t is a dk-dimensional vector obtained as the direct

product of ti (i = 1; 2; : : : ; k). We de�ne a function F on

a point set and would like to �nd the parameter value t

minimizing F (V (t)). If F (V (t)) is a convex function, there

is possibility that we can apply multidimensional parametric

searching.

An easy case is that F is the radius of V (t), where it

su�ces to translate the center of minimum enclosing ball of

each Vi to the origin. However, even for this case, if we add

a restriction that t must be in a feasible region R de�ned as

an intersection of M halfspaces, the problem is nontrivial.

For a �xed value of t, the problem is the minimum enclos-

ing ball problem, and hence we use the algorithm given in

Section 3.1.1 as the decision algorithm. We preprocess the

data so that we have farthest neighbor search data structure

for each Vi. We can also use a parallel version of the algo-

rithm in Section 3.1.1 as the guide algorithm; however, we

may be careful since the algorithm involves some non-linear

decisions. Indeed, if p(�) is the center of the ball and points

vi(t) 2 Vi and vj(t) 2 Vj , the comparison of the distances

d(p(�); vi(t) and d(p(�); vj(t) is not linear in the parameters

in t. However, we can construct the guide algorithm in a

way that this kind of nonlinear comparisons are done in the

�nal layer, so that we search for the cell containing the op-

timal parameter value by a brute-force search method (note

that k is a constant). Thus, the problem can be solved in

O(M + n log n) time. We omit detailed analysis here.

A more interesting example is the following geometric �t-

ting problem: For each pair Vi and Vj , a one-to-one match-

ing �i;j : Vi ! Vj between them is given. Let dist(Vi; Vj ; t) =

maxv2Vi d(v+ti; �i;j(v)+tj), and let F (V (t)) =
P

i;j dist(Vi; Vj ; t).

This problem was proposed by Imai et al.[10] for the case

where k = 2 and �i;j is the inverse of �j;i (they further

consider the rotation of point sets). If k = 2, the problem

becomes a LP problem, and solved in linear time[10].

For k > 3, F (V (t)) =
P

i;j dist(Vi; Vj ; t) is a convex func-

tion, and we can design an O(log n) time O(n) processor
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guide algorithm that uses linear decisions ; Thus, the prob-

lem can be solved in O(n logdk n) time.

We remark that the version which minimizes F 0(V (t)) =

maxi;j dist(Vi; Vj ; t) can be solved in linear time by using a

standard LP-type method [22].

We can further modify the problem as follows: instead of

one-to-one matching �i;j , we have a one-to-many matching

�i;j : Vi ! 2Vj so that �i;j(v) for a v 2 Vi is a set (pos-

sibly an empty set) of points in Vj . Let dist0(Vi; Vj ; t) =

maxv2Vifmaxw2�i;j (v) d(v + ti; w+ tj)g, and let F (V (t)) =
P

i;j dist
0(Vi; Vj ; t).

If we directly apply the multidimensional parametric search

method, anO((
Pk

i=1

P
v2Pi

j�i;j(v)j) logdk n) time algorithm

is obtained. Similarly to the case of the minimum diame-

ter bridge problem, it helps to construct a farthest-neighbor

searching data structure for each �i;j(v), and thus the time

complexity is further improved to

O((
Pk

i=1

P
v2Pi

j�i;j(v)j) log n+ n logdk n).

3.2 Other applications

3.2.1 Parametric Matroid and Polymatroid Optimiza-
tion

Let us consider a polymatroid, which is a pair (E; r) of a

set E = f1; 2; ::; ng called the underlying set and the rank

function r, which assigns a nonnegative real number r(X) to

each X 2 2E and satis�es the monotonicity and submodu-

larity conditions. For each i 2 E, we de�ne a weight wi, and

consider the base v which minimizes
Pn

i=1 wivi under the

condition that
P

i2X vi � r(X) and
P

i2E vi = r(E). This

base is called the minimum weight base. The polymatroid

corresponds to a matroid if we restrict v to be a Boolean

vector. See [1] for the optimization theory of matroids and

polymatroids.

If we replace each wi with a linear function wi(�) on d pa-

rameters, we obtain a parametric polymatroid [7, 12]. We

also permit piecewise linear weight functions. The maxmin

(resp. minimax) parametric optimization is to �nd the pa-

rameter vector in a given feasible region Rmaximizing (resp.

minimizing) the weight of the minimum (resp. maximum)

weight base. A basic fact on a polymatroid is that the min-

imum weight base at � only depends on the sorting order of

the weights wi(�). Therefore, we can use a parallel sorting

algorithm as the guide algorithm G instead of an algorithm

actually compute the minimum weight base.

Since O(n) processors and O(log n) parallel time algo-

rithm is known for sorting n elements, the result in the pre-

vious section implies that the parameter value maximizing

the minimum weight of a base of a parametric polymatroid

with d linear parameters can be solved in O(M + T log2d n)

time, where T is the time to compute a minimum weight

base for the non-parametric version of the polymatroid. We

can further improve it by using Cole [4]'s approach (in multi-

dimensional version, it corresponds to cutting of an arrange-

ment of weighted hyperplanes). Thus, we have the following

theorem, which is well-known for d = 1 [16].

Theorem 3.5. If each weight function is a piecewise lin-

ear convex function in d parameters with a constant number

of linear pieces, the parameter values maximizing the min-

imum weight of a base of a parametric polymatroid can be

computed in O(M + T logd n) time, where M is the number

of facets of the feasible region in the parameter space and

T is the time to compute a minimum weight base for the

non-parametric version of the polymatroid.

The k-smallest element problem given in the previous sub-

section is an example of a polymatroid optimization problem

where we consider the minimum base of a uniform matroid.

Another typical example of a polymatroid (indeed, a ma-

troid) is the graphic matroid on a connected graph, in which

a minimum weight base is a minimum spanning tree of the

graph.

Corollary 3.6. The parameter vector � 2 R � Rd max-

imizing the weight of the parametric minimum spanning tree

of a connected graph G with n edges can be computed in

O(M + n logd n) time if each edge weight is a convex linear

function with a constant number of linear pieces on the d

parameters.

3.2.2 Parametric minimum cut

The multi-dimensional parametric search works for the

parametric MaxMin problem of any optimization problem

with an e�cient parallel algorithm. The minimum cut prob-

lem of a weighted graph is a typical example:

Proposition 3.7. Given a graph G on n vertices where

each edge has a piecewise linear convex parametric weight

with a constant number of linear pieces on d parameters.

Then, the parameter vector (in a give feasible region R)

maximizing the weight of a minimum cut is computed in

O(n2 log4d+1 n) time.

Proof. The minimum cut problem can be solved inO(log3 n)

randomized parallel time using O(n2= log2 n) processors [11],

and the algorithm is generic. Hence, we have T (D(d)) =

O(log3 n(log nT (D(d� 1)) + n2= log2 n)); which leads to

T (D(d)) = O(n2 log4d+1 n).
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4. CONCLUDING REMARKS

We hope there are more interesting applications of para-

metric minimax optimizations. A major research problem

in parametric optimization is to reduce the dependency on

the number of dimensions, and hopefully to obtain a subex-

ponential bound like the one for the LP-type problem [8].

For example, it seems to be quite challenging to solve the

bridge base problem for a nonconstant k. One defect of the

multidimensional parametric search method is that the de-

cisions of guide algorithm must be linear. Because of this,

it seems to be di�cult to solve some LP-type problem, e.g.,

the minimum area ellipse problem in the multidimensional

parametric search paradigm. One interesting problem is to

remove this restriction as far as possible.
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