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1 Introduction

This paper is devoted to the spectral sequence theory of graded modules. The the-
ory has been developed in [5] and [6] to study the Buchsbaum property of Segre
products. In this paper, we generalize our previous results through the r-standard
property. The r-standard property, defined in Section 2, has an important role to
investigate the spectral sequence corresponding to the graded modules. Also, our
paper is written for the self-contained introduction of the spectral sequence theory of
graded modules, including quasi-homogeneous case. Further, we give some applica-
tions for the standard s.o.p. and the Buchsbaum property, renewing the viewpoint of
some important theorems concerning the quasi-Buchsbaum property (cf. (3.7)) and
some cohomological criteria (cf. Section 4).

In Section 2, we review and extend [5], Theorem 1.8 through the r-standard
property. The point is the construction of a map @2 A az (M) for an (r —1)-standard
$.8.0.p. X1, ..., %, for M in (2.3).

In Section 3, we investigate the correspondence between the map ¢ and the spec-
tral sequence associated to M which is introduced in [5] and [6]. This section is
the essence of our spectral sequence theory, not only giving a transparent proof of
[5,(1.9)], but also yielding some corollaries with the thorough study of the property
of the map ¢. Also, we give another proof of [10,(3.6)].

In Section 4, we give some cohomological criteria for the r-standard property as an
application of the spectral sequence theory. Through the spectral sequence, we study
effectively the behavior of the local cohomology to generalize some cohomological
criteria. For example, Proposition 4.1 is a generalization of [9,(3.1)] and [5,(2.6)]
(See [2,(5.2)]). Proposition 4.2 and 4.3 is a generalization of [11,(3.4)], [5,(1.14)] and
[13,(2.1)].

Throughout this paper, we follow the notation and terminology of [3]. We say that



R is a graded ring over a field k, if R = @®,>9R,, Ry = k and R is finitely generated
over k, but we do not assume that R as a k-algebra is generated by R;. We always
write m for the unique homogeneous maximal ideal. We say that a finitely generated
R-module M is a generalized Cohen-Macaulay graded R-module (or FLC graded R-
module) if ¢ (H.(M)) < oo for i # dim M. We say that a sequence xy, ..., T,
of homogeneous elements of R is a s.s.0.p. if the sequence is a part of homogeneous
system of parameters.

2 r-Standard s.s.o.p.

Let R be a graded ring over a field k. Let m be the homogeneous maximal ideal of R.
Let M be a generalized Cohen-Macaulay graded R-module with dim M = m~+1(> 1).

Definition 2.1 Let x1,...,2, be a s.s.o.p. for M. Put q = (z1,...,2,). We say
Z1, ..., Ty, is r-standard, if, for any choice z;,, ..., x;,({ <r —1),

qQHL (M /(x4 .,2,)M) =0

for j4+£ < m.
An ideal J C m is called r-standard if every s.s.o.p. for M contained in J is
r-standard.

Remark 2.2 A s.0.p. x1,...,Zmy1 for M is (m+1)-standard if and only if the s.o.p.
X1, Ty 18 standard (cf. [11]). The maximal ideal m is r-standard if and only if

M is (1,r)-Buchsbaum (cf. [2],[4],[6]).

Let y1,...,yn be a s.s.0.p. for M, with degy; =e; > 1(j = 1,...,n). Under the
assumption yi, . .., Yy, is (r—1)-standard, we want to define graded R-homomorphisms

PL popgn (M)« HL(M)[—ey — -+ — e,] — HE (M)

forr—1<qg<m.
First, we define i (M) : HL(M)[—ei] — HL(M) by ¢ (M)(u) = yru for u €
H1(M).
Next, we assume n > 2 and yq,...,y, is 1-standard. Let us consider the exact
sequence
0— [0:y]m[—e] = M[—e] B M — M/y,M — 0.

Since M is generalized Cohen-Macaulay, HZ([0 : y1]p) = 0 for ¢ > 1. So we have the
short exact sequence

0— HEY(M) — HEH(M/yiM) — HE(M)[—e1] = 0



for 1 < g < m. Thus we have the following commutative diagram with exact rows

0 — HEW M)l — HEYM/yM)[—0 5 HL(M)~t—e¢] — 0
! ! !
0 - HY (M) 5 HEYM/ywM) —  HY(M)[—e] — 0,

where ¢ = ey and the vertical arrows are @9 '(M), i (M /iy M) and % (M)[—e]
from left. Since yi,...,y, is 1-standard, @' (M) and @f, (M) are zero maps. Thus
we get a graded R-homomorhism

¢« H(M)[—e1 — o] — Hi" (M)

for 1 < ¢ <m such that go ¢ o f = 1 (M/y;M). We define @y,r,, (M) = ¢. Note
that @I '(M/y; M) = 0 is equivalent to saying @y,ay, (M) = 0. Therefore, v, ..., yn
is 1-standard for M/y; M if and only if oy A, (M) is a zero map for j = 2,...,n and
q <m — 1. Hence y1, ...,y is a 2-standard s.s.o.p. for M if and only if o A, (M) is
a zero map for i # j and 1 < g < m.

Now assume n > r > 3 and yy,...,¥y, is (r — 1)-standard. Similarly we have the
short exact sequence

0— HEY(M) — HEH(M/y.M) — HL(M)[—ei] — 0

for 1 < ¢ < m. Since yo,...,y, is also (r — 2)-standard s.s.o.p. for M/y; M,
OU N pyo(M/y1 M) is also defined. Thus we have the following diagram with exact
rows forr—1<q¢g<m

0 — HIY(M)[—f] — HINM/yM)[-¢ L Hg (M)~
{ N 1
0 — HIY(M) % HI S (M/yuM) — HI42(M)[—e] — 0,

6—61] - 0

where £ = ey - -+e, and the vertical arrows are O A ny, (M), @3 A 7y, (M /y1 M) and
Op nngy (M)[—e1] from left. Our inductive construction of ¢ implies the commutativ-
ity of the above diagram (c.f. [5,(1.7.3)]). Thus we define a graded R-homomorphism

Copnengy (M) HE(M)[—€1 -+ — €] = HT (M)
for r — 1 < ¢ < m such that
90 @80 (M) o f = g (Mg M),

Similarly, the sequence v, ..., y, is r-standard for M if and only if ¢ r..ay (M) is a
zero map for any choice y;,,...,y;,, and r —1 < g < m.
Hence we have the following.



Theorem 2.3 Let R be a graded ring over a field k. Let m be the homogeneous
maximal ideal of R. Let M be a generalized Cohen-Macaulay graded R-module with
dimM =m+ 1(>1). Let y1,...,yn be a s.s.0.p. for M. Suppose that n > r and
Yty -, Yn 18 (r — 1)-standard, then

(Pgir/\.../\yil (M) : Hgn (M)[—eil e — eir] N H%_T—H(M)

1s well-defined for any choice y;,,...,y;, andr —1<qg <m.
Furthermore, yi,...,y, is r-standard if and only if wgir/\,../\yil (M) is a zero map
for any choice y;,,...,y;, andr —1<q <m.

3 Spectral Sequence Theory

Let R be a graded ring over a field k. Then we can write R = P/I, where P =
k[Xo, ..., Xn| is a polynomial ring, graded by deg(X;) > 1 for 0 < j < N, and [ is
a homogeneous ideal of R. Let m be the homogeneous maximal ideal of R. Let M
be a generalized Cohen-Macaulay graded R-module with dim M = m + 1(> 1). Let
q be a homogeneous ideal of R. Let yy,...,y, be homogeneous generators of q with
degy; =d; > 1(j =1,...,n).

Let P = Proj P and X = Proj R. Let F = M and F(¢) = M(¢) on P for all
integers ¢ . Notice that F(¢) is not necessarily isomorphic to F ® Op () in quasi-
homogeneous cases. We often write F for its pull-back +*F on X, where ¢ : X — P
is a closed immersion. Then we have an isomorphism

H(X,F) = H," (M)
for ¢ > 1 and an exact sequence
0— H (M) — M —T.(X,F)— H-:(M) =0,

where I',(X, F) = @,.7 I'(X, F(£)) and HL(X,F) = @,z H (X, F(£)). (cf. [12].)

We will construct a spectral sequence corresponding the graded R-module M.
Let U = {U,} be a finite affine open covering of X (or P). Let C* be the Cech
complex @, 7 C*(U; F({)). Then we put a complex L* = (0 — M = C*[-1]),
where LY = M, L' = C*! for i # 0 and ¢ is the natural map. Note that H*(L®) is
isomorphic to HE (M) as graded R-modules for every i. Let K, be the Koszul complex
Ko((y1,---,Yn); R). Then we consider the double complex B** = Hompg(K,, L*). We
write BP? = Hompg(K,, L?) and we write its differentials as d'”? : BP9 — BPt14 and
d"™? . BP1 — BP9t ‘When we emphasize M, we sometimes write B**(M), BP4(M),
d™(M) and d"™9(M). Now let us take the first filtration 'Fy(B**) = X >, B”? and
the second filtration "Fy(B**) = 5, B??. Then the filtrations 'F; and "F; give
spectral sequences {'FP9} and {"FP?} respectively:

'FP1 = Ker d"P4/Im d"P7 ! =
HPt(Be*).
"FP1 = Ker dP4/Im d*P"1 =
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Let {ef,...,e} be the dual basis of Ki((y1,...,yn); R). Since
(@12, O U F(0)) @1 A (B RldiJe}) 70

BP1 =
M ®@r N (Di, Rldi]e]) q=0,
we have o/ n
PP H (M) @ \ (@ R[d,-]e:) .
If we assume the sequence yy,...,y, is a s..s.o.p.Z fi)r M, then we have
HP((y1,- -+ yn); M) q=0

PP (@,z C (U F(0)) @r (RIS di] (€5 A+ Ael)) p=mn,q#0

0 p#n,q#0,
where F = F/(y1,...,yn)F. Accordingly, we have
Hp((yb;yn)aM) p#nquo

"FP =0 HE (M (g, yn)M)[dy A+ -+ dy] p=m

0 p#mn,q#0.

Thus we have

HP 9 ((y1, - .. yn); M) p+qg<n
Hp+q(B") o~
Hﬁ.—i_q_n(M/(yl?;yn)M)[dl_'__'_dn] p+q2n7

if y1,...,y, is a s.s.0.p. for M. On the other hand, if we assume that q is m-primary,
HP'HI(B“) = HP'HI((yl’ cee 7yn)7 M)

Now we simply write F?? or FP9(M) for 'FP9. We see the spectral sequence {FP?}
converges to HPT9(B**).

By the way, let us consider the double complex C** = Hompg(K,, C*) with the
first filtration and its spectral sequence {EP?}. Then we see

p n
5= 0,7 on () Hae

i=1

and {EP?} converges to HPT4(C**). In [6], we studied the spectral sequence { EP},
but not much different from {F?7}.

Now let us characterize the r-standard property through the behavior of the spec-
tral sequence {FP4} (or {EP?} ). Note that the spectral sequence does not depend

on the choice of minimal generators vy, ..., y, of q.



Theorem 3.1 Let R be a graded ring over a field k. Let m be the homogeneous
maximal ideal of R. Let M be a generalized Cohen-Macaulay graded R-module with
dimM =m+ 1(>1). Let r and n be integers with r < n. Let q be a homogeneous
ideal which is generated by y1,...,y, with degy; = d; > 1(j = 1,...,n). Assume
that, for any 1 < iy < --- < i, < n, the sequence y;,, ...,y is an (r — 1)-standard
s.s.0.p. for M. Then we have

(1) There is an isomorphism

D n
FPi>~ HI(M)®r \ (@ R[dﬁef) for ¢ #m + 1.
1

1=

(2) The spectral sequence map dP? : FP4 — FPTP="F1 can be described through the
isomorphism in (1) as

7 (u@ (e A Nej )

= Y A @e((ea e ) N\(eAne))

1<iy <-<ip<n
forue HL(M).

Before the proof of (3.1), we state and prove some remarks and corollaries of
Theorem 3.1.

Remark 3.2 By the construction of spectral sequence, we can weaken the hypothesis
of (3.1) as follows:

Let s be an integer with r < s < n. Let q be a homogeneous ideal which is
generated by y1,...,ys with degy; = d; > 1(j = 1,...,s). Assume that, for any
1<idy <---<i. <s, the sequence y;,,...,y; is an (r — 1)-standard s.s.o.p. for M.
Let y; = 0 with degy; = d; for s+1 < j <n. We define py, n..ny, (M) =0 ify;, =0
for some iy. Then, in this case, we also have (3.1.1) and (3.1.2).

Corollary 3.3 Under the assumptions of (3.1), the following conditions are equiva-
lent.

a) Every s.s.0.p. Yiy, .., ¥i.(1 <iy < --- <1, <n) is r-standard.

(a)

(b) q is an r-standard ideal.

(c) dP?: FP9 — FPYra—"Fl 4s g zero map for all p and q(# m + 1).
)

(d) For some fized integer p with 0 < p < n —r, d?: FP1 — FPTa—Fl 4s q zero
map for all g(# m + 1).



Proof. The equivalence of (a), (c) and (d) follows immediately from (2.3) and (3.1).
Clearly (b) implies (a). So we have only to prove the statement (b) under the assump-
tions (a), (c) and (d). Let xy,...,z, be homogeneous elements of q with degz; = e,
such that the sequence x1,...,z, is a s.s.0.p. for M. We want to show that z,...,x,
is r-standard by the induction on r. The case r=1 is trivial. So we may assume that
x1,...,2, is an (r — 1)-standard s.s.o.p. from the hypothesis of induction. We put
xz; =0fori=7r+1,...,n. Since q is generated by v, ...,y,, we can write

z; =Y ajy; for 1 <j<n,

i=1
where aj; is a homogeneous element for 1 < ¢ < nand 1 < j < n and aj; =

0for 1 <i<nandr+1 < j < n. Then we construct the spectral sequence
{Gra, @ q} through the Koszul complex K,((z1,...,2,); R). We write the dual basis

r 2r

of Ki((z1,...,z,); R) as {f},...,£:}. Then we have
K (Y1, ,yn); R) = K*((z1,...,2,); R) by ¢(e Z

Thus we have 1?9 : FP¢ — GP induced by 1) satisfying that d.? o P4 = ¢pptna—7+1¢
dP9. Through the isomorphism (3.1.1), there is a commutative diagram

0,9
HY (M) “= HI Y (M)@pA" (S5, Rlde})

)

I yppamrHt

=0,q
d

—=  HITHM)®rA" (T Rlelf))
Thus we have

4 (w) = L0 (A2 ()

= w:7q_r+1 ( Z @Zw/\m/\yil (M)(U) ® (e;kl ARRENAN e;))

1<ip < <ipr<n

= Z gogir/\m/\yil (M) (u) ® ((Z ailjf]i)() ARERNA (Z a’lr]f]*))
1<i1 < <ir<n 7j=1 j=1

Qivjy = Qg

> > : 0 e, D (W) ® (£ A A7)

1<j1<m<jr<nlSin<<ip<n | o o
rJ1 irJr
for u € HL(M). Hence we have

L0  I  |

(3.3.1) Olopera (M) = : | Pl nens, (M)

1< < <ir<n



Therefore, the statements (a), (c) and (d) implies (b) by (2.3) and (3.3.1).

Corollary 3.4 Let R be a graded ring over a field k. Let M be a generalized Cohen-
Macaulay graded R-module with dim M = m + 1(> 1). Let yi,...,y, be an (r — 1)-
standard s.s.o.p. Then, @3 n..pny (M) is skew-symmetric R-multilinear on yq, ..., yr
as follows:

(1) Forq#m+1landl1<i<j<r,
(Pgr/\“-/\yl (M) = _(PZT/\n-/\yj_1/\yi/\y]-_;,_l/\~~~/\yi_1/\y]-/\yi+1/\~~~/\y1 (M)'

(2) If x is a homogeneous element with degxz = degy; such that z,ys,...,y, is
an (r — 1)-standard s.s.o.p. for M and x + y1, Y2, ..., Y- iS a S.5.0.p., then x +
Y1, Y2y - - - Yp 08 (r — 1)-standard and

SOZ,«/\»n/\yz/\(yl—i—m) (M) = 8037»/\~-~/\y2/\y1 (M) + Sogr/\~~~/\y2/\:r(M)'

(3) If z is a homogeneous element such that zy1,ys, ..., Y, iS a 8.8.0.p. for M, then
2Y1, Y2y - - - Y 08 (r — 1)-standard and

()0337«/\-~~/\y2/\zy1(M) =z SDZT/\~~~/\y2/\y1(M)

Proof. It follows immediately from (3.1), (3.3) and (3.3.1).

The following is an easy consequence of Corollary 3.4. We can show by the R-
multilinearlity of the map . This gives another proof of [10,(3.6)].

Remark 3.5 Let R be a graded ring over a field k. Let M be a generalized Cohen-
Macaulay graded R-module. Let q be a 1-standard ideal for M. Let z € q* be a
parameter for M. Then q is also a 1-standard ideal for M /xM.

Now let us prove Theorem 3.1.

Proof of Theorem 3.1. We will prove by induction on r. Note that the hypothesis
of induction is valid even for the results of (3.2), (3.3) and (3.4). The case r = 1 is
trivial. Assume r > 1. The statement (1) follows immediately from the hypothesis of
induction. So we have only to prove (2).

Put €7 =ej, A---Aej and M = M /y;, M. Then we set

L* = (0 -~ M — P 0’(u;1\7(5))) ,
el



L* = (o - M- P c*(u;f\?(e)))
1/
and
Ke=Ko((y1,---,9n); R).
Let B**(M) and B**(M) be the double complexes Homp(K,, L*) and Homp(K,, L*)
respectively. Then we have an exact sequence
0= [0:yilae[—di,] = M[—di,] 2 M — M/y;, M — 0.
Thus we have the following commutative diagram with exact rows
Bra—Y (M) — BreY M) & BPIY(M) — 0
\J \ \J
0 — BrM) S BraM) — Br(M) — 0
for 1 < ¢ < m, where the vertical arrows are d””? '’s. On the other hand, by the
proof of (2.3), we have the following commutative diagram with exact rows
0 = H\(MN[— — HE'(D[-0 5 HL(M)[~—dy] — 0

1 1 1
0 — H Y (M) %5 HE (M) — HE™2(M)[—dy] — 0

forr—1 < q <m, where { = d;, +- - - +d;, and the vertical arrows are ‘Pg;}\'“/\yw (M),

(pgi:l/\u./\yig (M) and @y, A..py;, (M)[—d;,] from left. Also, the graded R-homomorphism
L poongs (M) 2 HE(M)[~ds, -+ — d;, ] — HE (M)

satisfies
go SDZZ»T/\M/\yil (M)o f= 90?;1._;\‘--/\311»2 (M)
forr—1<g<m.

Let u be an element of HZ(M). Through the isomorphism HZ (M) = HI(L®), we
take u € L7 such that @(mod I%(L*)) = u, where I%(L*) = Im(L%"' — L%). Then
u® e% is an element of BP4(M) and u ® €% is an element of FP(M). What we have
to do is to describe ¢y, a..ny,, (M)(u) and dP9(M)(u @ e}).

First, we take v € HZ (M) such that f(v) = u. On the other hand, we can take
w € L9 such that f(7 ® ) = d""* ' (M)(0 ® e¥). We put o ®@ €%) = 7 ® e in
BPa~Y(M), where © € L97%. Then we see ¥(mod I?7(L*)) = v in HZ (M) by the
construction of the map f.

Next, let us investigate d29(M)(u ® e%) through the double complex B**. Since

Y1, - - -, Yn is I-standard, there are elements w, € LI~(1 < £ < n) satisfying
duee;) = > (yi)® (e Aej)
1<t<n
= d"| Y w®(ef Ney)
1<t<n

9



In particular, putting o, = wy(mod y;, L¢!) in L9 for 1 < £ < s, we see that we
may take w = w;, and v = v;, from the beginning. Now we have

d'(M) ( S @@ (e A e?})) = Y (pWr — yey) ® (e Aej Nej).

1<t<n 1<l<k<n

The e} A e, Ae’-component of d' (M) <Z1§egn Wy ® (e A ej)) equals to ypw — y;, Wy
Note that

Y@ — Y, Wy, (mody;, LI™1) = yx.
On the other hand, the e} A e}, A e%-component of d'(M)(v ® (e}, A €%)) equals to
y0. Thus we have the (ef A---Aef Ae})-component of d_1" (M) (v® (e;, Ae))
equals to the (ej A---Aej Aef)-component of d?¢(M)(u ® ef) modulo y;, L from
the construction of spectral sequence. By the hypothesis of induction, we see

BN (e Ae))
= Z SOZ;I_IA.../\yel (M)(U> ® (eZa,1 /\ T /\ ezl /\ e:]_ /\ ej})

1<li<<lyr_1<n

In particular, gpg;}\.‘.,\% (M)(v) equals to the (e} A --- A €] A ef)-component of
"7 M) (v (e, Ae?)). (From the injectivity of g, we have the (ej A---Aej Aej)-

component of dP?(M)(u ® €3) equals to @y, A.ay, (M)(v), and thereby equals to
Pyir n-rys, (M) (). Hence the assertion is proved.

Remark 3.6 Let r and n be integers with r < n. Let q be an (r — 1)-standard
ideal which is generated by y1,...,y, with degy; = d; > 1(j = 1,...,n). Assume
that for any 1 < 43 < --- < i, < n, the sequence y;,,...,Yy; 1S a S.s.0.p. for M.
Let xq,...,x, be homogeneous elements of q. By (3.1), (3.2), (5.3) and (3.4), we
define @ r.puy (M) through d% : F®% — Era~"t1 sFrom (8.3.1), this definition
does not depend on the choice of generators yi,...,Yyn of q. Further, 0% ..z (M) is
skew-symmetric R-multilinear on x4, ..., x,.

Remark 3.7 By virtue of (3.1), we can see the r-standard property through the
canonical dual. Let MV be the canonical dual module Ext'y(M, Kg), where Kg is
the canonical module of the graded ring R and t = dim R — dim M. Assume that the
sequence yy, . .., Yn s an r-standard s.s.o.p. for M. Then the sequence y1, ..., Yy, also
has the r-standard property for MY . The proof is the same as in [6].

4 Cohomological Criteria

Let R be a graded ring over a field k. Let m be the homogeneous maximal ideal of R.
Let M be a generalized Cohen-Macaulay graded R-module with dim M =m+1 > 1.

10



Let g = (z1,...,%,) be a homogeneous ideal with degz; = e;(j = 1,...,n) such that
every sequence Zj,...,%; (1 < iy < -+ < i, < n)is a s.s.o.p. for M. Under the
above conditions, we will investigate some cohomological criteria for the r-standard

property.
Proposition 4.1 Let us define
S(M) = {(i, O)|[Hy(M)], # 0,0 < i < m}.
If S(M) satisfies the following conditions:
(a) For any (j,¢1) and (k,¥l2) with j > k in S(M),

j—k+1
by — U # Z ei, forevery 1 <13 <--- <ij_pp1 <N
h=1

Then the ideal q is r-standard.

Proof. By Theorem 2.3, we have only to show that, for any s < r,
Plneony (M) # HE (M) [eiy - = e3,] = HE™ (M)

is a zero map for every 1 < 43 < -+ < iy < n. If u is a non-zero homogeneous
element of [H{ (M)[>5_,(—ei,)]],, then ©f. A .ny, (M)(u) = 0. In fact, u is an element
of HL(M) with degu = £ — Yj_;€;,, and w = @, r.py, (M)(u) is an element of
Hi~stY(M) with degw = ¢. Put j = ¢, k =q—s+1, 0 =€ — 35 _je;, and
0y ={. Then we have j >k, j—k+1=s,0,—{; =5 _4(e;,) and (j,41) € S(M).
Since S(M) satisfies the condition (a), we see (k,#3) is not in S(M). So we have
[H&st1(M)], = 0. Thus we have w = 0. Hence the assertion is proved.

Proposition 4.2 Assume that q is an m-primary ideal. Then the following condi-
tions (a)—(d) are equivalent. If q is r-standard, then the conditions (a)—(d) hold.

(a) The natural map . .
H*(q; M) — Hy (M)

is surjective for 0 <i <r —1.

(b)
£ (i M)) = z( ) en (7 0) for0 < i<

g (Hrlq’ )

Z;:( )eR(HT (M) .

11



(d) QOZiZAM/\yil (M) is a zero map for all 1 <iy < -+ <ip <n with{ < qg<r.
Further, in case r=m+1, the converse is true.

Proof. If q is r-standard, then we have (d) by (2.3). Now we will show the equivalence
(a)—(d). As we see in Section 3, there are isomorphisms

H'(B*) = H'(q; M) and FY'(M) = H;,(M)

Thus H(q; M) — H! (M) is surjective if and only if d)’ : F)* — F,""“" is a zero
map for ¢ < m and ¢ > 1. By (2.3), the statements (a) and (d) are equivalent. Next
we assume (d). Then we see that dJ’ : F}* — FgH’i*Hl is a zero map for ¢« < m and
¢ > 1. So we have

Fli~ HI (M)®r \ (@ R[eﬂe,’@) for i #m + 1.
k=1

Thus we have

(g (Hi(QQ M))

Yo lr (Fig™)
= ;_0<?>€R(Hﬁ:j(M)) for 0 <i<r—1.

Thus we have (d) implies (c). Clearly (b) implies (c). Finally, if we assume (c), then
di" 1T P o B s @ zero map for every j and £(> 1). By (3.1), we have
the statement (d).

In case 7 = m + 1, similarly, the converse follows immediatelly from (3.1).

Proposition 4.3 Assume that yi,...,y, is a s.s.o.p. for M. If y1,...,yn S T-
standard, then the equivalent conditions (a), (b), (c¢) and (d) in (4.2) hold.
Further, we assume n=r. If y1,...,y, is r-standard, then we have

lr (Hi(M/qM)) = Z ( ; ) lr (HY (M) for 0<i<m—r.

Conversely, if (a)—(d) in (4.2) and the above equality hold, then yi,...,y, is r-
standard.

Proof. As we see in Section 3, there are isomorphisms

HP U ((y1, . yn); M) p+qg<n
Hp+q(B") o

and

7= g0 e\ (@ Rl ).
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Hence, similarly as (4.2), the assertion follows immediatelly from (3.1).
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