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𝓐𝓐𝓐𝓐(𝑯𝑯)-operator

 𝐵𝐵(𝐻𝐻): 𝐶𝐶∗-algebra of all bounded linear operators on a Hilbert space

Definition (Norm attained operator).  
Let 𝑻𝑻 ∈ 𝑩𝑩(𝑯𝑯,𝑲𝑲).
(i) 𝑻𝑻 is called a norm attained operator (𝑻𝑻 ∈ 𝓐𝓐(𝑯𝑯,𝑲𝑲)), if there 

exists a unit vector 𝒙𝒙 ∈ 𝑯𝑯 such that 𝑻𝑻𝒙𝒙 = 𝑻𝑻 . 

(ii) 𝑻𝑻 is called an absolutely norm attained operator, if for any 
non-zero closed subspace 𝑴𝑴 ⊆ 𝑯𝑯, 𝑻𝑻|𝑴𝑴 ∈ 𝓐𝓐 𝑴𝑴,𝑲𝑲 .

Carvajal and Neves, IEOT, 72 (2012), 179-195.
Pandy and Paulsen, J Aust Math Soc, 102 (2017) 369-391.
Ramesh, J Aust Math Soc, 96 (2014) 386-395. 

If 𝑇𝑇 ∈ 𝐵𝐵(𝐻𝐻) is absolutely norm attained operator, we write 𝑇𝑇 ∈ 𝒜𝒜𝒜𝒜(𝐻𝐻), 𝑇𝑇 is 
𝒜𝒜𝒜𝒜(𝐻𝐻)-operator or 𝑇𝑇 has 𝒜𝒜𝒜𝒜-property.

Compact operators and isometry are 𝒜𝒜𝒜𝒜 𝐻𝐻 -operator.



Induced Aluthge transformation

Definition (Induced Aluthge transformation).
Let 𝑻𝑻 ∈ 𝑩𝑩 𝑯𝑯 be invertible with the polar decomposition 𝑻𝑻 = 𝑼𝑼|𝑻𝑻|. 
Let 𝑻𝑻 = ∫𝝈𝝈 𝑻𝑻 𝒔𝒔𝒔𝒔𝑬𝑬𝒔𝒔 be the spectral decomposition. For each 
operator mean 𝕸𝕸𝒇𝒇 with a representing function 𝒇𝒇, the Induced 
Aluthge transformation 𝚫𝚫𝕸𝕸𝒇𝒇(𝐓𝐓) respect to an operator mean 𝕸𝕸𝒇𝒇
is defined by

𝚫𝚫𝕸𝕸𝒇𝒇 𝑻𝑻 : = �
𝝈𝝈 𝑻𝑻

�
𝝈𝝈 𝑻𝑻

𝓟𝓟𝒇𝒇 𝒔𝒔, 𝒕𝒕 𝒔𝒔𝑬𝑬𝒔𝒔𝑼𝑼𝒔𝒔𝑬𝑬𝒕𝒕.

If ker 𝑇𝑇 ⊆ ker𝑇𝑇∗ , then we can define Δ𝔐𝔐𝑓𝑓(𝑇𝑇). However, it is not 
known to define Δ𝔐𝔐𝑓𝑓(𝑇𝑇), in generally.

Y., LAA, 628 (2021) 1-28.

● For 𝑓𝑓 𝑡𝑡 , define
𝒫𝒫𝑓𝑓 𝑠𝑠, 𝑡𝑡 ≔ 𝑠𝑠𝑓𝑓

𝑡𝑡
𝑠𝑠

.



Induced Aluthge transformation

Induced Aluthge transformation.

𝚫𝚫𝕸𝕸𝒇𝒇 𝑻𝑻 : = �
𝝈𝝈 𝑻𝑻

�
𝝈𝝈 𝑻𝑻

𝓟𝓟𝒇𝒇 𝒔𝒔, 𝒕𝒕 𝒔𝒔𝑬𝑬𝒔𝒔𝑼𝑼𝒔𝒔𝑬𝑬𝒕𝒕.

Example. 
● 𝑓𝑓 𝑡𝑡 = 1 − 𝜆𝜆 + 𝜆𝜆𝑡𝑡 のとき (Mean transformation).

Δ𝔐𝔐𝑓𝑓 𝑇𝑇 = ��[ 1 − 𝜆𝜆 𝑠𝑠 + 𝜆𝜆𝑡𝑡]𝑑𝑑𝐸𝐸𝑠𝑠𝑈𝑈𝑑𝑑𝐸𝐸𝑡𝑡

= 1 − 𝜆𝜆 ��𝑠𝑠 𝑑𝑑𝐸𝐸𝑠𝑠𝑈𝑈𝑑𝑑𝐸𝐸𝑡𝑡 + 𝜆𝜆��𝑡𝑡 𝑑𝑑𝐸𝐸𝑠𝑠𝑈𝑈𝑑𝑑𝐸𝐸𝑡𝑡
= 1 − 𝜆𝜆 𝑇𝑇 𝑈𝑈 + 𝜆𝜆𝑈𝑈 𝑇𝑇 .

● 𝑓𝑓 𝑡𝑡 = 𝑡𝑡𝜆𝜆 のとき (Generalized Aluthge transformation).
Δ𝔐𝔐𝑓𝑓 𝑇𝑇 = ��𝑠𝑠1−𝜆𝜆𝑡𝑡𝜆𝜆 𝑑𝑑𝐸𝐸𝑠𝑠𝑈𝑈𝑑𝑑𝐸𝐸𝑡𝑡

= �𝑠𝑠1−𝜆𝜆𝑑𝑑𝐸𝐸𝑠𝑠 𝑈𝑈 �𝑡𝑡𝜆𝜆𝑑𝑑𝐸𝐸𝑡𝑡 = 𝑇𝑇 1−𝜆𝜆𝑈𝑈 𝑇𝑇 𝜆𝜆.



Induced Aluthge transformation

Induced Aluthge transformation.

𝚫𝚫𝕸𝕸𝒇𝒇 𝑻𝑻 : = �
𝝈𝝈 𝑻𝑻

�
𝝈𝝈 𝑻𝑻

𝓟𝓟𝒇𝒇 𝒔𝒔, 𝒕𝒕 𝒔𝒔𝑬𝑬𝒔𝒔𝑼𝑼𝒔𝒔𝑬𝑬𝒕𝒕.

Example. 

● 𝑓𝑓 𝑡𝑡 = 1+𝑡𝑡1/2

2

2
のとき (Power mean).

Δ𝔐𝔐𝑓𝑓 𝑇𝑇 = ��
𝑠𝑠1/2 + 𝑡𝑡1/2

2

2

𝑑𝑑𝐸𝐸𝑠𝑠𝑈𝑈𝑑𝑑𝐸𝐸𝑡𝑡

=
1
4
��(𝑠𝑠 + 𝑡𝑡 + 2𝑠𝑠1/2𝑡𝑡1/2)𝑑𝑑𝐸𝐸𝑠𝑠𝑈𝑈𝑑𝑑𝐸𝐸𝑡𝑡

=
1
4

𝑇𝑇 𝑈𝑈 + 𝑈𝑈 𝑇𝑇 + 2 𝑇𝑇
1
2𝑈𝑈 𝑇𝑇

1
2 .



Results

Theorem 1. 
Let 𝒇𝒇 be a non-negative positive operator monotone function 
on [𝟎𝟎,∞) with 𝒇𝒇 𝟏𝟏 = 𝟏𝟏. Suppose that 𝑻𝑻 ∈ 𝓐𝓐𝓐𝓐(𝑯𝑯) is invertible. 

Then 𝚫𝚫𝕸𝕸𝒇𝒇 𝑻𝑻 ∈ 𝓐𝓐𝓐𝓐 𝑯𝑯 .

Notice: 𝒜𝒜𝒜𝒜 𝐻𝐻 ⊊ 𝒜𝒜𝒜𝒜 𝐻𝐻

Example.

𝑇𝑇𝑛𝑛 ≔

1/2
1 − 1/3

1 − 1/4
⋱

1 − 1/(𝑛𝑛 + 1)
1

⋱

.

Then 𝑇𝑇𝑛𝑛 ∈ 𝒜𝒜𝒜𝒜 𝐻𝐻 but 𝑇𝑇𝑛𝑛 → 𝑇𝑇 ∉ 𝒜𝒜𝒜𝒜 𝐻𝐻 .



Results

Theorem 2. 
For 𝝀𝝀 ∈ [𝟎𝟎,𝟏𝟏], let 𝒇𝒇𝝀𝝀 𝒕𝒕 = 𝟏𝟏 − 𝝀𝝀 + 𝝀𝝀𝒕𝒕 and 𝒈𝒈𝝀𝝀 𝒕𝒕 = 𝒕𝒕𝝀𝝀. If 𝑻𝑻 ∈ 𝓐𝓐𝓐𝓐(𝑯𝑯), 
then 𝚫𝚫𝕸𝕸𝒇𝒇𝝀𝝀

𝑻𝑻 ,𝚫𝚫𝕸𝕸𝒈𝒈𝝀𝝀
𝑻𝑻 ∈ 𝓐𝓐𝓐𝓐 𝑯𝑯 . Especially, 𝚫𝚫 𝑻𝑻 ∈ 𝓐𝓐𝓐𝓐 𝑯𝑯 .

● 𝑓𝑓𝜆𝜆 𝑡𝑡 = 1 − 𝜆𝜆 + 𝜆𝜆𝑡𝑡 のとき、Δ𝔐𝔐𝑓𝑓𝜆𝜆
𝑇𝑇 = 1 − 𝜆𝜆 𝑇𝑇 𝑈𝑈 + 𝜆𝜆𝑈𝑈|𝑇𝑇|.

● 𝑔𝑔𝜆𝜆 𝑡𝑡 = 𝑡𝑡𝜆𝜆 のとき、Δ𝔐𝔐𝑔𝑔𝜆𝜆
𝑇𝑇 = 𝑇𝑇 1−𝜆𝜆𝑈𝑈 𝑇𝑇 𝜆𝜆.

とくに、Δ 𝑇𝑇 ≔ Δ𝔐𝔐𝑔𝑔1
2

𝑇𝑇 = 𝑇𝑇
1
2𝑈𝑈 𝑇𝑇

1
2 (Aluthge transformation).

● 𝑆𝑆,𝑇𝑇 ∈ 𝒜𝒜𝒜𝒜 𝐻𝐻 であっても、𝑆𝑆 + 𝑇𝑇 ∈ 𝒜𝒜𝒜𝒜 𝐻𝐻 とは限らないため、

𝑓𝑓 𝑡𝑡 = 1+𝑡𝑡1/2

2

2
,𝑇𝑇 ∈ 𝒜𝒜𝒜𝒜 𝐻𝐻 のときに、

Δ𝔐𝔐𝑓𝑓 𝑇𝑇 =
1
4

( 𝑇𝑇 𝑈𝑈 + 𝑈𝑈 𝑇𝑇 + 2 𝑇𝑇
1
2𝑈𝑈 𝑇𝑇

1
2) ∈ 𝒜𝒜𝒜𝒜 𝐻𝐻

であるかは不明。



Results

Theorem 3. 

Let 𝒇𝒇𝟏𝟏/𝟐𝟐 𝒕𝒕 = 𝟏𝟏+𝒕𝒕
𝟐𝟐

and 𝑻𝑻 ∈ 𝑩𝑩 (𝑯𝑯) be a semi-hyponormal operator 
with the polar decomposition 𝑻𝑻 = 𝒖𝒖|𝑻𝑻|. If 𝒌𝒌𝒌𝒌𝒌𝒌 𝑻𝑻∗ = 𝒌𝒌𝒌𝒌𝒌𝒌 𝑻𝑻 , then

𝒔𝒔 − lim
𝒏𝒏→∞

𝚫𝚫𝒎𝒎𝒇𝒇𝟏𝟏/𝟐𝟐
𝒏𝒏 𝑻𝑻 = 𝒖𝒖𝒖𝒖

in the strong operator topology. Moreover, 𝒖𝒖𝒖𝒖 is a normal 
operator and 𝝈𝝈 𝑻𝑻 = 𝝈𝝈 𝒖𝒖𝒖𝒖 .

𝑇𝑇 is semi-hyponormal ⟺ 𝑇𝑇 ≥ 𝑇𝑇∗ = 𝑢𝑢 𝑇𝑇 𝑢𝑢∗.  Then
𝑇𝑇 ≤ 𝑢𝑢∗ 𝑇𝑇 𝑢𝑢 ≤ 𝑢𝑢∗2 𝑇𝑇 𝑢𝑢2 ≤ ⋯ ≤ 𝑢𝑢∗𝑛𝑛 𝑇𝑇 𝑢𝑢𝑛𝑛 ≤ ⋯ ≤ 𝑇𝑇 𝐼𝐼

Hence 𝐿𝐿 ≔ 𝑠𝑠 − lim
𝑛𝑛→∞

𝑢𝑢∗𝑛𝑛 𝑇𝑇 𝑢𝑢𝑛𝑛 exists.

𝑇𝑇 = 𝑢𝑢|𝑇𝑇|と極分解したとき、Δ𝑓𝑓1/2
𝑛𝑛 𝑇𝑇 の極分解は次のようになる。

Δ𝑓𝑓1/2
𝑛𝑛 𝑇𝑇 = 𝑢𝑢

1
2𝑛𝑛

�
𝑘𝑘=0

𝑛𝑛
𝑛𝑛
𝑘𝑘 𝑢𝑢∗𝑘𝑘 𝑇𝑇 𝑢𝑢𝑘𝑘

Chabbabi, Curto and Mbekhta, Proc AMS 147 (2019) 1119-1133.



Results

Theorem 4. 
If 𝑻𝑻 ∈ 𝓐𝓐𝓐𝓐(𝑯𝑯) is a semi-hyponormal operator such that 

𝒌𝒌𝒌𝒌𝒌𝒌 𝑻𝑻∗ = 𝒌𝒌𝒌𝒌𝒌𝒌 𝑻𝑻 , then 𝒔𝒔 − lim
𝒏𝒏→∞

𝚫𝚫𝒎𝒎𝒇𝒇𝟏𝟏/𝟐𝟐
𝒏𝒏 𝑻𝑻 ∈ 𝓐𝓐𝓐𝓐 𝑯𝑯 .

𝑇𝑇 is semi-hyponormal ⟺ 𝑇𝑇 ≥ 𝑇𝑇∗ = 𝑢𝑢 𝑇𝑇 𝑢𝑢∗.  Then
𝑇𝑇 ≤ 𝑢𝑢∗ 𝑇𝑇 𝑢𝑢 ≤ 𝑢𝑢∗2 𝑇𝑇 𝑢𝑢2 ≤ ⋯ ≤ 𝑢𝑢∗𝑛𝑛 𝑇𝑇 𝑢𝑢𝑛𝑛 ≤ ⋯ ≤ 𝑇𝑇 𝐼𝐼

Hence 𝐿𝐿 ≔ 𝑠𝑠 − lim
𝑛𝑛→∞

𝑢𝑢∗𝑛𝑛 𝑇𝑇 𝑢𝑢𝑛𝑛 exists.
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