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* We assume in the following that topological spaces are Hausdorff (to remain
on the safe side ).
** Some of the results mentioned at the end of the talk appear in a future joint

paper with Hiroshi Sakai.
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» For a topological space X satisfying some property P, it is very
often the case that there is a subspace/ many subspaces Y of X of
smaller size (in terms of cardinality) which also satisfy the property P.
This is what | shall call here:

reflection of the topological property P down to Y (or down to | Y|).
> The following facts are such examples:

Proposition 1. Suppose that X = (X, 7) is non-separable. Then there
is a subspace Y of X of cardinality ¥; which is also non-separable.

Proposition 2. ([Hajnal-Juhasz 1976]) For a topological space X = (X, 1)
and p € X, if x(p,X) = & for a regular uncountable , then
there is a subspace Y of X of cardinality < x s.t. p € Y and
X(p, Y) = k. The condition “of cardinality < " above is optimal.

back to Examples
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Reflection number of a topological property ol .. (4/21)

» Suppose that P and @ are properties of topological spaces. In the
following, we mainly treat cases where P is a “bad property” for
topological spaces satisfying @ in the sense that if X is a
topological space with the property @ and Y C X is a subspace
with the property P, then all intermediate spaces Z with
Y C Z C X satisfy the property P.

> For P and @ as above, we define the reflection number of the
property P under the spaces with the property Q as

(P, Q) := min{x € Card : for any topological space X with the
property @, if X satisfies the property P,
then there is a subspace Y of X
with the property P s.t.| Y| < k}

» if the class {x € Card : ...} in the definition of tn (P, Q) is empty,
we define tn (P, Q) to be oo.
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m (P, Q) := min{x € Card : for any topological space X with the
property Q, if X satisfies the property P,
then there is a subspace Y of X
with the property P s.t.| Y| < k}

» if the class {x € Card : ...} in the definition of tn (P, Q) is empty,
we define tn (P, Q) to be cc.

» We shall write tn (P, () if the property Q@ imposes no restrictions.

Example 3. For P ="non-separable”, Proposition 1 can be reformu-
lated as: tn (P, D) = Ro.

Example 4. For a regular uncountable cardinal xk and P ="there is a
point with y-character k", Proposition 2 can be reformulated as:

m(P,0)=rT.
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m (P, Q) := min{x € Card : for any topological space X with the
property Q, if X satisfies the property P,
then there is a subspace Y of X
with the property P s.t.| Y| < k}

» if the class {x € Card : ...} in the definition of tn (P, Q) is empty,
we define tn (P, Q) to be cc.

» We shall write tn (P, () if the property @ imposes no restrictions.

Example 5. For P ="there is a point with x-character > k", we have
(P, 0) = co.

Proof. Let A be an uncountable regular cardinal and X := A+ 1 be
with the topology generated from
Ti={{a} ra< A} U {AU{N} : ACA |A\A| <A}

» x(a, X)=1forall @€ Xand x(\, X)=A\.

> x(a,Y)=1foralla €Y forany Y € [X]<*. (Example 5)
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» The reflection number tn (P, Q) for a “bad” property P (in the
sense of the previous slide ) may be regarded as a degree of
hereditarity of P: we can find always a small subspace Y C X (of
cardinality <tn (P, Q)) for the space X with X =P A Q s.t. all
subspace of X above Y satisfy P.

» (P, Q) can also be seen as the compactness (in model-theoretic
sense) of the property = P: the contraposition of the property in the
definition of tn (P, Q) implies the following.

> For any topological space X = Q, if Y |= — P for all subspace Y of
X of cardinality <tn (P, Q), then X |= —P.
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» ([Hajnal-Juhasz 1976]) Example 5 actually shows that tn (P, () = oo
for P = “non-metrizable”.

» Note that every metrizable space is first countable. The equality
(P, Q) = N1 ? for P = "non-metrizable” and
Q = "first countable” is known as Hamburger's Problem and (its
consistency) is still unsolved.

Proposition 6. ([Hajnal-Juhasz 1976]) tn (P, Q) = co
for P = “non-metrizable” and @ = “first countable” is consistent.

Proof. Let x be a regular cardinal >N, and

SCEs (={a<k : cf(a) =w}) be a non-reflecting stationary

set. Then S as a subspace of x with the order topology is first countable.
> S is not perfectly normal (nor meta-Lindeldf, and hence not metrizable).
> We can show by induction on o < k that S N « is metrizable.
» Note that S as above exists for k = AT for A s.t. (J) holds.
» Thus, e.g. V = L implies tn (P, Q) = oc. [ (Proposition 6.)
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» The proof of Theorem 6 shows that we need the consistency strength of
quite large large cardinals to get tn (P, Q) < oo for P, Q as above: —[J)
for an end-segment of Card implies the consistency of a Woodin Cardinal .

Theorem 7. ([Bagaria-Magidor 2014]) Let P = “non-metrizable”
and @ = “first countable”. If k is wi-strongly compact, then
m (P, Q) < k. I5)

Corollary 8. For P = “non-metrizable” and Q@ = "“first countable”,
(P, Q) < oo is independent (modulo a certain large cardinal).

» We shall discuss later more results related to Theorem 7.

Theorem 9. ([Dow 1988]) tn (P, Q) = Ry holds
for P = "non-metrizable” and @ = “countably compact”. [


https://www.cambridge.org/core/journals/journal-of-symbolic-logic/article/abs/on-omega-1-strongly-compact-cardinals/AD572943F8D5A612F888FDDD938F7136
http://topology.nipissingu.ca/tp/reprints/v13/tp13102.pdf
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Corollary 10. Suppose that X is locally countably compact and all
subspaces Y of X of cardinality < Ny are metrizable, then X is
first countable.

open .
Proof. Let p € X. Then thereis p € O C X s.t. O is countably
compact. By Dow's theorem (Theorem 7) O is metrizable. Thus

x(p, O) < Rg. But then 8y > x(p, O) = x(p, X). [0 (Corollary 8)

Proposition 11. |t is consistent that tn (P, Q) = co
for P = "non-metrizable” and @ = “locally countably compact”.

(Fan?) Question For a countably compact space X, if all subspaces
of cardinality < N; are first countable, does it follow that X is first
countable?
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Proposition 11. It is consistent that tn (P, Q) = co
for P = "non-metrizable” and @ = “locally countably compact”.

Proof. Suppose that « is an regular cardinal >N, and S C EJ is
non-reflecting stationary subset of E.

» For each { € S let /¢ C & be a set of successor ordinals of
order-type w cofinal in &.

> Let X := [J{le : £ € S} US with the topology generated from
Ti={{a} raeU{le - €SI} U {l\BU{EH: £e5,8 <)
X is first countable and locally compact.

X N [ is metrizable fore all 5 < x (by induction).

X is not meta-Lindeldf (use Fodor's Lemma).

vV VVY

Thus, similarly to the proof of Proposition 6, V = L implies
m (P, Q) = cc. [0 (Proposition 11)
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» Fodor-type Reflection Principle (FRP for short) is the following assertion:

FRP: For all regular kK > Xy, any stationary S C Ef and mapping
g:S — [k]=N0 there is | € [k]™ such that

(1) cf(f) = wi;
(2) gla) Clforallaelns;
(

3) for any regressive f : SN/ — K s.t. f(a) € g(a) for all
a € SN, there is &* < k s.t. f-17{¢*} is stationary in sup(/).

» FRP follows from Martin's Maximum but in contrast to it, FRP is
preserved by ccc generic extension. Hence FRP is compatible with
any size of the continuum (it can be also forced under CH).

Theorem 12. ([Fuchino-Juhasz-Soukup-Szentmicléssy-Usuba 2010],
[Fuchino-Sakai-Soukup-Usuba oo]) tn (P, Q) = Np
for P = “non-metrizable” and @ = “locally countably compact” is
equivalent to FRP. N}

back to "Reflection and ..."


https://www.sciencedirect.com/science/article/pii/S0166864109003563?via%3Dihub
https://fuchino.ddo.jp/papers/moreFRP-x.pdf

Generic large cardinals

refl. beed. s, (13/21)
» For a class P of p.o.s, a cardinal « is said to be generically super-
compact by P (P-gen. supercompact for short) if, for any A > &,

J(k) >Xand j"X e M.

there are o-closed p.o. P, (V,P)-generic G, j, M C V[G] s.t.
V[G] = j: V S5« M (M is transitive, & is the critical point of j),

Theorem 13. ([Dow-Tall-Weiss 1990]) Suppose that X is a non-
metrizable space, 6 € Card and P = Fn(4,2), the p.o. with finite

conditions adding 6 many Cohen reals. Then we have
Fp“ X is non-metrizable”.

Proposition 14. (see [Fuchino-O.M.Rodrigues-Sakai 2027])
If k is Cohen-gen. supercompact, then

m(P,Q) <k
Corollary 15. ([Dow-Tall-Weiss 1990]) tn (P, @) < 2%°

-
is consistent modulo large cardinals for P, @ as above.

[m]

for P = “non-metrizable” and @ = “first countable”

=



https://www.sciencedirect.com/science/article/pii/016686419090013R
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» Let P := "“non-metrizable”, @ := "first countable” and
Qo := locally countably compact.

» The statement of Corollary 15 can be still improved by starting from
two supercompact cardinals.

Theorem 16. (see [Fuchino-O.M.Rodrigues-Sakai 202?]) tn (P, Qy) =
Ny + (P, Q) < 2%¢ is consistent modulo certain large cardinals.

Proof. Start from two supercompact cardinals kg, k1 with kg < k1.
» Use kg to force FRP. The forcing can be chosen to be small enough
so that the supercompactness of k1 survives the extension.

» In the generic extension, force with P = Fn(x1,2). Since P is ccc,
FRP survives in the second generic extension. Thus, by Theorem 12,
tn (P, Q) = X2 holds in the second generic extension.

» In the second generic extension, we have r; = 2% and it is
Cohen-gen. supercompact. Thus by Proposition 14 we have
m (P, Q) < 2%, (] (Theorem 16)


https://arxiv.org/abs/2107.02577

Reflection and non-reflection down to the continuum (2/3)  wltest.s (15/2)

» Let P := "non-metrizable”, @ := “first countable” and
Qo := locally countably compact.

Theorem 17. (van Douwen, see [Fuchino-O.M.Rodrigues-Sakai 2027])
b<wtn(P,Q).

Theorem 18. (see [Fuchino-O.M.Rodrigues-Sakai 2027|)
MA + tn (P, Q) = Ry + tn (P, Q) £ 2% is consistent modulo
certain large cardinals.

Proof. The proof is similar to that of Theorem 16. Start again from
two supercompact cardinals kg < k1.

» Use ko to force FRP and then force MA + 2% = x; by a ccc p.o..
> FRP is preserved by ccc of the second extension.

> In the second generic extension, we forced b = 2%°. Hence by
Theorem 17, we have tn (P, Q) £ 2Ro, [ (Theorem 18)

back to “Potential ... (3/3)"
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Reflection and non-reflection down to the continuum (3/3)  sltesd.s (16/2)

» Let P := "non-metrizable”, @ := “first countable” and
Qo := locally countably compact.

» In the proof of Theorem 18, k1 is ccc-gen. supercompact.

» The construction in the proofs of Theorem 16 and Theorem 18 can
be further refined by using certain new type of mixed support
iteration to make 2% a strongform of gen. large carinal (what we
called Laver-generic large cardinal) to obtain strong stationary
reflection type properties or Rado Conjecture type reflection with
reflection number around the continuum together with either
m (P, Q) < 2% or tn (P, Q) £ 2%,

(see [Fuchino-O.M.Rodrigues-Sakai 2027])

> These results suggest that the reflection of non-metrizability should
be regarded as a reflection of the type quite different from the other
more standard reflection properties.


https://arxiv.org/abs/2107.02577

Potential metrizability ol .o, (17/21)
» The consistency of tn (P, Q) = N, for P = “non-metrizable”, and
Q = “first countable”. (Hamburger's Problem) is very difficult to
establish since non-metrizability of a topological space in general is
neither preserved by o-closed p.o. nor by arbitrary ccc p.o. (cf. the
proof of Proposition 14 ) — non-absoluteness of non-metrizability
for o-closed or ccc generic extensions.

» We can often solve a problem by changing the question itself:
> For a class P of p.o.s, let

m”(P, Q) := min {x : for any topological space X with X |= @,
if all subspace of X of size < k satisfy P,
then there is P € P s.t. |p“ X satisfies P}

> Cf.

(P, Q) = min{x : for any topological space X with X = Q,
if all subspace of X of size < k satisfy P,
then X satisfies P}
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> For a class P of p.o.s, let

tm”(P, Q) := min {x : for any topological space X with X = Q,
if all subspace of X of size < k satisfy P,
then there is P € P s.t. |-p* X satisfies P”}

> Cf.

(P, Q) = min{k : for any topological space X with X = Q,
if all subspace of X of size < k satisfy P,
then X satisfies P}

m” (P, Q) := min {x : for any topological space X with X |= Q,
if all subspace of X of size < k satisfy P,
then there is P € P s.t.
|Fp*in an inner model, X satisfies P”}

» If P contains the trivial p.o., tn” = (P, Q) < tn”(P, Q) <t (P, Q).
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Theorem 19. For regular cardinals x, p with u < & the following
are equivalent:

(a) & is put-cc gen. supercompact.
(b) Forany A > k, there are p-cc P, (V,P)-generic G and j, M C

V[G] s.t. V[G] = : V5. M, j(x) > X and ([M]})VIC] C M.

» Let, again, P := “non-metrizable”, and
Q := "first countable”.

» An argument similar to that of the proof of Proposition 14
combined with Theorem 19 proves the following:

Theorem 20. If & is ccc gen. supercompact, then tn ““¢(P, Q) < k.

» Theorem 19 is not available for o-closed p.o.s. Though we still have

Theorem 21. If k is o-closed gen. supercompact, then
ma—closed—(R Q) < k. I
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» Let, again, P := “non-metrizable”,
Q@ := “first countable” and Qp := “locally compact”.

» Theorem 20 on the last slide combined with the idea of Theorem 18
implies the following:

Corollary 22. MA + tn (Py, Q) = Ry, tn¢(P, Q) < 2%
m (P, @) £ 2% is consistent modulo large cardinals. I

» For a supercompact x, if all cardinals below x are collapsed to
cardinality N1 by o-closed forcing, x = W, in the generic extension is

o-closed gen. supercompact. This together with Theorem 21
implies:

Corollary 23. to-closed—(p Q) = X, is consistent modulo large
cardinals. i)
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Corollary 15. (see [Fuchino-O.M.Rodrigues-Sakai 2027]) tn (P, @) < 2%
is consistent modulo large cardinals for P, Q as above.

Proof. Suppose that « is a supercompact cardinal. Let P = Fn(k, 2)
and let G be a (V,P)-generic filter.
» Then V[G] =“«" = 2% and & is a Cohen-gen. supercompact in
V[G].
> Thus, by Proposition 14, we have V[G] =t (P, Q) < 2%,
(Corollary 15)


https://arxiv.org/abs/2107.02577

Proposition 14. (see [Fuchino-O.M.Rodrigues-Sakai 2027])
If k is Cohen-gen. supercompact, then (P, Q) <k
for P = “non-metrizable” and @ = “first countable”.

Proof. Suppose that X is a non-metrizable space with
(0) x(p, X) < Vg for all p € X.
» W.lo.g., X = (0, 7) for some ordinal # and an open base 7 on 6.
Let A > 6 be sufficiently large and let P = Fn(u,2) for some
cardinal i s.t., for a (V,P)-generic filer G, there are classes j,
M C V[G] st. (1) VIG] =j:V 5. M, (2) j(x) > X and (3) j"\ € M.
> Let 7/ = {j(O)Nj"0 : O € 7}. Then we have ("0,7"),
0,7y € M, and M = (0, 7) = (j"0,7") by (3).
» By Dow-Tall-Weiss theorem ( Theorem 13),
V[G] = (j"0,7") is non-metrizable”.
> By (0), M =% (j"0,7") is a sub-space of (j(6),/(7))”.
» Thus, M [=“there is a non-metrizable subspace Y of j(X) of
cardinality < j(k)”. By elementarity, it follows that
V [=“there is a non-metrizable subspace Y of X of cardinality < x”.
back to “Potential metrizability”
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Chart of Large cardinals in [Kanamori 2003]

The arrows indicates direct implications or relative consistency implications, often
both.
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Proposition 2. (Hajnal and Juhasz) For a topological space X = (X, 1)
and p € X, if x(p,X) = & for a regular uncountable k, then
there is a subspace Y of X of cardinality < x s.t. p € Y and
X(p, Y) = k. The condition “of cardinality < " above is optimal.

Proof. Let € be sufficiently large regular cardinals and let M < #H(0)
best.p, X, 7, keEM, kCMand |M|=k.

> Let Y:=XNM. » Let {B, : a <k} be a neighborhood basis
of pin X of size k s.t. (B, : @ < k) € M (there is such a sequence
by elementarity). > The following Claims says implies Y is as desired.

Claim. {B,NY : a < k} is a neighborhood basis of p in Y and no
{BoNY : ael}forl e [k]<"is a neighborhood basis of pin Y.
- For the second half of the claim, suppose | € [x]<". By regularity
of k, thereis B < k s.t. | C 3. H(0) knows that {B, : a < B} is
not a neighborhood basis of p. Thus, M also knows it. It follows
that {B, NY : a < [} is not a neighborhood basis of p in Y.
Hence neither {B, : a € I}. —



(2/2)

Proposition 2. (Hajnal and Juhasz) For a topological space P = (P, T)
and x € P, if x(p,X) = k for a regular uncountable &, then
there is a subspace Y of X of cardinality < x s.t. p € Y and
X(p, Y) = k. The condition “of cardinality < " above is optimal.

Proof.

> To see that the condition “of cardinality < " above is optimal (in
particular, that it cannot replaced by “of cardinality < "), consider
e.g. X = k + 1 with order topology of the canonical ordering of
K+ 1

> x(k,X) = k.
> Forany Y € [k + 1]  withk € Y, x(x,Y) < | Y| < k.
[ (Proposition 2)



Proposition 1. Suppose that X = (X, 7) is non-separable. Then there
is a subspace Y of X of cardinality ¥; which is also non-separable.

Proof.

» Note that | X | > N;.

> Let 0 be a sufficiently large regular cardinal with (X, 7) € H(0). Let
M < H(0) be internally cofinal (w.r.t. countable sets: M is said to
be internally cofinal if [M]¥e N M is cofinal in [M]%° w.r.t. C) s.t.
(X,7) € Mand |[M| =%;y. Let Y := XN M.

> Then | Y| =N;.

> We show that Y (as a subspace of X) is non-separable: Suppose
that ¢ C Y is an arbitrary countable set. Since ¢ C M, there is a
countable set a € M with ¢ C a C Y. By elementarity, M =“a is
not a dense subset of X”. Thus, thereis O € 7N M and
yeXNM(=Y)st.ye Oand M=an O = 0. It follows that
an O = () by elementarity. This shows that a is not a dense subset
of Y and hence ¢ C a is neither a dense subset of Y. [ (Proposition 1)



