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On reflection, hereditarity, and absoluteness
of topological properties
Sakaé Fuchino (渕野 昌)
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2022年 6月 7日 (16:00～ JST), 至 Set-Theoretic and Geometric Topology,
and their applications to related fields

The following slides are typeset by upLATEX with beamer class, and
presented on UP2 Version 2.0.0 by Ayumu Inoue running on an ipad pro (10.5inch).

The most up-to-date version of these slides is going to be downloadable as
https://fuchino.ddo.jp/slides/RIMS2022-top-06-07-pf.pdf

The subject of the talk is related to the research supported by
Kakenhi Grant-in-Aid for Scientific Research (C) 20K03717

https://fuchino.ddo.jp/index.html
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https://fuchino.ddo.jp/slides/RIMS2022-top-06-07-pf.pdf
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Outline refl. hered. abs. (2/21)

▶ Reflection of topological properties

▶ Reflection number of a topological property

▶ Reflection number as degree of hereditarity and compactness

▶ Reflection number of non-metrizability

▶ Fodor-type Reflection Principle

▶ Generic large cardinals

▶ Reflection and non-reflection down to the continuum

▶ Potential metrizability

* We assume in the following that topological spaces are Hausdorff (to remain
on the safe side ).
** Some of the results mentioned at the end of the talk appear in a future joint
paper with Hiroshi Sakai.
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Reflection of topological properties refl. hered. abs. (3/21)

▶ For a topological space X satisfying some property P , it is very
often the case that there is a subspace/ many subspaces Y of X of
smaller size (in terms of cardinality) which also satisfy the property P .
This is what I shall call here:

reflection of the topological property P down to Y (or down to |Y |).
▷ The following facts are such examples:

Proposition 1. Suppose that X = ⟨X , τ⟩ is non-separable. Then there
is a subspace Y of X of cardinality ℵ1 which is also non-separable.

Proof.

Proposition 2. ([Hajnal-Juhász 1976]) For a topological space X = ⟨X , τ⟩
and p ∈ X , if χ(p,X ) = κ for a regular uncountable κ, then
there is a subspace Y of X of cardinality ≤ κ s.t. p ∈ Y and
χ(p,Y ) = κ. The condition “of cardinality ≤ κ” above is optimal.

Proof. back to Examples

https://math.cs.kitami-it.ac.jp/~fuchino/tmp/hajnal-juhasz-OCR.jpg
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Reflection number of a topological property refl. hered. abs. (4/21)

▶ Suppose that P and Q are properties of topological spaces. In the
following, we mainly treat cases where P is a “bad property” for
topological spaces satisfying Q in the sense that if X is a
topological space with the property Q and Y ⊆ X is a subspace
with the property P , then all intermediate spaces Z with
Y ⊆ Z ⊆ X satisfy the property P .

▷ For P and Q as above, we define the reflection number of the
property P under the spaces with the property Q as

rn (P ,Q) := min{κ ∈ Card : for any topological space X with the
property Q, if X satisfies the property P ,
then there is a subspace Y of X
with the property P s.t.|Y | < κ}

▶ if the class {κ ∈ Card : ...} in the definition of rn (P ,Q) is empty,
we define rn (P ,Q) to be ∞. back to “Reflection number as ...”
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Reflection number of a topological property (2/3) refl. hered. abs. (5/21)

rn (P ,Q) := min{κ ∈ Card : for any topological space X with the
property Q, if X satisfies the property P ,
then there is a subspace Y of X
with the property P s.t.|Y | < κ}

▶ if the class {κ ∈ Card : ...} in the definition of rn (P ,Q) is empty,
we define rn (P ,Q) to be ∞.

▶ We shall write rn (P , ∅) if the property Q imposes no restrictions.

Example 3. For P =“non-separable”, Proposition 1 can be reformu-
lated as: rn (P , ∅) = ℵ2.

Example 4. For a regular uncountable cardinal κ and P =“there is a
point with χ-character κ”, Proposition 2 can be reformulated as:
rn (P , ∅) = κ+.
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Reflection number of a topological property (3/3) refl. hered. abs. (6/21)

rn (P ,Q) := min{κ ∈ Card : for any topological space X with the
property Q, if X satisfies the property P ,
then there is a subspace Y of X
with the property P s.t.|Y | < κ}

▶ if the class {κ ∈ Card : ...} in the definition of rn (P ,Q) is empty,
we define rn (P ,Q) to be ∞.

▶ We shall write rn (P , ∅) if the property Q imposes no restrictions.

Example 5. For P =“there is a point with χ-character ≥κ”, we have
rn (P , ∅) = ∞.

Proof. Let λ be an uncountable regular cardinal and X := λ+ 1 be
with the topology generated from

τ := {{α} : α < λ} ∪ {A ∪ {λ} : A ⊆ λ, |λ \ A | < λ}.

▶ χ(α,X ) = 1 for all α ∈ λ and χ(λ,X ) = λ.
▶ χ(α,Y ) = 1 for all α ∈ Y for any Y ∈ [X ]<λ. □□ (Example 5)
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Reflection number as degree of hereditarity and compactness refl. hered. abs. (7/21)

▶ The reflection number rn (P ,Q) for a “bad” property P (in the
sense of the previous slide ) may be regarded as a degree of
hereditarity of P : we can find always a small subspace Y ⊆ X (of
cardinality < rn (P ,Q)) for the space X with X |= P ∧ Q s.t. all
subspace of X above Y satisfy P .

▶ rn (P ,Q) can also be seen as the compactness (in model-theoretic
sense) of the property ¬P : the contraposition of the property in the
definition of rn (P ,Q) implies the following.

▷ For any topological space X |= Q, if Y |= ¬P for all subspace Y of
X of cardinality < rn (P ,Q), then X |= ¬P .
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Reflection number of non-metrizability refl. hered. abs. (8/21)

▶ ([Hajnal-Juhász 1976]) Example 5 actually shows that rn (P , ∅) = ∞
for P = “non-metrizable”.

▶ Note that every metrizable space is first countable. The equality
rn (P ,Q) = ℵ1 ? for P = “non-metrizable” and
Q = “first countable” is known as Hamburger’s Problem and (its
consistency) is still unsolved.

Proposition 6. ([Hajnal-Juhász 1976]) rn (P ,Q) = ∞
for P = “non-metrizable” and Q = “first countable” is consistent.

Proof. Let κ be a regular cardinal ≥ℵ2 and
S ⊆ Eκ

ω (= {α < κ : cf(α) = ω}) be a non-reflecting stationary
set. Then S as a subspace of κ with the order topology is first countable.

▶ S is not perfectly normal (nor meta-Lindelöf, and hence not metrizable).
▷ We can show by induction on α < κ that S ∩ α is metrizable.
▶ Note that S as above exists for κ = λ+ for λ s.t. □λ holds.
▶ Thus, e.g. V = L implies rn (P ,Q) = ∞. □□ (Proposition 6.)

https://math.cs.kitami-it.ac.jp/~fuchino/tmp/hajnal-juhasz-OCR.jpg
https://math.cs.kitami-it.ac.jp/~fuchino/tmp/hajnal-juhasz-OCR.jpg
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Reflection number of non-metrizability (2/4) refl. hered. abs. (9/21)

▶ The proof of Theorem 6 shows that we need the consistency strength of
quite large large cardinals to get rn (P ,Q) < ∞ for P , Q as above: ¬□λ

for an end-segment of Card implies the consistency of a Woodin Cardinal .

Theorem 7. ([Bagaria-Magidor 2014]) Let P = “non-metrizable”
and Q = “first countable”. If κ is ω1-strongly compact, then
rn (P ,Q) ≤ κ. □□

Corollary 8. For P = “non-metrizable” and Q = “first countable”,
rn (P ,Q) < ∞ is independent (modulo a certain large cardinal).

▶ We shall discuss later more results related to Theorem 7.

Theorem 9. ([Dow 1988]) rn (P ,Q) = ℵ2 holds
for P = “non-metrizable” and Q = “countably compact”. □□

https://www.cambridge.org/core/journals/journal-of-symbolic-logic/article/abs/on-omega-1-strongly-compact-cardinals/AD572943F8D5A612F888FDDD938F7136
http://topology.nipissingu.ca/tp/reprints/v13/tp13102.pdf
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Reflection number of non-metrizability (3/4) refl. hered. abs. (10/21)

Corollary 10. Suppose that X is locally countably compact and all
subspaces Y of X of cardinality ≤ ℵ1 are metrizable, then X is
first countable.

Proof. Let p ∈ X . Then there is p ∈ O
open
⊆ X s.t. O is countably

compact. By Dow’s theorem (Theorem 7) O is metrizable. Thus
χ(p,O) ≤ ℵ0. But then ℵ0 ≥ χ(p,O) = χ(p,X ). □□ (Corollary 8)

Proposition 11. It is consistent that rn (P ,Q) = ∞
for P = “non-metrizable” and Q = “locally countably compact”.

(Fan?) Question For a countably compact space X , if all subspaces
of cardinality ≤ ℵ1 are first countable, does it follow that X is first
countable?
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Reflection number of non-metrizability (4/4) refl. hered. abs. (11/21)

Proposition 11. It is consistent that rn (P ,Q) = ∞
for P = “non-metrizable” and Q = “locally countably compact”.

Proof. Suppose that κ is an regular cardinal ≥ℵ2 and S ⊆ Eκ
ω is

non-reflecting stationary subset of Eκ
ω .

▶ For each ξ ∈ S let ℓξ ⊆ ξ be a set of successor ordinals of
order-type ω cofinal in ξ.

▷ Let X :=
∪
{ℓξ : ξ ∈ S} ∪ S with the topology generated from

τ := {{α} : α ∈
∪
{ℓξ : ξ ∈ S}} ∪ {ℓξ \ β ∪ {ξ} : ξ ∈ S , β < ξ}.

▶ X is first countable and locally compact.
▷ X ∩ β is metrizable fore all β < κ (by induction).
▷ X is not meta-Lindelöf (use Fodor’s Lemma).

▶ Thus, similarly to the proof of Proposition 6, V = L implies
rn (P ,Q) = ∞. □□ (Proposition 11)
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Fodor-type Reflection Principle refl. hered. abs. (12/21)

▶ Fodor-type Reflection Principle (FRP for short) is the following assertion:

FRP : For all regular κ ≥ ℵ1, any stationary S ⊆ Eκ
ω and mapping

g : S → [κ]≤ℵ0 there is I ∈ [κ]ℵ1 such that
(1) cf(I ) = ω1;
(2) g(α) ⊆ I for all α ∈ I ∩ S ;
(3) for any regressive f : S ∩ I → κ s.t. f (α) ∈ g(α) for all

α ∈ S ∩ I , there is ξ∗ < κ s.t. f −1 ′′{ξ∗} is stationary in sup(I ).

▶ FRP follows from Martin’s Maximum but in contrast to it, FRP is
preserved by ccc generic extension. Hence FRP is compatible with
any size of the continuum (it can be also forced under CH).

Theorem 12. ([Fuchino-Juhász-Soukup-Szentmiclóssy-Usuba 2010],
[Fuchino-Sakai-Soukup-Usuba ∞]) rn (P ,Q) = ℵ2

for P = “non-metrizable” and Q = “locally countably compact” is
equivalent to FRP. □□
back to "Reflection and ..."

https://www.sciencedirect.com/science/article/pii/S0166864109003563?via%3Dihub
https://fuchino.ddo.jp/papers/moreFRP-x.pdf
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Generic large cardinals refl. hered. abs. (13/21)

▶ For a class P of p.o.s, a cardinal κ is said to be generically super-
compact by P (P-gen. supercompact for short) if, for any λ ≥ κ,
there are σ-closed p.o. P, (V,P)-generic G, j , M ⊆ V[G] s.t.
V[G] |= j : V ≺→κ M (M is transitive, κ is the critical point of j),
j(κ) > λ and j ′′λ ∈ M.

Theorem 13. ([Dow-Tall-Weiss 1990]) Suppose that X is a non-
metrizable space, δ ∈ Card and P = Fn(δ, 2), the p.o. with finite
conditions adding δ many Cohen reals. Then we have

∥–P “ X̌ is non-metrizable ”. □□

Proposition 14. (see [Fuchino-O.M.Rodrigues-Sakai 202?])
If κ is Cohen-gen. supercompact, then rn (P ,Q) ≤ κ
for P = “non-metrizable” and Q = “first countable”. Proof

Corollary 15. ([Dow-Tall-Weiss 1990]) rn (P ,Q) ≤ 2ℵ0

is consistent modulo large cardinals for P , Q as above. Proof

back to the proof of Proposition 14

https://www.sciencedirect.com/science/article/pii/016686419090013R
https://arxiv.org/abs/2107.02577
https://www.sciencedirect.com/science/article/pii/016686419090013R
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Reflection and non-reflection down to the continuum refl. hered. abs. (14/21)

▶ Let P := “non-metrizable”, Q := “first countable” and
Q0 := locally countably compact.

▶ The statement of Corollary 15 can be still improved by starting from
two supercompact cardinals.

Theorem 16. (see [Fuchino-O.M.Rodrigues-Sakai 202?]) rn (P ,Q0) =
ℵ2 + rn (P ,Q) ≤ 2ℵ0 is consistent modulo certain large cardinals.

Proof. Start from two supercompact cardinals κ0, κ1 with κ0 < κ1.
▶ Use κ0 to force FRP. The forcing can be chosen to be small enough

so that the supercompactness of κ1 survives the extension.
▶ In the generic extension, force with P = Fn(κ1, 2). Since P is ccc,

FRP survives in the second generic extension. Thus, by Theorem 12 ,
rn (P ,Q0) = ℵ2 holds in the second generic extension.

▶ In the second generic extension, we have κ1 = 2ℵ0 and it is
Cohen-gen. supercompact. Thus by Proposition 14 we have
rn (P ,Q) ≤ 2ℵ0 . □□ (Theorem 16)

https://arxiv.org/abs/2107.02577
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Reflection and non-reflection down to the continuum (2/3) refl. hered. abs. (15/21)

▶ Let P := “non-metrizable”, Q := “first countable” and
Q0 := locally countably compact.

Theorem 17. (van Douwen, see [Fuchino-O.M.Rodrigues-Sakai 202?])
b < rn (P ,Q).

Theorem 18. (see [Fuchino-O.M.Rodrigues-Sakai 202?])
MA + rn (P ,Q0) = ℵ2 + rn (P ,Q) ̸≤ 2ℵ0 is consistent modulo
certain large cardinals.

Proof. The proof is similar to that of Theorem 16. Start again from
two supercompact cardinals κ0 < κ1.

▶ Use κ0 to force FRP and then force MA + 2ℵ0 = κ1 by a ccc p.o..
▷ FRP is preserved by ccc of the second extension.
▶ In the second generic extension, we forced b = 2ℵ0 . Hence by

Theorem 17, we have rn (P ,Q) ̸≤ 2ℵ0 . □□ (Theorem 18)
back to “Potential ... (3/3)”

https://arxiv.org/abs/2107.02577
https://arxiv.org/abs/2107.02577
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Reflection and non-reflection down to the continuum (3/3) refl. hered. abs. (16/21)

▶ Let P := “non-metrizable”, Q := “first countable” and
Q0 := locally countably compact.

▶ In the proof of Theorem 18, κ1 is ccc-gen. supercompact.

▶ The construction in the proofs of Theorem 16 and Theorem 18 can
be further refined by using certain new type of mixed support
iteration to make 2ℵ0 a strongform of gen. large carinal (what we
called Laver-generic large cardinal) to obtain strong stationary
reflection type properties or Rado Conjecture type reflection with
reflection number around the continuum together with either
rn (P ,Q) ≤ 2ℵ0 or rn (P ,Q) ̸≤ 2ℵ0 .

(see [Fuchino-O.M.Rodrigues-Sakai 202?])

▷ These results suggest that the reflection of non-metrizability should
be regarded as a reflection of the type quite different from the other
more standard reflection properties.

https://arxiv.org/abs/2107.02577
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Potential metrizability refl. hered. abs. (17/21)

▶ The consistency of rn (P ,Q) = ℵ2 for P = “non-metrizable”, and
Q = “first countable”. (Hamburger’s Problem) is very difficult to
establish since non-metrizability of a topological space in general is
neither preserved by σ-closed p.o. nor by arbitrary ccc p.o. (cf. the
proof of Proposition 14 ) — non-absoluteness of non-metrizability
for σ-closed or ccc generic extensions.

▶ We can often solve a problem by changing the question itself:
▷ For a class P of p.o.s, let

rn P(P ,Q) := min {κ : for any topological space X with X |= Q,
if all subspace of X of size <κ satisfy P ,
then there is P ∈ P s.t. ∥–P “ X satisfies P ”}

▷ Cf.
rn (P ,Q) = min {κ : for any topological space X with X |= Q,

if all subspace of X of size <κ satisfy P ,
then X satisfies P}
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Potential metrizability (2/3) refl. hered. abs. (18/21)

▷ For a class P of p.o.s, let

rn P(P ,Q) := min {κ : for any topological space X with X |= Q,
if all subspace of X of size <κ satisfy P ,
then there is P ∈ P s.t. ∥–P “ X satisfies P ”}

▷ Cf.
rn (P ,Q) = min {κ : for any topological space X with X |= Q,

if all subspace of X of size <κ satisfy P ,
then X satisfies P}

rn P −(P ,Q) := min {κ : for any topological space X with X |= Q,
if all subspace of X of size <κ satisfy P ,
then there is P ∈ P s.t.
∥–P “ in an inner model, X satisfies P ”}

▶ If P contains the trivial p.o., rn P −(P ,Q) ≤ rn P(P ,Q) ≤ rn (P ,Q).
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Potential metrizability (2/3) refl. hered. abs. (19/21)

Theorem 19. For regular cardinals κ, µ with µ < κ the following
are equivalent:

( a ) κ is µ+-cc gen. supercompact.
( b ) For any λ > κ, there are µ-cc P, (V,P)-generic G and j , M ⊆

V[G] s.t. V[G] |= j : V ≺→κ M, j(κ) > λ and ([M]λ)V[G ] ⊆ M.

▶ Let, again, P := “non-metrizable”, and
Q := “first countable”.

▶ An argument similar to that of the proof of Proposition 14
combined with Theorem 19 proves the following:

Theorem 20. If κ is ccc gen. supercompact, then rn ccc(P ,Q) ≤ κ. □□

▶ Theorem 19 is not available for σ-closed p.o.s. Though we still have

Theorem 21. If κ is σ-closed gen. supercompact, then
rn σ-closed−(P ,Q) ≤ κ. □□
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Potential metrizability (3/3) refl. hered. abs. (20/21)

▶ Let, again, P := “non-metrizable”,
Q := “first countable” and Q0 := “locally compact”.

▶ Theorem 20 on the last slide combined with the idea of Theorem 18
implies the following:

Corollary 22. MA + rn (P0,Q) = ℵ2, rn ccc(P ,Q) ≤ 2ℵ0 +
rn (P ,Q) ̸≤ 2ℵ0 is consistent modulo large cardinals. □□

▶ For a supercompact κ, if all cardinals below κ are collapsed to
cardinality ℵ1 by σ-closed forcing, κ = ℵ2 in the generic extension is
σ-closed gen. supercompact. This together with Theorem 21
implies:

Corollary 23. rn σ-closed−(P ,Q) = ℵ2 is consistent modulo large
cardinals. □□
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Thank you for your attention!
ご清聴ありがとうございました．

1 日本語
すべての人間は、生まれながらにして自由であり、かつ、尊厳と権利とに

ついて平等である。人間は、理性と良心とを授けられており、互いに同胞の
精神をもって行動しなければならない。

2 中国語・簡体字 简体中文
谢谢您的倾听。

3 中国語・繁体字

4 韓国語 한국어
관심을 가져 주셔서 감사합니다

1

Gracias por su atención.
Dziękuję za uwagę.
Grazie per l’attenzione.
Dank u voor uw aandacht.
Ich danke Ihnen für Ihre Aufmerksamkeit.

http://www2.kobe-u.ac.jp/~fuchino/kobe-set-theory-seminar/IMG_3171-panorama.JPG
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Corollary 15. (see [Fuchino-O.M.Rodrigues-Sakai 202?]) rn (P ,Q) ≤ 2ℵ0

is consistent modulo large cardinals for P , Q as above.

Proof. Suppose that κ is a supercompact cardinal. Let P = Fn(κ, 2)
and let G be a (V,P)-generic filter.

▶ Then V[G] |= “ κ” = 2ℵ0 and κ is a Cohen-gen. supercompact in
V[G].

▷ Thus, by Proposition 14, we have V[G] |= rn (P ,Q) ≤ 2ℵ0 .
□□ (Corollary 15)

back

https://arxiv.org/abs/2107.02577
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Proposition 14. (see [Fuchino-O.M.Rodrigues-Sakai 202?])
If κ is Cohen-gen. supercompact, then rn (P ,Q) ≤ κ
for P = “non-metrizable” and Q = “first countable”.

Proof. Suppose that X is a non-metrizable space with
(0) χ(p,X ) ≤ ℵ0 for all p ∈ X .

▶ W.l.o.g., X = ⟨θ, τ⟩ for some ordinal θ and an open base τ on θ.
Let λ ≥ θ be sufficiently large and let P = Fn(µ, 2) for some
cardinal µ s.t., for a (V,P)-generic filer G, there are classes j ,
M ⊆ V[G] s.t. (1) V[G] |= j : V ≺→κ M, (2) j(κ) > λ and (3) j ′′λ ∈ M.

▶ Let τ ′′ = {j(O) ∩ j ′′θ : O ∈ τ}. Then we have ⟨j ′′θ, τ ′′⟩,
⟨θ, τ⟩ ∈ M, and M |= ⟨θ, τ⟩ ∼= ⟨j ′′θ, τ ′′⟩ by (3).

▶ By Dow-Tall-Weiss theorem ( Theorem 13 ),
V[G] |= “ ⟨j ′′θ, τ ′′⟩ is non-metrizable”.

▷ By (0), M |= “ ⟨j ′′θ, τ ′′⟩ is a sub-space of ⟨j(θ), j(τ)⟩”.
▶ Thus, M |= “ there is a non-metrizable subspace Y of j(X ) of

cardinality < j(κ)”. By elementarity, it follows that
V |= “ there is a non-metrizable subspace Y of X of cardinality <κ”. □□

back back to “Potential metrizability”

https://arxiv.org/abs/2107.02577
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Chart of Large cardinals in [Kanamori 2003]Chart of Cardinals

The arrows indicates direct implications or relative consistency implications, often
both.

0 = 1 −−−−−−−−−−−−→ I0-I3 −−−−−−−−−−−−−→ n-huge
↓

superhuge
huge ←−−−−−−−−

−−−−

↓
almost huge

Vopěnka’s Principle ←−−−−
−−

↓
extendible −−−−−−−−−→ supercompact −−−−−−→ strongly compact

superstrong ←−−−
−−−−
−−−

−−−−−−−−−−→ Woodin ←−−
−−−−
−−

↓
strong
↓

0† exists
↓

measurable
↓

Ramsey −−−−−−−−−→ Rowbottom
Jónsson ←−−−−−−

−−−

κ −→ (ω1)
<ω
2 ←
−−−
−−−
−−−
−−

−−−−−→
↓

∀a ∈ ωω(a# exists)
↓

0# exists −−−−−−−−−→ κ −→ (ω)<ω2
↓

indescribable
weakly compact ←−−−−

−−

α-Mahlo ←−−−−−−
−−

−−−−−−−−−−−→ Mahlo −−−−−−−−−−→ α-inaccessible
inaccessible ←−−−−−−

−−

↓
weakly inaccessible

back

https://link.springer.com/book/10.1007/978-3-540-88867-3
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Proposition 2. (Hajnal and Juhász) For a topological space X = ⟨X , τ⟩
and p ∈ X , if χ(p,X ) = κ for a regular uncountable κ, then
there is a subspace Y of X of cardinality ≤ κ s.t. p ∈ Y and
χ(p,Y ) = κ. The condition “of cardinality ≤ κ” above is optimal.

Proof. Let θ be sufficiently large regular cardinals and let M ≺ H(θ)
be s.t. p, X , τ , κ ∈ M, κ ⊆ M and |M | = κ.

▶ Let Y := X ∩M. ▶ Let {Bα : α < κ} be a neighborhood basis
of p in X of size κ s.t. ⟨Bα : α < κ⟩ ∈ M (there is such a sequence
by elementarity). ▷ The following Claims says implies Y is as desired.

Claim. {Bα ∩ Y : α < κ} is a neighborhood basis of p in Y and no
{Bα ∩ Y : α ∈ I} for I ∈ [κ]<κ is a neighborhood basis of p in Y .

⊢ For the second half of the claim, suppose I ∈ [κ]<κ. By regularity
of κ, there is β < κ s.t. I ⊆ β. H(θ) knows that {Bα : α < β} is
not a neighborhood basis of p. Thus, M also knows it. It follows
that {Bα ∩ Y : α < β} is not a neighborhood basis of p in Y .
Hence neither {Bα : α ∈ I}. ⊣
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(2/2)
Proposition 2. (Hajnal and Juhász) For a topological space P = ⟨P , τ⟩

and x ∈ P , if χ(p,X ) = κ for a regular uncountable κ, then
there is a subspace Y of X of cardinality ≤ κ s.t. p ∈ Y and
χ(p,Y ) = κ. The condition “of cardinality ≤ κ” above is optimal.

Proof.

▶ To see that the condition “of cardinality ≤ κ” above is optimal (in
particular, that it cannot replaced by “of cardinality < κ”), consider
e.g. X = κ+ 1 with order topology of the canonical ordering of
κ+ 1:

▷ χ(κ,X ) = κ.
▷ For any Y ∈ [κ+ 1]<κ with κ ∈ Y , χ(κ,Y ) ≤ |Y | < κ.

□□ (Proposition 2)

back
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Proposition 1. Suppose that X = ⟨X , τ⟩ is non-separable. Then there
is a subspace Y of X of cardinality ℵ1 which is also non-separable.

Proof.
▶ Note that |X | ≥ ℵ1.
▷ Let θ be a sufficiently large regular cardinal with ⟨X , τ⟩ ∈ H(θ). Let

M ≺ H(θ) be internally cofinal (w.r.t. countable sets: M is said to
be internally cofinal if [M]ℵ0 ∩M is cofinal in [M]ℵ0 w.r.t. ⊆) s.t.
⟨X , τ⟩ ∈ M and |M | = ℵ1. Let Y := X ∩M.

▷ Then |Y | = ℵ1.
▷ We show that Y (as a subspace of X ) is non-separable: Suppose

that c ⊆ Y is an arbitrary countable set. Since c ⊆ M, there is a
countable set a ∈ M with c ⊆ a ⊆ Y . By elementarity, M |= “ a is
not a dense subset of X ”. Thus, there is O ∈ τ ∩M and
y ∈ X ∩M (= Y ) s.t. y ∈ O and M |= a ∩ O = ∅. It follows that
a ∩ O = ∅ by elementarity. This shows that a is not a dense subset
of Y and hence c ⊆ a is neither a dense subset of Y . □□ (Proposition 1)

back


