
EGOROFF’S THEOREM FOR FAMILIES OF FUNCTIONS WITH

CONTINUOUS PARAMETER

SHUICHI SATO

1. Introduction

We recall Egoroff’s theorem as follows.

Theorem 1.1. Let E ⊂ Rn be a Lebesgue measurable set such that µ(E) < ∞,
where µ denotes the Lebesgue measure. Let {fn}∞n=1 be a sequence of measurable
functions on E. Suppose that {fn(x)}∞n=1 is convergent for all x ∈ E. Let ϵ > 0.
Then there exists a subset F ⊂ E such that µ(E \F ) < ϵ and {fn}∞n=1 is uniformly
convergent on F .

Next, we state a continuous parameter version of Theorem 1.1.

Theorem 1.2. Let E be a measurable subset of Rn. Let µ(E) < ∞. Let fh,
0 < h ≤ 1, be continuous on E. Suppose that limh→0 fh(x) exists for all x ∈ E.
Let ϵ > 0. Then there exist a subset F of E and a continuous function f on F such
that µ(E \ F ) < ϵ and limh→0 fh(x) = f(x) uniformly on F .

See [1, p. 60] and [2, p. 7, p. 93] for Theorem 1.1 and Theorem 1.2, respectively.

2. Proof of Theorem 1.1

Define f(x) = limn→∞ fn(x), x ∈ E. For n, k,m ∈ Z ∩ [1,∞) let

En,k =

{
x ∈ E : |fn(x)− f(x)| < 1

k

}
, Fm,k =

∩
n≥m

En,k.

Then Fm,k ⊂ Fm+1,k and Fm,k → E as m → ∞. So we can find a positive integer
mk such that µ(E \ Fmk,k) < 2−kϵ. Let F = ∩∞

k=1Fmk,k. Then

µ(E \ F ) ≤
∞∑
k=1

µ(E \ Fmk,k) <
∞∑
k=1

2−kϵ = ϵ.

Now we prove that fn → f uniformly on F . For any τ > 0, take a positive integer
k0 with 1/k0 < τ . Let x ∈ F . Then x ∈ Fmk0

,k0 . So x ∈ ∩n≥mk0
En,k0 and hence if

n ≥ mk0 , we have |f(x)−fn(x)| < 1/k0 < τ . This implies the uniform convergence,
completing the proof.
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3. Proof of Theorem 1.2

Let {hn} be a sequence in (0, 1] such that hn → 0. By Theorem 1.1 there exists
a measurable set F0 in E such that µ(E \ F0) < ϵ and fhn → f uniformly on F0.
Since each fhn is continuous on F0, f is continuous on F0 as a limit function of
uniformly convergent continuous functions. Let

Eh,k =

{
x ∈ F0 : |fh(x)− f(x)| ≤ 1

k

}
.

Then Eh,k is a closed set in F0. For positive integers k,m, define

Fm,k =
∩

h∈(0,1/m)

Eh,k.

Then Fm,k is closed in F0 and Fm,k ⊂ Fm+1,k, Fm,k → F0 as m → ∞ for every
fixed k. For each k we chose mk so that µ(F0 \ Fmk,k) < 2−kϵ. Let

F =

∞∩
k=1

Fmk,k.

Then F is closed in F0 and

µ(F0 \ F ) ≤
∞∑
k=1

µ(F0 \ Fmk,k) <
∞∑
k=1

2−kϵ = ϵ.

Thus µ(E \ F ) ≤ µ(E \ F0) + µ(F0 \ F ) < 2ϵ.
To complete the proof of Theorem 1.2, we show that fh → f uniformly on F .

Given τ > 0, we take k0 ∈ Z∩ [1,∞) such that k−1
0 < τ . Let h ∈ (0,m−1

k0
). Then, if

x ∈ F , we have x ∈ Fmk0
,k0 , which implies that x ∈ Eh,k0 and so |fh(x)− f(x)| ≤

1/k0 < τ . Thus we have the uniform convergence claimed.
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