EGOROFF’S THEOREM FOR FAMILIES OF FUNCTIONS WITH
CONTINUOUS PARAMETER

SHUICHI SATO

1. INTRODUCTION

We recall Egoroft’s theorem as follows.

Theorem 1.1. Let E C R™ be a Lebesgue measurable set such that p(E) < oo,
where 1 denotes the Lebesgue measure. Let {f,}52 1 be a sequence of measurable
functions on E. Suppose that {fn(z)}32, is convergent for all x € E. Let € > 0.
Then there exists a subset F C E such that p(E\ F) < e and {f,}2, is uniformly
convergent on F.

Next, we state a continuous parameter version of Theorem 1.1.

Theorem 1.2. Let E be a measurable subset of R™. Let u(E) < oo. Let f,
0 < h <1, be continuous on E. Suppose that limy_o fr(x) exists for all x € E.
Let € > 0. Then there exist a subset F' of E and a continuous function f on F such
that p(E\ F') < € and limp_,o frn(x) = f(x) uniformly on F.

See [1, p. 60] and [2, p. 7, p. 93] for Theorem 1.1 and Theorem 1.2, respectively.

2. PROOF OF THEOREM 1.1
Define f(z) = limy, o0 fn(z), x € E. For n,k,m € ZN[1,00) let

1
Bui={o Bl 1@< 1o Fui= () Bun
n>m
Then F,  C Fipt1.x and Fyy, p — E as m — oo, So we can find a positive integer

my, such that p(E \ Fi,, k) < 2 ke, Let F = N4 Fn, k- Then

WENF) <Y B\ Fryp) <Y 2 Fe=e
k=1 k=1

Now we prove that f, — f uniformly on F. For any 7 > 0, take a positive integer
ko with 1/ko < 7. Let x € F. Then x € kaov’%' Sox € Nn>my, E, k, and hence if
n > my,, we have | f(x) — fn(z)| < 1/ko < 7. This implies the uniform convergence,
completing the proof.
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3. PROOF OF THEOREM 1.2

Let {hy,} be a sequence in (0, 1] such that h, — 0. By Theorem 1.1 there exists
a measurable set Iy in E such that u(E \ Fy) < € and fp, — f uniformly on Fp.
Since each fp, is continuous on Fy, f is continuous on Fy as a limit function of
uniformly convergent continuous functions. Let

1
Bn= {2 € Fo: o) - f@I < 1 }-
Then FEj i is a closed set in Fy. For positive integers k,m, define

Fo = ﬂ Ey .
he(0,1/m)
Then F, j is closed in Fy and Fy, x C Frg1,k, Frne = Fo as m — oo for every
fixed k. For each k we chose my, so that pu(Fp \ Fin, k) < 2 %e. Let

F =) Fun.x.
k=1

Then F is closed in Fjy and

W(EN\F) <D p(Fy \ Frnpp) < Y 27 Fe=e.
k=1 k=1
Thus (B \ F) < p(E\ Fy) + p(Fo \ F) < 2c.

To complete the proof of Theorem 1.2, we show that f, — f uniformly on F.
Given 7 > 0, we take ko € ZN[1,00) such that ky' < 7. Let h € (O,m,;ol). Then, if
x € F, we have x € Iy, k,, which implies that x € Ej k, and so |fn(z) — f(z)| <
1/ko < 7. Thus we have the uniform convergence claimed.
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