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81. Fourier series; 1 dimensional case.

Let

f(iB) ~ Z aneZﬂ'inw, a, = f(w)e—Zﬂ'inw da

n=—oo Q1

be the Fourier series for f € L'(Q;), Q: = (—1/2,1/2] and

TNf(iB) — Z ane27rina3

In|<N

the partial sum.



According to J. Arias-de-Reyna (2002), we define a space QA(Q,).

Definition.

f € QA(Qq)

<~
there exists a sequence { f;} of bounded functions such that

F=Y g N = Y+ togi)llflllog (=) < oo
j=1 !

=1

| flloa = inf N({f;}),

where the infimum is taken over all possible { f;}.

Then, the space QA is a subspace of L log L and is a logconvex quasi-Banach



space of N. J. Kalton (1981), where ' logconvex means

3Cc>0: > fi| < C) (+logj)llfilloa
71=1

oA j=1



space of N. J. Kalton (1981), where ' logconvex means

< C) (1+1logj)llfillea

=1

4C > 0:

> f
j=1

QA

Define T (f)(x) = supy |T~n(F)(x)|. Then:

Theorem A (J. Arias-de-Reyna, 2002). There exists a positive constant C' such
that

ITe(F) 1,00 = S;;ISAI{w € Q1 : Tu(f)(z) > A} < Clflloa;
consequently,

Jim In(f)(z) = f(x) a.e. for f € QA(Q).



It is known that L log L logloglog L is a proper subspace of QA. So, Theorem
A implies the following.

Theorem B (Antonov, 1996). If f € L log L logloglog L(Q1), then

Jim Tn(f)(x) = f(z) ae.



e For f € L?*(Q,), L. Carleson (1966) proved that Twf — f a.e.

e R. Hunt (1968) proved the restricted weak type estimates:

*  supxso Al{z € Qi : Tu(xa)(z) > A}YP < Cp*(p — 1)7HAIY?,

for 1 < p < oo, where x4 denotes the characteristic function of a set A C Q;.

e By % R. Hunt (1968) proved that Ty f — f a.e. for
f € L(log L)*(Qn).

e P. Sjolin (1968) proved that % can be used to prove that T f — f a.e. for
f € Llog L loglog L(Q1) (the Sjolin space).

e Applying % more efficiently, N. Yu. Antonov (1996) proved that T f — f
a.e. for f € Llog L logloglog L(Q;) (the Antonov space).



Llog Lloglog L C Llog L logloglog L
C LlogL C L(log L)< C L.

e S. V. Konyagin (2000) proved that there exists f € L(log L)%_'s such that
{T'~n f} diverges almost everywhere.



| would like to talk about analogues of Theorem A for

(1) the Cesaro means of the critical order 1/2 for spherical
harmonics expansions of functions on the unit sphere of R?;

(2) the Bochner-Riesz means of order (d—1)/2 for multiple Fourier
series of periodic functions on R¢, d > 2.



82. Bochner-Riesz means of multiple Fourier series.

Qa = {x ERd:—1/2<wi§ 1/2,2=1,2,...,d}, « = (x1,...,2%a),

is the fundamental cube in the d-dimensional Euclidean space R“. For
f € L'(Qg) we consider the Fourier series

f(x) ~ Zane%i(n’m), n = (ny,na,...,ng) € 2%,

(n,x) = nixy + -+ - + ngxa,

a, = / f(z)e ™™™ g, dx = dz;...dzq.
Qd

The Bochner-Riesz means of order § of the series are defined by

)
2
Ti(f) (@) = Y <1— '”') 4ne® D | = (0 4 - o 4 nd)2,

2
In|<R R



Definition (Arias-de-Reyna).

f € QA(Qa)

<~
there exists a sequence { f;} of bounded functions such that

ell filloo

F=3 i NAHD =S (1 +log )l fl: log (
2 2 17511,

| flloa = inf N({f;}),

where the infimum is taken over all possible { f;}.

The space QA is a logconvex quasi-Banach space and

L log Llogloglog L C QA C Llog L.

) <o
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T2 (f)(x) = suprso | Ta(F)(x)]. o = (d—1)/2 (the critical index).
Theorem 1. 3C > 0 such that
1T (F)l1,00 = S;;lgkl{w € Qa: T, (f)(x) > A} < Cllflloas

consequently,

lim TE(f)(@) = f(z) ae. for f € QA(Qa).

Since L log L logloglog L C QA, Theorem 1 implies

Theorem 2. If f € L log L logloglog L(Q4), then

lim T (f)(x) = f(x) a.e.

R—o0
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The convergence a.e. for f € L log L loglog L(Qg4) was proved by G. Sunouchi
(1985).
To prove Theorem 1 we use the following estimates:

Lemma 1. Let 1 < p < 2. Then, there exists a constant C' independent of p
such that

sup Al{ € Qa: T (f)(=) > AHYP < ¢ — 1) I Fllp

Lemma 1 was proved by G. Sunouchi (1985). G. Sunouchi efficiently applied
the analytic interpolation of Sagher (1969) on the Lorentz spaces L?’? to the the
following two estimates (the Sunouchi procedure):

12



Lemma 2 (E. M. Stein, 1958). Suppose f € L'(Qq) and o > «. Then

1T (Plleo < Ave™ (@ — )M fll, 8=0+im,0,7 ER,
where A, remains bounded as o — .

Lemma 3 (E. M. Stein, 1958). Suppose that f € L?(Qg). Then

NT2(F)ll2 < Ave™ || fll2, o > 0.

A, is bounded on any compact subset of (0, co).

® Theorem 1 can be proved by applying Lemma 1 in the same way as
Theorem A by the estimate of Hunt. In fact, the proof is more straightforward,
since Lemma 1 is not the restricted estimate.
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83. Cesaro means of spherical harmonics expansions.

We have analogous results for the Cesaro means of spherical harmonics
expansions.
Hy:  the space of the spherical harmonics of degree k on X,
g ={x € R*!: |x| =1}: the unit sphere in R4,
We recall that the space I, consists of the restrictions to X; of harmonic
homogeneous polynomials of degree k.
Let

Hif (z) = / Z® (y) £ (v) du(y),

where du is the Lebesgue surface measure on X, normalized as |X4| = p(Xq) =
1, and Zg“) € JHy is the zonal harmonic of degree k with pole x € 3;:

( 2k 1) I'(d/2)I'(d+ k — 1)P<<d—2>/2,(d—2)/2)

(k) . \ _
Z, ' (y) = d—1 I'(d —1)I'(k + d/2) "

((z,y))

2k _
= (5 1) P (G ).
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Here P,ga’ﬂ) is the Jacobi polynomial and P,y‘) is the Gegenbauer polynomial
defined by (1 — 2tr + )™ = Y22, P,y‘)(t)rk. We consider the spherical
harmonics expansion

f~)> Hpf
k=0
and the Cesaro means of order é defined by

1 5 .
Sﬁf:FZkZOA;lkaf, n=01,2,..., 6=o+ir,

where

U r(k4+ 1S +1)

Let S, (f)(2) = sup,5o |Sp(f)(@)].
We define the space QA(X;) analogously to QA(Qg4).
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Theorem 3. There exists a positive constant C such that

sup Al{z € 2 ; S2(F)(2) > A} < C|Iflloa

for f € QA(X2), which implies

lim SY2(f)(xz) = f(x) a.e. for f € QA(E,).

n—>00

Theorem 3 implies the following result as Theorem 1 implies Theorem 2.

Theorem 4. If f € L log L logloglog L(X2), then

nll_)n;o Sql,b/zf(a:) = f(x) a.e.
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The convergence a.e. of {S}z/zf} for f € LP(X3), p > 1, can be found in
A. Bonami and J.-L. Clerc (1973).

The proof of Theorem 3 is similar to that of Theorem 1, if we have the
following estimates:

Lemma 4. Let 1 < p < 2. Then, we have

sup Al{z € 3 ; SIA(f) () > AP < e — D7 IFp

for a positive constant C' independent of p.
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To prove Lemma 4 we need the following two results.

Lemma 5. Suppose that f € Ll(Ez) and o < o < 1, where o = 1/2. Then

o Bt2 —1 .
1S (1,0 £ Ace™ (o0 —a) 7| fll1, 6 =0+ 1iT.
The constant A, remains bounded as o — <.

When § is real, Lemma 5 is known for all d (A. Bonami and J.-L. Clerc,1973,
L. Colzani, M. H. Taibleson and G. Weiss, 1984).

Lemma 6 (A. Bonami-J.-L. Clerc, 1973). Suppose that f € L*(X;). Then

6 Ba"'l'2
IS (H)llz < Ase™ " || fllz, o > 0.
A, and B, are bounded on any compact subinterval of (0, co).

Using Lemmas 5 and 6, we can prove Lemma 4 by analytic interpolation of
Sagher (1969) and the Sunouchi procedure (1985).
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84. Proof of Theorem 1. We assume d > 2.

Lemma 7. If f € L°°(Qga), then

1T (F) 1100 < CllF 11 log (M> .

£ 111

Proof. By homogeneity we may assume that || f||coc = 1. For A > 0, let

— inf A" P(p — 1) P.
m() 1éﬂgz>‘ (p )

Then, Then, observing that || f|[5 < [[f||1, by Lemma 1:

supyso AP[{z € Qa: T, (f)(x) > A} < C(p — D)7 FI5>

we have

[{z € Qa: T,)(f)(x) > A} < Cmin (1, m(N)|fll1) -

19



This will imply the conclusion, since

1
m(A) S X 108

(

2—|—1
A

)
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When d = 1, by the estimate of Hunt we first prove
Lemma 8. Let C E C Q. Then

e
1T (x8) 100 < C|E| log (—) .
E

To prove the estimate of Lemma 7 for general bounded functions f, we may
assume that f > 0. If f = Axg, A > 0, E C Q;, then Lemma 8 implies the
conclusion of Lemma 7.

The transition from Axg to a general f can be carried out by the idea of
Antonov (1996).

Let
TM(f) = sup |Tn (F)]-
N<M

Let E C Q; be such that |E|||f|loc = || f||:. Then Lemma 8 implies

elllc)

1T (1 £llooxs) .o < ClIFll1 log (
171
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Therefore

T (F)lloo S [T E = Ifllooxm)|  + ITM (1S lloox8) 1,00

b

< | TM(F = Ifllooxr)

A ITM (U llooxm) 1,00

. ellf Il
<z = nsllexo], + Igtos (£

By the idea of Antonov (1996), we have

infg ||, (f — | flloxp)|]|, =0, VM >0

where the infimum is taken over all E satisfying |E||| f||lcoc = || f||1- Therefore

T (Pl 5 o (7).
172 () llseo < 171108 (=50

The monotone convergence theorem implies ||T.(f)||1,00 S || f]l110g <e”f”°°>.
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Proof of Theorem 1.

Suppose f € QA(Qq) and

f=fi N{HY =D (1 +log)llf;ll: log (%> =
i=1 J

J=1

Since L*° is a logconvex quasi-Banach space (N. J. Kalton, 1981), by Lemma 8
we have

1T (P oo < C ) (1 +log )T (F) 1,00

71=1
< C> (1 + log )1 £l log (%>
pa 17511
— CN({#})-

Taking the infimum we get the conclusion: ||T.(f)||l1,00 < C|| flloa-
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85. Proof of Lemma 5 .
Lemma 4. Let 1 < p < 2. Then, we have

sup Al{z € 3 ; SIA(f) () > AP < e — D7 Ifp

for a positive constant C' independent of p.

Lemma 5. Suppose that f € Ll(Ez) and o < o < 1, where o = 1/2. Then

0 Bt?2 —1 _ .
1Sx (1,00 < Ace™ (0 — ) [ fll1, 0 =0+ iT.

The constant A, remains bounded as o — <.
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Let

S,ff’)‘)(cos v) = (A,(rf))_1 Z Aglk2(k + A)P,y‘)(cos v),
k=0
where

0<A<K1l], o0Lv<m 0<<oc<1l, é=o0+1T.
Then, S!%Y/?((x, y)) is the kernel of the operator S°:

Sf(@) = [ SV (@, v)F(y) duly).

3o
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Let

(8,) Asin(dw) [t T2
zn’ (’U) — / du,
™ o (1 —u)%(1 — 2ucosv + u2) 1!
9OV () = P (—il(n+ X+ (6 +1)/2)v — (A + 8 + 1)w/2])sin(Aw)
" N (2 sin v)* (2 sin(v/2))+! -
1 u—)\(l _ u)n+6+2)\
X du,

o (1 — ur(v/2)5 (1 — ur(v)>

exp(t[(n+A+(0+1)/2)v — (A+ 8+ 1)m/2])sin(Ar)
(2 sin v)* (2 sin(v /2))o+1 7

3(6,>‘) ('U) =

1 u—)\(l _ u)n+5+2)\

X 0o (1 —ur(—v/2))%+(1 — ur(—v))> du,

where 7(v) = (1 + i cot v) /2.

26



Then, by E. Kogbetliantz (1924) it follows that

1
SA SN (cos ) = (n+ NIV (0) = (64+1)3,77Y (0) +ig Y (0) +i Y (v)
+ (n 4+ A)IPV (v) — (8 + )T (v)

We also need the following result.

Lemma 9 (R. Askey and I. I. Hirschiman, 1963). Let o0 > —1, 7 € R. Then

. . 2
(AT > 14 AT < e A

where

c(o) = % Y (e + k).
k=1

27



Let (x,y) = cosv, ¢,y € Xs. Then

SO (@, )]

{ CeP” (n+ 1) ((n+ 1) 4 o —y) 71 if (z,y) >0,

<
CeBT (n+ D ((n+ 1) + [z +y)) 1 if (2, y) < 0.

Since Sy f () = [5, SOY? (2, y)) f(y) dp(y), we see that

1

S2A)(@) < Age™ (o= 1) (Mf(@)+ Mf(—e), 8=o+ir

where
Mf(@) = sup|B(z,m)| ™ | |£(v)| duw),
r>0 B(x,r)
where B(z,r) = {y € 32 : |y — z| < r}, ¢ € X.

28



By the L' — L"*° boundedness of the maximal operator M we get the conclusion
of Lemma b5:

0 Bt?2 —1 L .
1S:(P)ll1,00 < Ace™ (o — ) “|[fll1, 6 =0+

29



85. Proof of Lemma 4. Recall

Lemma 4. Let 1 < p < 2. Then, we have

sup A {@ € ¥ SI2(f) (=) > AHNYP < Cp — 1) Fllp

for a positive constant C' independent of p.
Let 1 < p < 2,
1/ p=(1-6)/2+ 0, a=(1—0)c+ 0b,
where
c=a—(1/2)(1/p —1/2), b=a+(1/2)(1 — 1/p), oa=1/2.
We note that

6 =2(1/p—1/2), 1/4 < ¢ < o, a<b< 3/4.

30



Define
T.f = S.¥f, 6(z)=1—2)c+2b, z=0c+ir, 0< o <1.
Here Sg is a linear operator approximating Sf defined by
So f(®) = Sy () F (),

where n(x) is a suitable non-negative mapping from 3, to Z,, so that {T.} is
an admissible analytic family of linear operators.
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Re §

=~ o

N

%

(1, b)

~—O(p—1)

= O

V=
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We apply the analytic interpolation theorem on the Lorentz spaces L7 due
to Sagher (1969). Recall

Lemma 5. Suppose that f € Ll(Ez) and o < o < 1, where o = 1/2. Then

o Br2 —1 .
IS (F)ll1,00 £ Age™" (0 — ) || fll1, 6 =0+ 1T
The constant A, remains bounded as o — «.

Lemma 6. Suppose that f € L*(X;). Then

o .BUT2
IS (H)ll2 < Age | Ffllz, o > 0.

A, and B, are bounded on any compact subinterval of (0, co).

Lemma 6 implies
LT 072 ; 4
1S5 Fllz2 = I Tir Fllze < Ac®T (| Fll22s  8(i7) = e +i7(b — o).
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By Lemma 5 we have

o T _ 7.2
1500 fll1 00 = [|Titir Flln0 < As(p — 1) || £l

6(1+27) =b+i7(b— c).

Interpolating between these estimates, we get

150 Fllpp = 1 Tofllppr < Aol fllp,ps

where

Ag<Cpp—-1)’<CrEP-1""
Therefore
1S5 Fllpoo < ClISG Fllppr < Clp — 1) | Fllps

which implies Lemma 4.
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