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We consider two kinds of convolution on R":
e convolution associated with Euclidean space structure
e convolution associated with homogeneous group structure.



® Convolution associated with homogeneous group structure.

Singular integrals on a homogeneous group:

T(f)(x)

pov. /f(y)L(y_lw) dy

= 1i L(y ‘z)d
i [ @)L ) dy,

with rough kernels:
L(z) = h(r(z))K(x),
K is homogeneous of degree —~ with respect to dilations A;, t > 0,

K(Awx) =t "K(x), t>0, x#O0,

Ataj = (talajl, tazwz, oo ey ta“a:n), £r = (3319 o0 0y wn)v

0<a;<ay<L---<ap, v=ai+--+an.



Also, we consider a maximal singular integral

T.f(x) = sup
N,e>0

/ Fy)L(y @) dy| .
e<r(y_1:13)<N

We prove LP and weighted L? boundedness of T' and T, under a sharp condition
for the kernel



e Convolution associated with Euclidean space structure.

Let {A:}i>0, A: = tF = exp((log t)P), be a dilation group on R™, where P is
an n X mn real matrix whose eigenvalues have positive real parts.

Define
T(f)(x) = p-v. /f(y)K(w — y) dy,

where K is homogeneous of degree —~, v = trace P, with respect to dilations
A:. We prove weak type (1, 1) estimates for 71" on R? under the L log L condition

on the kernel.
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§1. R™ as a homogeneous group.

R™: the n dimensional Euclidean space, n > 2.
We regard R™ as a homogeneous group:

e multiplication is given by a polynomial mapping;
e 3{A;}:>o: a dilation family on R" such that

. a a an
A = (t 1z, txs, ..., t7 " x,),

= (T1,...,2p)and 0 < a; < az < - < ay,
A is an automorphism of the group structure;
® Lebesgue measure is a bi-invariant Haar measure;

e the identity is the origin 0, ™! = —.

We also write R™ = H.



Multiplication xy satisfies
(1) (ux)(vx)= ux+vx, ¢ € H, u,v € R;

(2)

Ai(zy) = (Ax)(Ary), ©,y € H, t > 0;

(3) ifz=w=y, z=(z1,...,2n), then 2z, = Py(x,y),
Pi(x,y) = 1 + y1,
Pk(wa y) = T + Yk + Rk(wa y) for k Z 2,

where Ry(x,y) is a polynomial of degree greater than 1 depending only on
LlgeeoeoogLk—-19Y1geeoesYp—1-



|z|: the Euclidean norm for x € R",

r(x): a norm function satisfying r(Aix) = tr(x), Vt > 0, Ve € R";
(1) = is continuous on R™ and smooth in R" \ {0};

(2) 7(z+y) < Co(r(z) + r(y)), r(zy) < Co(r(z) + 7(v))
for some Cy > 1;

3) r(z7') =r(x)

(4) IfX = {x € R": r(x) = 1}, then & = S™ 1,
where S" ! = {& € R" : || = 1};

(5) e, c2,c34 Cqy Ay 2, B1, B2 > 0 such that

aile® < r(@) < ealal*? if r(z) > 1,

cslz|Pt < r(x) < cq|x|?? if r(x) < 1.



e The space H with a left invariant quasi-metric d(x,y) = r(x 'y) is a space
of homogeneous type.

eletv=a;+ -+ an. Then, de = t"~! dS dt, that is,

o f(x)dx = /OOO/ZJ-‘(AtH)t“"1 dS(0) dt

where dS = w dSy, w is a positive C°® function on X and dS, is the Lebesgue
surface measure on 3.
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Convolution
fxg(x)= /Rn f(y)g(y =) dy

(f*g)*h=7F=*(g=*h)
(fxg) =g=f if f(z)=f(=z").

Euclidean convolution

F*xg(x) = /Rn F(y)g(xz — y) dy.
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An example. Heisenberg group H;.
(iB, Y, u)(w,a yla u,) — (CB + wla Yy + yla u + u’ + (:By, — yw,)/2)a
(iB, Y, u)a (wla y,a u,) c R3a
then R® with this group law is the Heisenberg group Hj; a dilation is defined by

A(e,y,u) = (tz, ty, tzfu,),

and a norm function is

1
r(ay Yy u) = EV V(@ T g9 § 4 £ 22 + 2.

Also, we can adopt
Az, y,u) = (tz, t'y, t'u).
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82. Results for L? estimates for T and T..

Definition.
@ FF € Llog L(X) (Zygmund class)

<

/2 |F ()| log(2 + | F()]) dS(x) < oo.

1/q
o FeL'(®) <= IFl,= (/] FI"as)
by

< oo.
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Definition d; = {h on R, : ||h||lq4, < oo},

oJ+1
Ihlla, =sup | [ Ih(e)|" dt/t
jez \ J2I
Z : the set of integers, R, = {t € R:t > 0};
dooc = L (Ry).

.S>t_—_}>dSCdt.

1/s

9
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Put for t € (0,1], O

2R
w(h,t) = sup / Ih(r — s) — h(r)| dr/r,
1s|<tR/2 JR

where the supremum is taken over all s and R such that |s| < tR/2.

Definition. For 17 > 0, let A” denote the family of functions h such that

lhllan = sup t "w(hyt) < oo
te(O,l]

Define a space A7 = d; N A" and set

IRllsn = [IR]las + ||R]|an for h € A,

L Agl C A'ZZ if 72 S M1, Agl C Ag2 if S9 S S1.
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Definition. Let A denote the collection of functions h on R, such that

for some functions h, € A
numbers satisfying

sup || hrll
k>1

h = i akhk
k=1

1/(k+1)

111k and a sequence {ai} of non-negative real

A1/(Ic-|-1) < oo, Z kak < oo.
1+1/k k=1
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Let ©2 be locally integrable in R"™ \ {0} and homogeneous of degree 0 with
respect to the dilation group { A:}, that is,

Q(Aix) = Q(x) forx #0,t > 0.
We assume that
/n(e) dS(6) = o.
Let -
K(x) = Q(x')r(x) "7, x = A, (z—12 for x F# 0,
where v = ay + -+ + a,. Then K is a locally integrable function on R™ \ {0}

and
K(Aix) =t "K(x)

forallt > 0and x € R" \ {0}.
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Let
Tf(z) = p-v.f * L(x) = p.v. / f) Ly ) dy,

where L(x) = h(r(x))K(x), h € d;.

Theorem 1. Let s > 1. Suppose that 2 € L°(X) and h € AZ/SI for some
fixed positive number 7. Then, if 1 < p < oo,

IT£llp < Cps(s = )T IR /o206l £1lps

where the constant C), is independent of s, {2 and h.

Extrapolation of Yano using Theorem 1 implies the following result.

Theorem 2. Suppose that h € A and 2 € Llog L(X). Then, T is bounded
on LP(R™) for all p € (1, co).

When h = 1, this is due to T. Tao 1999.
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Recall

T.f(x) = sup

/ FWIy ) dy -
N,e>0 |Je<r(y—la)<N

Theorem 3. Let s > 1. Suppose that 2 € L°(X) and h € Ag/s, for some
fixed positive number 7. Then we have

ITfllp < Cps(s = 7RI /o 12011 £l

for all p € (1, o), where C,, is independent of s, h and €.

Extrapolation of Yano using Theorem 3 implies the following result.

Theorem 4. Suppose that Q2 € Llog L(X) and h € A. Then,

T, : L°(R") — LP(R"), Vp € (1, c0).
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When h = 1, Theorem 2 can be proved by interpolation between L? estimates
and weak (1, 1) estimates given by Tao 1999.

For T, with 2 € L log L, weak (1,1) boundedness is yet to be proved even
in the case when h = 1.
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Let {A;:}i>0, A = t¥ = exp((log t)P), be a dilation group on R", where
P is an n X m real matrix whose eigenvalues have positive real parts. Let K
be a locally integrable function on R™ \ {0} such that K(A;z) = t" " K (),
~ = trace P, for all t > 0 and € R" \ {0}. Let ©2 be locally integrable in
R™ \ {0} and homogeneous of degree 0 with respect to the dilation group {A.,},

that is,

Q(Aix) = Q(x) forx #0,t >0

We assume that

K(x) = Q(x)r(x) "7, x = A, (z—12 for x F# 0,

/ Q(0) dS(6) = 0.
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Let L(x) = h(r(x))K (x). If we define

Tf@)=p-v. [ F@)L—y)dy.

using Euclidean convolution, then we can apply a method of Duoandikoetxea and
Rubio de Francia via Fourier transform estimates to prove the following:

Theorem A. Suppose 2 € L log L(X) and

9J+1
sup [ |(r)| (tog(2 + [R(r)]))* dr/r < oo

JEZ J2J

for some a > 2. Then T is bounded on LP(R™) for all p € (1, co).
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Theorem B (Y. Chen, Y. Ding and D. Fan 2008). Let

a a an

where € = (z1,...,zp) and 0 < a; < a; < :-+ < a,. Suppose that h =1
and Q € H'(X). Then T is bounded on L?(R™) for all p € (1, co).
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83. Results for weighted L? estimates for T' and T.

Definition.

e B = B(a, s) is called a ball in H with center a and radius s

<
B={x€H:ra 'z) < s}
for a € H and s > 0.

o w€E Ay, 1 < p < oo (Muckenhoupt class on H)
<~

—1

aup (1817 [ wi@)da) (1B [ w(e)™*Vds) < co.

24



oeweEA < Mw<Cw ae

where M denotes the Hardy-Littlewood maximal operator

M (@) = sup |BI™ [ |£(y)] dv.
rEB B
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Theorem 5. Let g > 1. Suppose that
Q € LYY, h € A] for some n > 0.
Let 1 < p < oo. Then,

(1) T and T, are bounded on LP(w) if ¢ < p < oo and w € A
q =q/(q — 1);

2)ifl<p<qgand w € A/, , T and T, are bounded on LP(w'~P).
= p'/q

p/q’

In the Euclidean convolution case, where Fourier transform estimates are
available, this was proved independently by

J. Duoandikoetxea, 1993,

D. Watson, 1990.
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§4. A basic L? estimate.
Let ¢; € C;°(R), j € Z, be such that
supp(v;) C {t ER: 27 <t < 27}, 4, >0,
D api(t) =1 fort #0,

i€
[(d/dt)™(t)]| < em|t]”™™ form =0,1,2,....
Let

S;L(x) = (log2) 'h(r(x)) /Ooo P;(t)6:.Ko(x) dt/t, 6,Ko(x) =t "Ko(A; x),

Ko(x) = K(z)xpy(x), Do={xz € R":1< r(x) < 2}.
Then
Y S;L =L, Tf=)> f=xS;L.

JEL JEZ
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¢: a C function, supp(¢) C B(0,1) \ B(0,1/2), [ ¢ =1,
(x) = (@), p(w) > 0 Va € B, where d(z) = d(xY).
Define

Ap = 0,k—1¢9p — 0k, k € Z,
where

5:p(z) =t (A, @),
Lemmal. Lets > 1, h € A"® , Q € L*(Z). Then,

—elk|/s’
If * SiL * Apijllz < C27 V=R, 01920160 £l

If h = 1 and s = oo, this was proved by T. Tao 1999.
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85. Sketch of proof for L? estimates of T'.

Sketch of proof for

Theorem 1.
1T Fllp < CslliBll s 12| £l

Theory of Duoandikoetxea and Rubio de Francia (1986):

e Orthogonality arguments for L? estimates via
Fourier transform estimates and Plancherel’s theorem

e Littlewood-Paley theory
@ Interpolation arguments
Our strategy is:

to employ a version of theory of Duoandikoetxea and Rubio de Francia adapted
for the present situation;

replace use of Fourier transform estimates with Lemma 1 and apply Cotlar’s
lemma.

29



Littlewood-Paley inequalities.

Recall
¢: a C* function, supp(¢) C B(0,1) \ B(0,1/2), [ ¢ =1,
p(z) = d(z), p(x) > 0 Yz € R, where ¢(z) = ¢p(z™"),

Ag = 0,k—1¢ — 0,60, k € Z,
where
Sip(x) =t (A ).
Then Ay = Ay,

>k A =0

where 9§ is the delta function.
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Lemma 2.

Let w € Ay, 1 < p < oco. Then

1/2
S C’p,'w (Z |fk|2>
k

D Frox Ay
K

LP(w) LP(w)

1/2
(Z | f = Alc|2> < Copwll FllLew)-
k

LP(w)

9

31



Decompose

TfZZf*SjLZ Z Uk, ko f5

JEZL k:l,k‘,2€Z

where

Ukl’sz = Z f % Akl-{-j * Vj * Ak2+j, V; = SjL.
J

Lemma 3. Letl < p < oo.

—e(lk k sl
Uk n f llp < CA27WFalHIR2D7ST) £

for some € > 0, where A = ”h”An/s’”QHS’ C = C(p, s).
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Lemma 3 implies

kq,ko kq,ko

—e(lk k s’
ITFllp < D Uk ip Fllp < CA D 2mcWFaltkD/sn ¢

S CsAllf”p

To prove Lemma 3 we need

Lemma 4.

—€ 8,
Uk, ki, Fllz < €27 <UFtlHR2D/S A 211

for some € > 0.
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Proof of Lemma 4. Let

ij = f * Akl—i—j * Vj * Ak2+j, V; = SjL.

Then
Uy ko f = > S;f-
J
We prove
* —2e€ s'—6li—4'

(1) 1SiS5fll < a7 b/ Zamolm A% 1),
and , ..y

(2) 11558 fll2 < c272kltikal/sa=0l=7l A% £|,,
where

S;'.‘,f = fox Apypjr * Ujr * Dy s, vir(x) = Vj/(iB_l).

Then, Lemma 4 follows from the Cotlar-Knapp-Stein lemma.
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Proof of (2).
By Lemma 1 and ||Ag,4j * Ap, il < C’Z_‘slj_jll.

Hf* ( Akt * v ) * ((Aryrj ¥ By ) * (Djrx Dy i)

—€ S,
< C2 k1l/s" 4 Hf * (Apptj * Vj) * (Apgpj * Apyyjr)

2

< Co—elk1l/s 5—81i—i'| 4 [f * (Akytj * v5)],

< 02—2€|k1|/3'2—5|3'—j'|A2 71l -

2

35



Also,

Hf*Alirj* (v *x Apyyj ) * (Ak2+j/*13j/) * Ap 4
2

S C2_e|k2|/S,A Hf k Akl-{—j k (Vj k Ak2+j)H2

< c27kl/s 22 1),

Taking the geometric mean we have

Hf * Apytj * Vj ok Dpypj * Dy i % Ujr % Dy s ,

/ / . ./
< C 2 €lk1l/s" g—¢elka|/s 5—0]j—] |/2A2||f||2.

Similarly, we can prove (1).
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Proof of Lemma 3.

Let

My f(x) = sup | f * [S;L(x)|].

J

Lemma 5.
IMLfllp < CsAlfllps

where A = [l /e[l

By duality we may assume 1 < p < 2. Let

for p > 1,

1/p=(1—06)/r+6/2, 6¢c(0,1), =€(1,2),

1/» —1/2 =1/(2u),

u > 1.
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Lemma 5 with p = u implies the vector valued inequality

(Clgexm)”| <cal(Sla)

From this and the Littlewood-Paley theory (Lemma 2)

1/2

’ Ve = SkL.

||Uk1,k2f||r = Z f 3k Ak1_|_j 3k l/j * Ak2_|_j ’ I/j = SJ’L,
J r
1/2
S C[ D IF * Agygy *v5)°
J r
1/2
<

CA || D IF * Agyisl”
J

< CA| | fllr-
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Interpolating between this and the estimate in Lemma 4
(1Uky ey fll2 < C27 W1l 102D/ 4 £]]),

—el(|k k s,
Uy o Fllp < €27 0WRLIHIRD/CS) o) £

sincel/p=(1—0)/r+6/2.
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Sketch of proof of Theorem 1.

Let p > 2. Let ¢; € C;°(R), j € Z, be such that

supp(¢;) C{t €R: p’ <t < p'™*}, 4; >0,
> api(t) =1 fort # 0,

JEL

(d/dt)™p;(t)| < emlt|™ form =0,1,2,...,

where c,, is independent of p. Let

S;L(z) = (log 2) " ‘h(r(x)) /Ooo ¥;(t)8: Ko(x) dt/t.
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Then
Y S;L =L, Tf=)> fxS;L.

JEZL JEL

We choose p = 23, . Then, repeat the proof of Theorem 1’ and check the

constants carefully.
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§6. Weak type (1.1) estimates on R”.

Let
Tf(@) = pv. [ fWK(@ - ) dy,
K(x) = Q(z)r(x) 7, x = A, (-1 for z # 0.

Theorem C (A. Seeger 1996).

Suppose that A;x = tx and () = ||, c € R", n > 2, Q € Llog L(X).
Then, the operator T is of weak type (1, 1), i.e.,

C
{ITf| > A} < ;Ilflll, A > 0.
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Theorem D (T. Tao 1999).

Let
AtiB = (talazl, tazwz, e ooy tanwn),

where ¢ = (z1,...,zn) and 0 < a; < az < -+ < ap,.

Suppose that 2 € L log L(X). Then T is of weak type (1,1).

In fact, T. Tao proved the weak type (1, 1) boundedness for singular integrals on

general homogeneous groups.
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Let A; = t¥ = exp((logt)P), where P is an arbitrary n X 1 real matrix
whose eigenvalues have positive real parts.
Let K be a locally integrable function on R™ \ {0} satisfying

K(Aw) =t "K(xz) forallt>0andx € R"\ {0};

/ K(xz)dx =0 for all a, b with a < b,
a<lr(xz)<b

where v = trace P, r(x) is a norm function for A;. We can define €2, ¥ and
L log L(X) similarly to the case where A, is diagonal.

Theorem 6.

Suppose that n = 2 and 2 € L log L(X). Then, the operator T is of weak type
(1,1).
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There exists a non-singular real matrix Q such that Q 'PQ is one of the

following Jordan canonical forms:
a 0 a 0 o
ne (5 8) me(5 2) me( 5 2),

where ¢, 3 > 0. So, we have three kinds of dilations

( t* 0 ) ta< 1 0 ) ta( cos(Blogt) sin(Blogt) )
o t° )’ ’ —sin(Blogt) cos(Blogt) )

The case where P = P, is handled by Theorem D. We have to consider the cases

P=P2andP=P3.
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A proof of Theorem 6 follows closely the methods of T. Tao, as the Fourier
transform is not readily available in this context. But we need some new estimates
and arguments which do not occur in the work of T. Tao. To handle the
case P = P3, we apply a trick that may have difficulty in extending to higher
dimensions.
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