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§1. Introduction. Let

1/2

uN@ = ([ 1F@+0+Pa—1) - 2Fr@PY)

F(z) = /0 " fy) dy,

be the function of Marcinkiewicz. If 1 < p < oo,

(e = [ fllee,  f € 8(R),

where S(R™) is the Schwartz class of rapidly decreasing
smooth functions on R".



Let

P(xz,t) = Py(x) = cy, L _I((n+1)/2)

(j]2 + 82) (072 T T T i)/
be the Poisson kernel on the upper half space

]R"_t"'l = R"™ X (0,00),

u(x,t) = Py x f(x) = /j?(ﬁ)e_z’”';l&l¢f32""’:<""’£> d§.

f(f) — .f(513)“3_2‘“”’:(%’£> de, (x,§) = Z L&k,
k=1

R’n’



€r = (ml,...,wn), € — (€17°°°7€n)- Then

Au(x,t) = 0,

A=08+) 82, 08 =0/8;, 08;=0/0,
j=1

Let

Q@) = — [ 2nlgle "It 0) ag = [DyPy(@)ss,

Qi(x) = /]Ran 2mig ;e 2T IEl 2T H®E) g — 9, P (x).



Define the Littlewood-Paley functions

so@ = ([~ 1@en s )",
0, (D@ = ([T 1@ s@r )"
where Qi(x) =t~ "Q(x/t). Then

1/2

go(f)(z) = (/Oootlaou(a:,t)|2dt> :



ga,(f)(z) = ( / °°t|aju<w,t>|2dt)l/2,

and for 1 < p < o©

lgo(F)llp = | fllps 90 = g0,

n
lgillp = 1fllpy 91= gq;
j=1

Define the Riesz potential operator I, by

I.(f) (&) = (2m|¢))~>F (&),




Io(f)(x) = Lo * f(x), La(x) = Colx|*™™.

Theorem 1. (Hardy-Littlewood-Sobolev)
letl <p<oo,0<a<n/p,1/p—1/q = a/n. Then

Ha(f)llqg < Cl[f]lp-

Let

dy >1/2
|y|n—|—2a )

Da(N@) = ([ 1alP)(@ +9) — La(N@)



Theorem 2. Let 0 < o < 1 and py = 2n/(n + 2a).
Suppose that po > 1. Then

(1) (E. M. Stein, 1961) D, is bounded on LP(R™) if
Po < p < O0;

(2) (C. Fefferman, 1970) D, is of weak type (po,po) :

Z‘;I;ﬁpo {z € R™ : Do(f)(z) > B} < C|| fllpe-

Theorem 3. Let f € S(R™) (the Schwartz space). Then

9o(f)(x) < CoaDo(f)(x), 0< a < 1.



Theorem 4. Let 0 < a < 1, pg = 2n/(n + 2a) and
po > 1. Then, if 1 < p < py, D, is not bounded on LP.

Theorem 5. (D. Waterman, 1959) Let f € S(R). Then

91(f)(z) < Cu(f)(z).



§2. L? boundedness of D,,.

By the Plancherel theorem

D)
= [ i ([ M@+ v - L@ de) d

B /|y|_” - </ ‘(27r|€|)_“f(£) (ezﬂi<y,£> _ 1) 2 ) p

= @m)* (1@ ( [ [eme) —af iy ) de,
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where ¢’ = |£|71£. We have

/Iylﬁl

< / am?|y|?ly| " **dy < oo since a < 1,
ly|<1

e27ri(y,§’) 1 2 |y|—n—2a dy

/IyI21

e2™Hy:€") _ 1‘2 ly| ™" dy

< / 4|y|~"**dy < co for a > 0.
ly[=1
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Therefore

ID(H)]Z < C|If112 = C|IflIZ
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83. Proof of Theorem 3.

Let

Uqs(x,t) = Pyx Io(f)(x)

= [ f(©)(2mle)~eErueleinie gg.
Then

OUa(w,t) = [ F()(2mle)~r2em2melenited) g,

13



where 9y = 9/0;, and

)

& @)

Uy (x,t + 5)s™ ¥ ds

[ F @ @nlgnemitlenie g [~ emesmas
0

—I'(1 — a)Fpu(x, t);
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Using this,

([T 1@ex (@) %)/ = (| dowe, P ar) .

-~ > 1/2
=T(1—a)™* (/0 t dt)
=T(l—a) (/Ooot 2dt>1/2

15

/ Uy (x,t + 5)s™ ¥ ds
0

/ 07Uy (x, 8)(s — t) ™ ds
t




SO SO 8
= C, (/ / t1/2X[1,oo) (‘) s — ¢
0 0 t

) 0 1/2 .
O2U () 5) ds| dt) (Co = T(1 — o)1)

([

< C, /100(8 —1)=e

/O t3/2_aX[1,oo) (S) |S . 1|—a

) . 1/2
OyUq(z, st) ds‘ dt)

1/2

(/ $2(3/2—) ‘8§Ua(m, .st)‘2 dt) ds
0
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— Ca /OO(S . 1)—(18—(3/2—(1)—1/2
1

1/2

( / 3724 | 92U o (w, t)|” dt) ds
0

= C, (/100(3 —1)" g7t ds>

oo ) 1/2
(/ 372 |9iUq (2, t)| dt> :
0

17



Thus

(/Ooo Qu » f(w)|2%> -

< Ca (/ 3724|920 o (w2, 1) dt>
0

where

Ca =T(1—a)! (/100(3 — 1) as 2t ds> :

1/2

9
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Since [ 7P, = 0,

O;Uq(z,t) = /Q?Pt(y)laf(a: +y) dy

= [ 02P(y) Taf @ + ) — Laf @) dy.

Using

02P(y)| < C(t+ |y|)~ ™3,

19



we have

82U, (x,t)| < C / (¢ + [y)) "2 | Taf (2 + y) — Inf(z)| dy

<C t—n? [ Iaf(x+ 2) — Iaf(x)| dy
ly|<t

+C [ T af (@ + 2) — Laf(@)] dy.
ly| >t

(1 [t follows that

/ 32 \agUa(m,t)\z dt < C(I + II),
0

20



where

2

L > 3—2«x —n—2 .
I = /0 t [ " af @t y) - Lf@) dy |t

y|<t

11

2

— / 320 / Y|~ Inf (2 + y) — Inf(z)| dy | dt.
0

y|>t

21



By the Schwarz inequality

I < C/ t3—2at—2(n—|—2)tn
0

/ If(x +y) — Iof(x)|” dy dt
ly|<t

— C’/ Iof(xz+vy) — Inf(x)|’ </|°° t—1—n—2a dt) dy

Y|

= € [Iaf(@+y) ~ Laf @) —

n 20tlyl_'"’_zady

1 2
— Cn I 2aDa(f)(w) .

22



(1 [IAlso,

II S C/ t3—2a (/ |y|—’n—2 dy>
0 ly| >t

(/ |>tlyl_” 21 Iaf(z +y) — Inf(z)|’ dy) dt

_C’/ P22

</| |>tlyl_"’_zIIaf(fL’+y) — I f(x)|* dy) dt
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|yl
— C/Iyl_"_zlfaf(ery) — I,f(z)|’ </O tl_zadt) dy

1
= Oy [ W Laf @ + ) — Laf (@) dy

— CaDa(f)(w)2°

[1 [IT herefore

/ t372% | 92U, (2, t)|” dt < CoDa(f) (),
0

24



and hence

([ 1@ s )1/2

( t|Oou(z, t)|? dt) 7
Do (f) ().
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34. Proof of Theorem 4.

We prove that if D, is bounded on LP(R™) with
1 < p < 2 then p > po.

Let A(x) ={yeR*":1/2< |y — x| < 1}.
Let 17 be a non-zero element in §(R™) with
supp(7) C {r < €] < s}, 0 <7 < s.
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Then

1/2
D (n)(z) > ( /A RAGICE R am)(w)ﬁdy)

1/2
> ( / PEAGICE: dy)

1/2
_ ( / |Ia<n><w>|2dy>
A(0)

1/2
— (L(O)Ila(n)(ﬁy)'zdy) — |A(0)["*|Ia(n) ()]

27



Therefore

1/2
(/A( ) |Ia(77)(y)|2dy> < Do(n)(z) + ClIo(n)(x)].

We prove

([ rmray)”

<c/. ( [ |Ia<n><y>|2dy>p/2 da.

28



To prove this, we consider a covering of R"™:
U2, A(z)) =R, for all zV) € B(c;,7), j =1,2,...,
where B(c;j, 7) N B(ck,7) = 0 if 3 # k. Then

(/Rn |Ia(n)(y)|2dy>p/z . i </A(w(j)) |Ia(77)(y)|2dy> p/2

J=1

for all 29 ¢ B(c;,7), j = 1,2,..., since p/2 < 1.
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Thus

([ rmra)”

p/2
<Z inf (L(wj)lla(n)(y)lzdy>

w(J)EB(cJ,T)

p/2
( / |Ia<n)<y)|2dy) dz
B(cj,T) A(x)

p/2
< C- </ IIa(’n)(y)Izdy> dz,
R™ A(x)
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as claimed. Therefore

[ La(n) ]2 < Cl[Da(n)llp + CllIa(n)|lp-

Thus if D, is bounded on LP,

[ Lo (1) ll2 < Cllmellp + CllLa(n¢) || p-

Using this and homogeneity,

ta—n/Z S Ct—n+n/p 1 Cta+n(1/p—1) < Ct—n—|—n/p

for all £ € (0,1), which implies that p > 2n/(n + 2a).
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§5. Outline of Proof of Theorem 2 part (2).

We may assume that f is bounded and compactly
supported. Let 3 > 0, pg = 2n/(n + 2a).

Lemma 1. (Calderén-Zygmund decomposition)

There exist a sequence {B(cj,r;)}32, of balls contained
in a bounded set, a bounded function g and a sequence
{b;}52, of functions in L?° such that

(1) f=g+b, b=3 7> bj

(2) g(z)| < CB;
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(3) llgllpe < Cllfllpo3

(4) bj(xz) =0if x € B(cj,r;)¢ for all 3, where E€ denotes

the complement of a set E;
(5) [ bj(x)dx = 0 for all j;
(6) [Ib;l|B0 < CBP°|B(cj, ;)| for all 3;
(7) 2252, |B(cjsmi)| < CB7P|| fI|Po;

(8) ZJ XB(Cj,2’r‘j) S C.

33



It suffices to prove

{z € R" : Da(g)(x) > B} < CB7(flle (1)

and

[{z € R™ : Da(b)(x) > B} < CB7( fll;  (LI).

The estimate (I) easily follows from the L? boundedness
of D, as follows. By Chebyshev’s inequality along with

34



(2) and (3) of Lemma 1, since 1 < pg < 2, we have

{x € R™ :Da(g)(x) > B}
< B7%|Da(9)l13
< CB?|\gll3
< CB™P||g||P0
< CBT| f||Be.

It remains to prove (I1I).
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Let
v(x,t) = P, xb(x), V(x,t) = P*I,(b)(x).

Then

V(x,t) = %a)/ooov(w,t + s)s* " 1ds.

36



Let

JW(z) = /R )

J? () = /]R )

T®(2) = T(2)*

oo ly—z|
/ dt/ dov(y, s + t)t* ds
0 0

|y . w|—n—2a dy,

oo |ly—|
/ dt/ Jov(x, s + t)t"‘_1 ds
0 0

|y . w|—n—2a dy,

Rn
ly — x| " ** dy,

V(y, |y —z|) — V(z, |y — z|)|’

37



where 9y = 0/0s.
D4 (b)*(z) <

since

Then

C(J V() + I (z) + J¥(x)),

[ Io(b)(x + y) — Io(b) ()]
< |V(z+y,l|yl) — La(b)(z + y)|

- V(= |y]) — 1a(b) ()
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Let 2, = UjB(cj,4rj).

Since [Q2.| < CB7P°|[f||Po, Theorem 2 part (2) follows

from

/ T (x) dae < CB*P|| ||,
925

| I0@) de < cpmisz,
Q5

| I9@) de < CEFm Fl
Q%
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§6. Proof of Theorem 5.

We write

wn@ = ([T 1sn@ed)”,
where

SiN(@) = [ (Fla—w = f@+w) du,

40



Fix £ and put ¥ (u) = f(xo—u) — f(xzo+u), T(y) =

1Y (e~Y). By the change of variables u = e ¥, t =e™*

2

@)= [ |[ e dy| da.

Let
K(z) — e*, ifx <0,
0, ifx>0.

Then
u(F) (z0)? = / (@ * K) ()] da.

41



By the Plancherel theorem

w(H) (@) = [ [BOKE)| de,

where

_ 0 L 1
K(&) = / eCe 2™ gy = | omie

42



On the other hand, we see that

. —2t
(0/0x)u(xg,t) = /_ (? _I_l;z)zf(mo — u) du

ee —2tu

— . Tr(u2 _|_ t2)2¢(u) du.
Therefore
2

o [ [ —2tu dt
n(H@?= [ || A T

Set L(x) = w~1(2e**/(14¢e%*)?). Then by the change

43



of variables u = e ¥ and t = €%,

91(H@o)* = [ 1% % L@ de = [ [#©L©

. oo 26(—27riw£+2:1:)
L = d
(&) /_oo (L + e22)2

oo Zt(—Zﬂ'iE—I—l)
- dt
/0 (1 + t?)2
— €

sin(—m2:¢)

2
dg.
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Thus

L(g)| ~ (1 + [gl)e™ .

This completes the proof since

K(@©)|~a+1en

and

w(5) @) = [ [FOK ()| de
(Do) = [ [BOLE)| de

45
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