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x�� Introduction� Let

��f��x� �
�Z �

�

jF �x� t� � F �x� t�� �F �x�j�
dt

t�
����

�

F �x� �
Z x

�

f�y� dy�

be the function of Marcinkiewicz� If � � p ���

k��f�kp � kfkLp� f � S�R ��

where S�R n� is the Schwartz class of rapidly decreasing

smooth functions on R n�
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Let

P �x� t� � Pt�x� � cn

t

�jxj� � t���n�����
� cn �

���n� �����

��n�����

be the Poisson kernel on the upper half space

R n��� � R n � ������

u�x� t� � Pt � f�x� �
Z
	f���e���tj�je��ihx��i d��

bf��� � Z
Rn

f�x�e���ihx��i dx� hx� �i �

nX
k��

xk�k�
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x � �x�� � � � � xn�� � � ���� � � � � �n�� Then


u�x� t� � ��


 � ��� �

nX
j��

��j � �� � ���t� �j � ���xj�

Let
Q�x� � �

Z
Rn

��j�je���j�je��ihx��i d� � ���Pt�x��t���

Qj�x� �
Z

Rn

��i�je
���j�je��ihx��i d� � �jP��x��
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De�ne the Littlewood�Paley functions

gQ�f��x� �
�Z �

�

jQt � f�x�j
� dt
t

����
�

gQj
�f��x� �

�Z �
�

j�Qj�t � f�x�j
� dt
t

����
�

where Qt�x� � t�nQ�x�t�� Then

gQ�f��x� �
�Z �

�

tj��u�x� t�j
� dt

����
�
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gQj
�f��x� �

�Z �
�

tj�ju�x� t�j
� dt

����
�

and for � � p ��

kg��f�kp � kfkp� g� � gQ�

kg�kp � kfkp� g� �

nX
j��

gQj
�

De�ne the Riesz potential operator I� by

�I��f���� � ���j�j��� bf����
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I��f��x� � L� � f�x�� L��x� � C�jxj
��n�

Theorem �� �Hardy�Littlewood�Sobolev�

Let � � p ��� � � 	 � n�p� ��p���q � 	�n� Then

kI��f�kq � Ckfkp�

Let
D��f��x� �

�Z
Rn

jI��f��x� y�� I��f��x�j
� dy

jyjn���
����

�
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Theorem �� Let � � 	 � � and p� � �n��n � �	��

Suppose that p� 
 �� Then

��� �E� M� Stein� ��	�� D� is bounded on Lp�R n� if

p� � p ��

��� �C� Fe
erman� ����� D� is of weak type �p�� p�� �

sup
���

�p� jfx � R n � D��f��x� 
 �gj � Ckfkp�p��

Theorem �� Let f � S�R n� �the Schwartz space�� Then

gQ�f��x� � C�D��f��x�� � � 	 � ��
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Theorem �� Let � � 	 � �� p� � �n��n � �	� and

p� 
 �� Then� if � � p � p�� D� is not bounded on Lp�

Theorem �� �D� Waterman� ���� Let f � S�R �� Then

g��f��x� � C��f��x��
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x�� L� boundedness of D��

By the Plancherel theorem

kD��f�k
�
�

�
Z

Rn

jyj�n���
�Z

Rn

jI��f��x� y�� I��f��x�j
� dx

�
dy

�
Z
jyj�n���

�Z ������j�j��� 	f���
�
e��ihy��i � �

����� d�� dy

� �������
Z
j 	f���j�

�Z ���e��ihy���i � �
���� jyj�n��� dy
�

d��
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where �� � j�j���� We haveZ
jyj��

���e��ihy���i � �
���� jyj�n��� dy

�
Z

jyj��
���jyj�jyj�n��� dy �� since 	 � ��

Z
jyj��

���e��ihy���i � �
���� jyj�n��� dy

�
Z

jyj��
�jyj�n��� dy �� for 	 
 ��
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Therefore

kD��f�k
�
� � Ck 	fk�� � Ckfk���
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x�� Proof of Theorem ��

Let

U��x� t� � Pt � I��f��x�

�
Z
	f������j�j���e���tj�je��ihx��i d��

Then
���U��x� t� �

Z
	f������j�j�����e���tj�je��ihx��i d��
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where �� � ���t� andZ �
�

���U��x� t� s�s�� ds

�
Z
	f������j�j�e���tj�je��ihx��i d�

Z �
�

e�ss�� ds

� ����� 	���u�x� t�
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Using this��Z �
�

jQt � f�x�j
� dt
t

����
�

�Z �
�

tj��u�x� t�j
� dt

����

� ���� 	���
�Z �

�

t
����Z �

�

���U��x� t� s�s�� ds
����� dt
����

� ���� 	���
�Z �

�

t
����Z �

t

���U��x� s��s� t��� ds
����� dt
����
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� C�
�Z �

�

����Z �
�

t����	����
�
s

t
�
js� tj��

���U��x� s� ds
��� dt���� �C� � ���� 	����

� C�
�Z �

�

����Z �
�

t������	���� �s� js� �j��

���U��x� st� ds
��� dt����

� C�
Z �

�

�s� �����Z �
�

t��������
�����U��x� st�
��� dt����
ds

Square functions� Shuichi Sato 
�



� C�
Z �

�

�s� ����s������������

�Z �
�

t����
�����U��x� t�
��� dt����
ds

� C�
�Z �

�

�s� ����s���� ds
�

�Z �
�

t����
�����U��x� t�
��� dt����
�
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Thus

�Z �
�

jQt � f�x�j
� dt
t

����

� c�
�Z �

�

t����
�����U��x� t�
��� dt����
�

where
c� � ���� 	���

�Z �
�

�s� ����s���� ds
�

�
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Since
R
��tPt � ��

��tU��x� t� �
Z

��tPt�y�I�f�x� y� dy

�
Z

��tPt�y� �I�f�x� y�� I�f�x�� dy�

Using

j��tPt�y�j � C�t� jyj��n���
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we have

j��tU��x� t�j � C
Z

�t� jyj��n�� jI�f�x� y�� I�f�x�j dy

� C
Z

jyj�t
t�n�� jI�f�x� z�� I�f�x�j dy

� C
Z

jyj�t
jyj�n�� jI�f�x� z�� I�f�x�j dy�

　　It follows thatZ �
�

t����
�����U��x� t�
��� dt � C�I � II��
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where

I �
Z �

�

t����
�B	 Z

jyj�t
t�n�� jI�f�x� y�� I�f�x�j dy


CA
�

dt�

II
�

Z �
�

t����
�B	 Z

jyj�t
jyj�n�� jI�f�x� y�� I�f�x�j dy


CA
�

dt�
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By the Schwarz inequality

I � C
Z �

�

t����t���n���tnZ
jyj�t

jI�f�x� y�� I�f�x�j
�
dy dt

� C
Z
jI�f�x� y�� I�f�x�j

�
�Z �

jyj
t���n��� dt

�
dy

� C
Z
jI�f�x� y�� I�f�x�j

� �

n� �	
jyj�n���dy

� C

�

n� �	
D��f��x�
��
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　　Also�

II � C
Z �

�

t����
�Z

jyj�t
jyj�n�� dy

�

�Z
jyj�t

jyj�n�� jI�f�x� y�� I�f�x�j
�
dy

�
dt

� C
Z �

�

t����t���Z
jyj�t

jyj�n�� jI�f�x� y�� I�f�x�j
�
dy

�
dt
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� C
Z
jyj�n�� jI�f�x� y�� I�f�x�j

�
�Z jyj

�

t���� dt
�

dy

� C

�

�� �	
Z
jyj�n��� jI�f�x� y�� I�f�x�j

�
dy

� C�D��f��x�
��

　　ThereforeZ �
�

t����
�����U��x� t�
��� dt � C�D��f��x�
��
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and hence�Z �
�

jQt � f�x�j
� dt
t

����
�

�Z �
�

tj��u�x� t�j
� dt

����

� C�D��f��x��
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x�� Proof of Theorem ��

We prove that if D� is bounded on Lp�R n� with

� � p � �� then p 	 p��

Let A�x� � fy � R n � ��� � jy � xj � �g�

Let  be a non�zero element in S�R n� with

supp�	� 
 fr � j�j � sg� � � r � s�
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Then

D����x� 	
�Z

A���
jI����x� y�� I����x�j
� dy

����

	
�Z

A���
jI����x� y�j� dy

����

�
�Z

A���
jI����x�j
� dy

����

�
�Z

A���
jI����x� y�j� dy

����
� jA���j���jI����x�j�
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Therefore�Z
A�x�

jI����y�j
� dy

����
� D����x� � CjI����x�j�

We prove

�Z
Rn

jI����y�j
� dy

�p��
� C

Z
Rn

�Z
A�x�

jI����y�j
� dy

�p��
dx�
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To prove this� we consider a covering of R n�

��j��A�x
�j�� � R n� for all x�j� � B�cj� � �� j � �� �� � � � �

where B�cj� � � � B�ck� � � �  if j �� k� Then

�Z
Rn

jI����y�j
� dy

�p��
�

�X
j��

�Z
A�x�j��

jI����y�j
� dy

�p��

for all x�j� � B�cj� � �� j � �� �� � � � � since p�� � ��
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Thus�Z
Rn

jI����y�j
� dy

�p��

�

�X
j��

inf

x�j��B�cj�	 �
�Z

A�x�j��
jI����y�j
� dy

�p��

� C	

�X
j��

Z
B�cj�	 �

�Z
A�x�

jI����y�j
� dy

�p��
dx

� C	
Z

Rn

�Z
A�x�

jI����y�j
� dy

�p��
dx�
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as claimed� Therefore

kI���k� � CkD���kp � CkI���kp�

Thus if D� is bounded on Lp�

kI��t�k� � Cktkp � CkI��t�kp�

Using this and homogeneity�

t��n�� � Ct�n�n�p � Ct��n���p��� � Ct�n�n�p

for all t � ��� ��� which implies that p 	 �n��n� �	��
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x� Outline of Proof of Theorem � part ����

We may assume that f is bounded and compactly

supported� Let � 
 �� p� � �n��n� �	��

Lemma �� �Calder�on�Zygmund decomposition�

There exist a sequence fB�cj� rj�g
�
j�� of balls contained

in a bounded set� a bounded function g and a sequence

fbjg
�
j�� of functions in L

p� such that

��� f � g � b� b �
P�

j�� bj

��� jg�x�j � C�
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��� kgkp� � Ckfkp�

��� bj�x� � � if x � B�cj� rj�
c for all j� where Ec denotes

the complement of a set E

��
R
bj�x� dx � � for all j

�	� kbjk
p�
p�
� C�p�jB�cj� rj�j for all j

���
P�

j�� jB�cj� rj�j � C��p�kfkp�p�

���
P

j �B�cj��rj� � C�
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It su�ces to prove

jfx � R n � D��g��x� 
 �gj � C��p�kfkp�p� �I�
� � �

and
jfx � R n � D��b��x� 
 �gj � C��p�kfkp�p� �II��

� � �

The estimate �I� easily follows from the L� boundedness

of D� as follows� By Chebyshev�s inequality along with
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��� and ��� of Lemma �� since � � p� � �� we have

jfx � R n �D��g��x� 
 �gj

� ���kD��g�k
�
�

� C���kgk��

� C��p�kgkp�p�

� C��p�kfkp�p��

It remains to prove �II��
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Let
v�x� t� � Pt � b�x�� V �x� t� � Pt � I��b��x��

Then

V �x� t� �

�
��	�

Z �
�

v�x� t� s�s��� ds�
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Let

J ����x� �
Z

Rn

�����
Z �

�

dt
Z jy�xj

�

��v�y� s� t�t��� ds
�����
�

jy � xj�n��� dy�

J ����x� �
Z

Rn

�����
Z �

�

dt
Z jy�xj

�

��v�x� s� t�t��� ds
�����
�

jy � xj�n��� dy�

J ����x� � ��	��
Z

Rn

jV �y� jy � xj�� V �x� jy � xj�j�

jy � xj�n��� dy�
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where �� � ���s� Then

D��b�
��x� � C�J ����x� � J ����x� � J ����x���

since
jI��b��x� y�� I��b��x�j

� jV �x� y� jyj�� I��b��x� y�j

� jV �x� jyj�� I��b��x�j

� jV �x� y� jyj��� V �x� jyj�j�
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Let �� � �jB�cj� �rj��

Since j��j � C��p�kfkp�p�� Theorem � part ��� follows

from Z

c
�

J ����x� dx � C���p�kfkp�p��Z

c
�

J ����x� dx � C���p�kfkp�p��Z

c
�

J ����x� dx � C���p�kfkp�p��
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x	� Proof of Theorem ��

We write
��f��x� �

�Z �
�

jSt�f��x�j
� dt
t

����
�

where
St�f��x� �

�
t

Z t
�

�f�x� u�� f�x� u�� du�
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Fix x� and put ��u� � f�x��u��f�x��u�� ��y� �

��e�y�� By the change of variables u � e�y� t � e�x

��f��x��
� �

Z �
��

����Z �
x

ex�y��y� dy
����� dx�

Let

K�x� �
�
ex� if x � ��

�� if x 
 ��

Then

��f��x��
� �

Z
j�� �K��x�j� dx�
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By the Plancherel theorem

��f��x��
� �

Z ��� b����cK���
���� d��

where

cK��� �
Z �

��

exe���ix� dx �

�

�� ��i�
�
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On the other hand� we see that

����x�u�x�� t� �
Z �

��

��tu

��u� � t���
f�x� � u� du

�
Z �

�

��tu

��u� � t���
��u� du�

Therefore

g��f��x��
� �

Z �
�

�����
Z �

�

��t�u

��� � t�u���
��u� du

�����
�
dt

t
�

Set L�x� � �����e�x����e�x���� Then by the change
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of variables u � e�y and t � ex�

g��f��x��
� �

Z
j� � L�x�j� dx �

Z ��� b����bL������� d��

bL��� � Z �
��

�e����ix���x�

��� � e�x��
dx

�
Z �

�

�t����i����

��� � t���
dt

�

��i�

sin����i��
�
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Thus ���bL������ � �� � j�j�e��
�j�j�

This completes the proof since���cK���
��� � �� � j�j���

and

��f��x��
� �

Z ��� b����cK���
���� d��

g��f��x��
� �

Z ��� b����bL������� d��
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