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§1. Introduction. Recall the Marcinkiewicz integral:

1/2

uN@ = ([ 1F@+0+Pa—1) - 2Fr@PY)

F(z) = / " f(y) dy.
If 2/3 < p < oo,

()l = || fllEr, f € So(R),

where 8§y3(R™) is the subspace of S(R™) consisting of
functions f with f vanishing outside a compact set not
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containing the origin.

This can be rephrased as

lw(O)llp = 1 lae,  F € So(R),

where

@ = ([T 0+ 1@ -0 - 2r@Ed)

Fa+)+f(@=)=2f(@) = [ (f(a=t0)—1(x)) do(0),
where S° = {—1,1}, o({—1}) = 1, o ({1}) = 1.



Let f € 8’(R™). Then
f e HP(R") <= [[fllar = | f*|lLr < o0

f(x) = sup [®; * f(z)],
t>0

where ® € §(R™), [ ®(x)dx =1,

Pi(x) =t "P(t 'x);

S(R™) denotes the Schwartz class of rapidly decreasing
smooth functions on R".



Let n > 2 and

D*(f)()
= ( / h \t—a / (f(z —t6) — f(x)) do(6)

1/2
2 g\
T y

where do is the Lebesgue surface measure on S™—1
normalized as [, , do = 1.




Let 0 < aa < 2 and S, (f) = D(Iaf):

Sal(f)(x)
. 1/2
o dt
— </0 t1—|—2a>

where I, is the Riesz potential operator defined by

I (f)(x) — / Io(f) (@ — ty) do(y)

Sn—l

I.(f) (&) = (2m|¢))~>F (&),




Io(f)(x) = Lo * f(x), La(x) = Colx|*™™.

R’I’I,

F&) = [ f@e @8 de, (x,¢) = > wrbe.
k=1

Theorem A. Suppose 1 < p < oco. Let f € S(R").
Then

1S1(H)llp = NI Fllo-

This was used by
P. Hajtasz-Z. Liu , 2017,

to characterize the Sobolev space W1P(R"™).



Alternative proof of Theorem A.

Bochner-Riesz mean of order (3

SAN@ = [ FOO - RHeP)P i ag

|€|<R

be the Bochner-Riesz mean of order 3 on R™.



Littlewood-Paley operator g, Re(3) > 0

o5(f)(x) = </°° , d_R>1/2

</ ‘ 2( (Sg(f)(a:) Sg 1(.f)(:13)) 2 d1;2>1/2,

where aR — a/aR



Theorem 1. Let0 < a <2, 8=a+n/2.

op(f)(z) = D¥(Iaf)(z), f € So(R").

The result for 0 < o < 1 is due to Kaneko-Sunouchi
1985.

Theorem 1 with a =1 can be applied to give an
alternative proof of Theorem A by using a property of o5
with 3 =14 n/2.
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Definition of the Sobolev space W P(R™).
let 1 < p<oo, a>0.
f € WP(R™)
>
f € LP(R™),
f =J.(g) = K, * g | for some g € LP(R™),

where K, is the Bessel potential:

Ka (&) = (1 + 4r?|g?) /2,
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The norm is defined to be

with

.f — Ja(g)'

Square functions: Shuichi Sato
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Let n > 2. Let 0 < a < 2. In 2012, R. Alabern, J.
Mateu and J. Verdera (AMV) considered the operator

0 1/2
. dt
Val@ = | [ 1@~ £ L Iwa ]

where

1
dy = dy;
]{3 W= [ @) ay

B(x,t) is a ball in R™ having center = and radius t.
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AMYV proved

Theorem B. Let 1 < p < o©. Then, the following two
statements are equivalent:

(1) f belongs to W1 P(R"™),
(2) f € LP(R™) and Vi(f) € LP(R™).
Furthermore,

1 fllp,r = [ Fllp + IVI(F)]lp-
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Definition. Wesay ® € M¢ , a > 0, if

e @ is compactly supported,
o & c L>=°(R"),

o [on®(x)dxr =1,
o ifa>1,

(Vanishing moment)

/ ®(x)x’de =0, =¥ =x'...27", 1<|vy|<]a].
Rn
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Let ® € M* , o >0,

Ga)@) = ([ 1@~ @0n 1P ) "

@t(iﬁ) — t_n@(t—lm).
We note that

1
F =
|B(0,1)]

XB(,1) €M%, 0< a<?2.
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The weight class A,, 1 < p < oo, of Muckenhoupt.

w € Ay
<

222 <|B|_1/Bw(a:) da:> <|B|—1/Bw(w)_1/(p_1) dm)p_l

< o0,

The weighted L?P norm is defined as

£l = Wl = ([ 1@ Pty az) "
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Definition of the weighted Sobolev space W P(R™).
Let 1 <p<oo,a>0and w € A,.

f e wWrr(R")
<
f € LP (R™),

f:Ja(g):Ka*g

where K, is the Bessel potential:

for some g € LP (R™),

Ka (&) = (1 + 4r?|g?) /2,
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The norm is defined to be

with

.f — Ja(g)'

Square functions: Shuichi Sato
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Theorem 2. Let 1 < p < oo, w € A4y, 0 < a < n.
Then

feWIP(R") < fe L, Gua(f)ec Ll;

furthermore,

||f||paaaw — ”f”paw + ”Ga(.f)”p,w'
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H*' Sobolev space.

Define

fews(R?)
<
f € HY(R"),

f=Ju(h) =Kaxh

I £ llwe, = 1Rl

for some h € H'(R"™).
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Let
Y (z) = Lo(x) — Lo * ®(x),

where ® € M, 0 < a < n.
Lusin area integral of Marcinkiewicz type.

1/2
_( [T (o) g @
S¢<a><f)<a:)—</0 [0, 117 2 @ = t2) dzt)

o dt 1/2
— ( / / () & F(2) P dzt" ) -
0 JB(z,t) t
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Also, let

Ua(f)(x)

0o at\ '’
— </ / |f(a:—tz)—<I>t*f(w—tz)|2dzt_2a)
o JB(0,1) t

— gt 1/2
- </ / 1f(2) — @ x f(2)]|*dz t_za_"> :
0 JB(z,t) t

Then

Ua(.f) — Sw(a)(I—af)v J € 8O(Rn)°
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Sy« Is closely related to

1/2
D@ = ([ MalHe =) - LAH@F )

Theorem C. Let0 < a < 1, pg = 2n/(n+2a), po > 1.

(1) (E.M. Stein, 1961) D, is bounded on LP(R"™)
if po < p < oo;

(2) (C. Fefferman, 1970) D, is of weak type (pg, po)-
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Theorem 3. Suppose that n/2 < a < n, ® € M* and

(&) < CA+E)P, a+8>n.

Then the following two statements are equivalent:

1. f € W&, (R™),

2. f € HY(R™) and Un(f) € L' (R™).

Further, we have || Fllwg, = 1flm + 1Ua(£)ll:
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In Theorem 3, the hypothesis « > n /2 is optimal in the
sense that if 0 < a < n/2, the estimate

1Ua(H)lr < Cllfllwe,

does not hold.
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Weighted H' Sobolev space.
The weight class A; of Muckenhoupt.

’lUEAl
>

M(w) < Cw  almost everywhere.

M denotes the Hardy-Littlewood maximal operator
defined as

M(f)(z) = sup / 17 ()] dy.

reEB
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Let w € A and

H,={f€L,: f €L, flluy=IF1w

w

, p € S(R"), [ pdx =1.

f*(x) = SUP¢>0 |t * f(x)

f e Wg (R™)
>
feH!(R"), f=Jy(h)forsomeh c H(R™).

Define || fllwe, = [Il 5,
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In the one dimensional case, we have the following
result.

Theorem 4. Let w € A;. Then the following two
statements are equivalent:

1. f € W;,}U(R).
2. f € H.(R) and v(f) € L (R).

Also, |

Fllwe, = 1 lag, + 1 () ll1e-
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§2. Proof of Theorem 2.
§3. Proof of Theorem 3.

84. Proof of Theorem 4.
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§2. Proof of Theorem 2.

Theorem 2. Let 1 < p < oo, w € A4y, 0 < a < n.
Then

fEWXP(R") < f € LP, Ga(f) € LP;

furthermore,

1Fllp,ew = N Fllpyw + |Galf)lpw-
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Littlewood-Paley function on R™.

oo 1/2
0@ = ([Tl s@Pg)
Yi(x) = 7 P(Ew), ¢ € LI(R),

Y(x) dx = 0.
Rn
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The function of Marcinkiewicz is an example:

1/2

1@ = ([T 1P+ +Fe -0 - 20@P )

F(z) = / " f(y) dy.

This can be realized as

pn(f) = gu(f)

H(x) = x[—1,0/(x) — X[o,11(=) | the Haar function.
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Theorem 5. Suppose that
(1) Je > 0: f|w|>1 [ ()| |z|€ de < oo;
(2) Ju > 1: flwl<1 | (x)|* de < oo;

(3) Hy(x) = supjy>|q [¥(y)| € L' (R™)
(non-increasing radial majorant);

(4) sup;so |9 (t€)] >0, VE#O0 (non-degeneracy).
Then, if w € A,

Cil[ fllpw < 19y (F)llpw < Collfllpws VP € (1,00).
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IDEA

J. Duoandikoetxea and J. L. Rubio de Francia, 1986,
Hormander, 1960.

Theorem 5 —> Theorem 2.
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Proof of Theorem 2. Let0 < a < n, ® € M* and

r@ = ([T 110)@ - e @ )"

(@ (z) = La(z) — ® * La(z) = Ta(f) = gy (f)-

Since ® € M, it is easy to see that
[ (x)| < Cla| ™" for |x| <1,

| (@) < Cla|~""1=1 for 2| > 1.
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These estimates implies the conditions (1), (2) and (3)
of Theorem 5 for ¥»(®). Also,

P(@(€) = (2m|€]) (1 — $(¢))

satisfies a non-degeneracy condition (4), since ®(£) — 0
as || — oo by the Riemann-Lebesgue lemma. Further,
since

[$()(8)] < Clg~Fl,
we have () (0) = 0. Thus, by Theorem 5

| Ta(f)lpw = ||g¢(a)(.f)||p,w >~ || flp,w-
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Using this and

Ta(I-of) = Ga(f), [ € So(R"),

we have

|Ga(F)llpw = [ T-afllp,w-
The proof of Theorem 2 is based on this.
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§3. Proof of Theorem 3.

Theorem 3. Suppose that n/2 < a < n, ® € M and

2| <CA+E)P, a+8>n.

Then the following two statements are equivalent:

1. f € W&, (R™),

2. f € H'(R") and Un(f) € L (R").

Further, we have || Fllwg, = 1fllm + 1Ua(£)ll:
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Sy (f) ()

~ (@) 2dzt_"£
= ([ [ s ;
0 B (x,t)

Y (z) = Lo(x) — Lo * ®(x),

b eceMY 0<a<n.

>1/2
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Ua(f)(x)

0o at\ "’
s (/ / |f(2) — (I)t *x f(Z)|2 dz t—2a—n_> .
0 JB(x,t) t

Ua(f) = SyI-af), [ € So(R").

Proof of Theorem 3 is based on
Theorem 6. Let n/2 < a < n. Then

[Sy@(F)llr = I fllar,  f € So(R™).

41



Lemma 1.

Let {gm}S°_, be a sequence of functions in H'
satisfying

sup ||gm|| g < oo.
m2>1

Then there exist a subsequence {g,,,}2, and g € H'
such that

/Rn 9m,(x)v(z) doe — IR{ng(a:)fv(a:) dx as k — oo

for v € S(R™).
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Lemma 2.

2
/1] 4 (@ —y — t2) — $ (@ — t2)
B(0,1) X (0,00)

2| >2|y| ~

~1/2
dt
dzT de < C,

with a constant C independent of y € R".

Lemma 2 — [|S @ ()1 < Cll S| -
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Lemma 3. If f € §(R™) and g € BMO(R"),

f(z)g(x) dx

Rn

< C||Q||BM0/ Sw(a)(f)(a:) dx.

Rn

Lemma 3 = ||fllg: < CllS @)l

The proof of Theorem 2 is based on the estimates

19 (F)lpyw = [ Fllpwe 1 |9y (F)Il1 = ([ F]l 1, then
we would be able to characterize WI{Il by G.. We do not

know at present if the estimate || f|| g < C||g¢(a)(f) |1

Is true or not.
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34. Proof of Theorem 4.

Theorem 4. Let w € A;. Then the following two
statements are equivalent:

1. f € W}, (R),
2. f € H:(R) and v(f) € L. (R).

Also, |

Fllwe, = 1 lag, + 1 () ll1e-

v = ([T 0+ 1@ -0 - 25@r 0"
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The proof of Theorem 4 is based on

Lemma 4.

[ (Pl = (1 F ez, f € So(R).

Let

1/2

an(f)@ = ([ /o)l OPtat) ",

Let R(¢) = 2mite 27l Then ¢:1(f) = gr(f) and

1l < Cllgi(Flliw,  f E€So(R), w € Ay
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91(f) < Cu(f), [ € 8u(R).

Combining results, we see that

[F ez, < Clle(F) 1,

Recall that u(f) = gu(f),

H(x) = X[-1,0/(®) — X[o,1()-
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We can show

~ 2 dt 1z |y|a

if 2|y| < |z|.

Using this and applying a result for vector valued
singular integrals, we can prove the reverse inequality:

e (P10 < CIS | i -
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Remark. Discrete parameter analogue.

1/2
® @)

Eo(f)(x) = | D [f(@) — o0 * f(z)]" 272
k=—occ
let 1 <p<oo,w€EA, 0<a<n e M* Then
f € Wt‘j’p(Rn) <~ felL?, E.(f) € L?
furthermore,

||f||p7aaw — ||f||paw + ||Ea(.f)||p,w'
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THANK YOU
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