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x�� Introduction� Recall the Marcinkiewicz integral�

��f��x� �
�Z �

�

jF �x� t� � F �x� t�� �F �x�j�
dt

t�
����

�

F �x� �
Z x

�

f�y� dy�

If ��� � p ���

k��f�kp � kfkHp� f � S��R ��

where S��R
n� is the subspace of S�R n� consisting of

functions f with bf vanishing outside a compact set not
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containing the origin�

This can be rephrased as

k��f�kp � kf �kHp� f � S��R ��

where

��f��x� �
�Z �

�

jf�x� t� � f�x� t�� �f�x�j�
dt

t�
����

�

f�x�t��f�x�t���f�x� �
Z

S�
�f�x�t���f�x�� d�����

where S� � f��� �g� ��f��g� � �� ��f�g� � ��
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Let f � S��R n�� Then

f � Hp�R n��� kfkHp � kf�kLp ��

f��x� � sup
t��

j�t � f�x�j�

where � � S�R n��
R
��x� dx � ��

�t�x� � t�n��t��x�	

S�R n� denotes the Schwartz class of rapidly decreasing

smooth functions on R n�
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Let n 	 � and

D��f��x�

�
�Z �

�

����t�� Z
Sn��

�f�x� t��� f�x�� d����
����� dtt
����

�

where d� is the Lebesgue surface measure on Sn��

normalized as
R

Sn�� d� � ��
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Let 
 � 	 � � and S��f� � D��I�f��

S��f��x�

�
�Z �

�

����I��f��x�� Z
Sn��

I��f��x� ty� d��y�
����� dt

t����
����

where I� is the Riesz potential operator de�ned by

�I��f��
� � ���j
j��� bf�
��
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I��f��x� � L� � f�x�� L��x� � C�jxj
��n�

bf�
� � Z
Rn

f�x�e���ihx��i dx� hx� 
i �

nX
k��

xk
k�

Theorem A� Suppose � � p � �� Let f � S�R n��

Then

kS��f�kp � kfkp�

This was used by

P� Haj�lasz�Z� Liu � �	�
�

to characterize the Sobolev space W ��p�R n��
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Alternative proof of Theorem A�

Bochner�Riesz mean of order �

S�R�f��x� �
Z

j�j�R

bf�
����R��j
j��� e��ihx��i d


be the Bochner�Riesz mean of order � on R n�
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Littlewood�Paley operator ��� Re��� 
 


���f��x� �
�Z �

�

���R�RS�R�f��x����� dRR
����

�
�Z �

�

������
�
S�R�f��x�� S���

R �f��x�
����� dR

R
����

�

where �R � ���R�
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Theorem �� Let 
 � 	 � �� � � 	� n���

���f��x� t D
��I�f��x�� f � S��R
n��

The result for 
 � 	 � � is due to Kaneko�Sunouchi

��
��
Theorem � with 	 � � can be applied to give an

alternative proof of Theorem A by using a property of ��

with � � � � n���
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De�nition of the Sobolev space W��p�R n��

Let � � p ��� 	 
 
�

f �W��p�R n�

��

f � Lp�R n��

f � J��g� � K� � g for some g � Lp�R n��

where K� is the Bessel potential�

cK��
� � �� � ���j
j�������
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The norm is de�ned to be

kfkp�� � kgkp �
�Z

Rn

jg�x�jp dx
���p

with

f � J��g��
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Let n 	 �� Let 
 � 	 � �� In �	��� R� Alabern� J�

Mateu and J� Verdera �AMV� considered the operator

V��f��x� �
�	Z �

�

�����f�x���
Z

B�x�t�
f�y� dy

�����
�

dt

t����

A���

�

where
�

Z
B�x�t�

f�y� dy �

�

jB�x� t�j
Z

B�x�t�
f�y� dy	

B�x� t� is a ball in R n having center x and radius t�
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AMV proved

Theorem B� Let � � p � �� Then� the following two

statements are equivalent�

��� f belongs to W ��p�R n��

��� f � Lp�R n� and V��f� � Lp�R n��

Furthermore�
kfkp�� � kfkp � kV��f�kp�
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De�nition� We say � �M� � 	 
 
� if


 � is compactly supported�


 � � L��R n��




R
Rn

��x� dx � ��


 if 	 	 ��

�Vanishing moment�Z
Rn

��x�x	 dx � 
� x	 � x	�� � � � x	nn � � � j�j � 
	��
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Let � �M� � 	 
 
�

G��f��x� �
�Z �

�

jf�x�� �t � f�x�j
� dt

t����
����

�

�t�x� � t�n��t��x��

We note that

F �

�

jB�
� ��j
�B����� �M
�� 
 � 	 � ��

� � F �� G��f� � V��f��
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The weight class Ap� � � p ��� of Muckenhoupt�

w � Ap

��

sup
x�B

�
jBj��

Z
B

w�x� dx
��
jBj��

Z
B

w�x�����p��� dx
�p��

���

The weighted Lp norm is de�ned as

kfkLpw � kfkp�w �
�Z

Rn

jf�x�jpw�x� dx
���p

�
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De�nition of the weighted Sobolev space W��p

w �R n��

Let � � p ��� 	 
 
 and w � Ap�

f �W��p

w �R n�

��

f � Lpw�R
n��

f � J��g� � K� � g for some g � Lpw�R
n��

where K� is the Bessel potential�

cK��
� � �� � ���j
j�������
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The norm is de�ned to be

kfkp���w � kgkp�w �
�Z

Rn

jg�x�jpw�x� dx
���p

�

with

f � J��g��
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Theorem �� Let � � p � �� w � Ap� 
 � 	 � n�

Then
f �W��p

w �R n��� f � Lpw� G��f� � Lpw	

furthermore�
kfkp���w � kfkp�w � kG��f�kp�w�
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H� Sobolev space�

f �W�
H��R

n�

��

f � H��R n��

f � J��h� � K� � h for some h � H��R n��

De�ne

kfkW�
H�

� khkH�� f � J��h��
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Let

�����x� � L��x�� L� � ��x��

where � �M�� 
 � 	 � n�

Lusin area integral of Marcinkiewicz type�

S
����f��x� �
�Z �

�

Z
B�����

j�
���

t � f�x� tz�j� dz
dt

t
����

�
�Z �

�

Z
B�x�t�

j�
���

t � f�z�j� dz t�n
dt

t
����

�
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Also� let

U��f��x�

�
�Z �

�

Z
B�����

jf�x� tz�� �t � f�x� tz�j� dz t���dt
t

����

�
�Z �

�

Z
B�x�t�

jf�z�� �t � f�z�j
� dz t����ndt
t

����
�

Then

U��f� � S
����I��f�� f � S��R
n��
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S
��� is closely related to

D��f��x� �
�Z

Rn

jI��f��x� y�� I��f��x�j
� dy

jyjn���
����

�

Theorem C� Let 
 � 	 � �� p� � �n��n��	�� p� 
 ��

��� �E�M� Stein� ����� D� is bounded on Lp�R n�

if p� � p ��	

��� �C� Fe�erman� ��
	� D� is of weak type �p�� p���
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Theorem �� Suppose that n�� � 	 � n� � �M� and

jb��
�j � C�� � j
j���� 	� � 
 n�

Then the following two statements are equivalent�

�� f �W�
H��R

n��

�� f � H��R n� and U��f� � L��R n��

Further� we have kfkW�
H�
� kfkH� � kU��f�k��
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In Theorem �� the hypothesis 	 
 n�� is optimal in the

sense that if 
 � 	 � n��� the estimate

kU��f�k� � CkfkW�
H�

does not hold�
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Weighted H� Sobolev space�

The weight class A� of Muckenhoupt�

w � A�

��

M�w� � Cw almost everywhere�

M denotes the Hardy�Littlewood maximal operator

de�ned as
M�f��x� � sup
x�B

�
jBj

Z
B

jf�y�j dy�
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Let w � A� and

H�
w � ff � L�
w � f� � L�
wg� kfkH�
w

� kf�k��w

f��x� � supt�� j�t � f�x�j� � � S�R
n��
R
�dx � ��

f �W�
H�
w

�R n�

��

f � H�
w�R

n�� f � J��h� for some h � H�
w�R

n��

De�ne kfkW�
H�
w

� khkH�
w
�
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In the one dimensional case� we have the following

result�

Theorem �� Let w � A�� Then the following two

statements are equivalent�

�� f �W �
H�
w

�R ��

�� f � H�
w�R � and ��f� � L�
w�R ��

Also� kfkW �
H�
w

� kfkH�
w

� k��f�k��w�
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x�� Proof of Theorem ��

x�� Proof of Theorem ��

x�� Proof of Theorem ��

Square functions� Shuichi Sato ��



x�� Proof of Theorem ��

Theorem �� Let � � p � �� w � Ap� 
 � 	 � n�

Then
f �W��p

w �R n��� f � Lpw� G��f� � Lpw	

furthermore�
kfkp���w � kfkp�w � kG��f�kp�w�

G��f��x� �
�Z �

�

jf�x�� �t � f�x�j
� dt

t����
����

�
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Littlewood�Paley function on R n�

g
�f��x� �
�Z �

�

j�t � f�x�j
� dt
t

����
�

�t�x� � t�n��t��x�� � � L��R n��Z
Rn

��x� dx � 
�
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The function of Marcinkiewicz is an example�

��f��x� �
�Z �

�

jF �x� t� � F �x� t�� �F �x�j�
dt

t�
����

�

F �x� �
Z x

�

f�y� dy�

This can be realized as
��f� � gH�f�

H�x� � �	����
�x�� �	���
�x� the Haar function�
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Theorem �� Suppose that

��� �� 
 
�
R

jxj��
j��x�j jxj� dx ���

��� �u 
 ��
R

jxj��
j��x�ju dx ���

��� H
�x� � supjyj�jxj j��y�j � L��R n�

�non�increasing radial majorant��

��� supt�� j
b��t
�j 
 
� 

 �� 
 �non�degeneracy��

Then� if w � Ap�

C�kfkp�w � kg
�f�kp�w � C�kfkp�w� 
p � ������
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IDEA


 J� Duoandikoetxea and J� L� Rubio de Francia� ��
��


 H�ormander� ���	�


 Theorem � �� Theorem ��
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Proof of Theorem �� Let 
 � 	 � n� � �M� and

T��f��x� �
�Z �

�

jI��f��x�� �t � I��f��x�j
� dt

t����
����

�

�����x� � L��x�� � � L��x� �� T��f� � g
����f��

Since � �M�� it is easy to see that

j�����x�j � Cjxj�n�� for jxj � ��

j�����x�j � Cjxj�n���	�
�� for jxj 	 ��
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These estimates implies the conditions ���� ��� and ���

of Theorem � for ����� Also�

d�����
� � ���j
j������ ���
��

satis�es a non�degeneracy condition ���� since ���
�� 


as j
j � � by the Riemann�Lebesgue lemma� Further�

since

jd�����
�j � Cj
j���	�
���

we have d�����
� � 
� Thus� by Theorem �

kT��f�kp�w � kg
����f�kp�w � kfkp�w�
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Using this and

T��I��f� � G��f�� f � S��R
n��

we have

kG��f�kp�w � kI��fkp�w�

The proof of Theorem � is based on this�
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x�� Proof of Theorem ��

Theorem �� Suppose that n�� � 	 � n� � �M� and

jb��
�j � C�� � j
j���� 	� � 
 n�

Then the following two statements are equivalent�

�� f �W�
H��R

n��

�� f � H��R n� and U��f� � L��R n��

Further� we have kfkW�
H�
� kfkH� � kU��f�k��
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S
����f��x�

�
�Z �

�

Z
B�x�t�

j�
���

t � f�z�j� dz t�n
dt

t
����

�

�����x� � L��x�� L� � ��x��

� �M�� 
 � 	 � n�
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U��f��x�

�
�Z �

�

Z
B�x�t�

jf�z�� �t � f�z�j
� dz t����ndt
t

����
�

U��f� � S
����I��f�� f � S��R
n��

Proof of Theorem � is based on

Theorem �� Let n�� � 	 � n� Then

kS
����f�k� � kfkH�� f � S��R
n��
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Lemma ��

Let fgmg
�
m�� be a sequence of functions in H�

satisfying

sup
m��

kgmkH� ���

Then there exist a subsequence fgmk
g�k�� and g � H�

such thatZ
Rn

gmk
�x�v�x� dx�

Z
Rn

g�x�v�x� dx as k��

for v � S�R n��
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Lemma ��

Z
jxj��jyj

�Z
B�����������

�������

t �x� y � tz�� �
���

t �x� tz�
����

dz
dt

t
����

dx � C�

with a constant C independent of y � R n�

Lemma � �� kS
����f�k� � CkfkH��
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Lemma �� If f � S��R
n� and g � BMO�Rn������Z

Rn

f�x�g�x� dx
���� � CkgkBMO

Z
Rn

S
����f��x� dx�

Lemma � �� kfkH� � CkS
����f�k��

The proof of Theorem � is based on the estimates

kg
����f�kp�w � kfkp�w� If kg
����f�k� � kfkH�� then

we would be able to characterize W �
H� by G�� We do not

know at present if the estimate kfkH� � Ckg
����f�k�

is true or not�
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x�� Proof of Theorem ��

Theorem �� Let w � A�� Then the following two

statements are equivalent�

�� f �W �
H�
w

�R ��

�� f � H�
w�R � and ��f� � L�
w�R ��

Also� kfkW �
H�
w

� kfkH�
w

� k��f�k��w�

��f��x� �
�Z �

�

jf�x� t� � f�x� t�� �f�x�j�
dt

t�
����

�
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The proof of Theorem � is based on

Lemma ��
k��f�k��w � kfkH�
w
� f � S��R ��

Let

g��f��x� �
�Z �

�

j����x�u�x� t�j�t dt
����

�

Let bR�
� � ��i
e���j�j� Then g��f� � gR�f� and

kfkH�
w

� Ckg��f�k��w� f � S��R �� w � A��
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g��f� � C��f�� f � S��R ��

Combining results� we see that

kfkH�
w

� Ck��f�k��w�

Recall that ��f� � gH�f��

H�x� � �	����
�x�� �	���
�x��
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We can show�Z �
�

jHt�x� y��Ht�x�j
� dt
t

����
� C

jyj�

jxj���
� � � ����

if �jyj � jxj�

Using this and applying a result for vector valued

singular integrals� we can prove the reverse inequality�

k��f�k��w � CkfkH�
w
�
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Remark� Discrete parameter analogue�

E��f��x� �
�	 �X

k���

jf�x�� ��k � f�x�j
�
���k�


A���
�

Let � � p ��� w � Ap� 
 � 	 � n� � �M�� Then

f �W��p

w �R n��� f � Lpw� E��f� � Lpw	

furthermore�
kfkp���w � kfkp�w � kE��f�kp�w�
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THANK YOU
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