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x�� Background results�

We consider the Littlewood�Paley function on R
n de�ned by

S��f��x� �
�Z �

�

j�t � f�x�j�
dt

t
����

�

where

�t�x� � t�n��t��x�� � � L��Rn��

Z
Rn

��x� dx � ��
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Examples�

Let

Pt�x� � cn

t

�jxj� � t���n�����

be the Poisson kernel for the upper half space R
n � ������ De�ne

S��f� with

��x� �
�
�

�t
Pt�x�

�
t��

�

then S��f� is the Littlewood�Paley g function�
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The Marcinkiewicz integral�

��f��x� �
�Z �

�

jF �x� t� � F �x� t�� �F �x�j� dt
t�

����
�

F �x� �
Z x

�

f�y� dy�

This can be realized as

��f� � S��f�

with

��x� � �	����
�x�� �	���
�x� the Haar function�
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Theorem A� 	Benedek
 Calder�on and Panzone
 ����

Suppose that
j��x�j � C�� � jxj��n�� for some � 	 �
Z

Rn

j��x� y�� ��x�j dx � Cjyj� for some � 	 ��

then the operator S� is bounded on Lp�Rn� for all p � ������

We can easily see that the two classical examples above ful�ll the

conditions assumed in Theorem A�
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Theorem B� Suppose that

j��x�j � C�� � jxj��n���

Then S� is bounded on L��Rn��

� Coifman and Meyer
 p� ���
 Au del�a des op�erateurs pseudo�

di��erentiels
 Ast�erisque no� ��
 Soc� Math� France
 �����

� J��L� Journ�e
 pp� �����
 Calder�on�Zygmund Operators
 Pseudo�

di�erential Operators and the Cauchy Integral of Calder�on
 Lecture

Notes in Math� vol� ���
 Springer�Verlag
 �����
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Theorem C� 	Sato
 ������ Let � 
 p 
�� Suppose that

j��x�j � C�� � jxj��n�� for some � 	 ��

Then

S� � Lp�Rn�	 Lp�Rn�	

also

S� � Lpw�R
n�	 Lpw�R
n��

where w � Ap 	the Muckenhoupt class��
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We assume that � is compactly supported�

De�nition� f � L�logL���Rn�
 � 	 �



�Z
Rn

jf�x�j
log�� � jf�x�j��� dx 
��

� � L�logL���Sn���


�Z
Sn��

j����j 
log�� � j����j��� d��� 
��

where d denotes the Lebesgue surface measure on Sn���
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Theorem D� 	Fan�Sato
 ������ Suppose that

� � Lq�Rn� for some q 	 �� Then

S� � Lp�Rn�	 Lp�Rn�� � � �p 
��

Theorem E� 	Sato
 ������ Let � � p 
�� Then

� � L�logL�����Rn� �� S� � Lp�Rn�	 Lp�Rn��
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For p 
 �
 the following result is known�

Theorem F� 	Duoandikoetxea
 ������ Let

� 
 q � � and � � Lq�Rn�� Then

�
p




�
�

�

�
q�

�� S� � Lp�Rn�	 Lp�Rn��

If � 
 q 
 � and ��p 	 ��� � ��q�
 then there exists � � Lq�Rn�

such that S� is not bounded on Lp�Rn��

� L� C� Cheng
 ����� Let � 
 p 
 �� � 
 q 
 �� Then

�
p
� �
�




q � �
�

�� S� � Lp�Rn�	 Lp�Rn��
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� Fan�Sato
 ����� Let

�����x� �
�
���� jxj����
sgn�x�� x � ���� ��


�� otherwise�

If � 
 p 
 �
 � 
 q 
 � and ��q� 
 � 
 ��p � ���
 then

���� � Lq�R � and S���� is not bounded on Lp�
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Marcinkiewicz integral� 	Stein
 ������ Let

��x� � jxj��x
��

jxjn �����
�jxj� for x � R
n n f�g


where � � L��Sn���
 Z
Sn��

� d � ��

Then
 S��f� coincides with the Marcinkiewicz integral

���f� �
�

�Z �
�

�����
Z

jyj�t
f�x� y�

��y��

jyjn��
dy

�����
�
dt

t�
�

A
���

�
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Theorem G� 	Al�Salman�Al�Qassem�Cheng�Pan
 ������

Let � 
 p 
��

� � L�logL�����Sn��� �� S� � Lp�Rn�	 Lp�Rn��

The case p � � of Theorem G is due to T� Walsh
 �����
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x�� Littlewood�Paley functions on homogeneous groups�

We can also consider Littlewood�Paley functions on homogeneous

groups�

We regard R
n as a homogeneous group� We also write R
n � H �

� multiplication is given by a polynomial mapping�

� fAtgt��� a dilation family on R
n such that

Atx � �ta�x�� t
a�x�� � � � � t
anxn��

x � �x�� � � � � xn�
 � 
 a� � a� � � � � � an


At is an automorphism of the group structure�

At�xy� � �Atx��Aty�
 x� y � H 
 t 	 ��
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� Lebesgue measure is a bi�invariant Haar measure�

� the identity is the origin �
 x�� � �x�

Multiplication xy satis�es

	�� �ux��vx� � ux� vx
 x � H 
 u� v � R �

	�� if z � xy
 z � �z�� � � � � zn�
 zk � Pk�x� y�
 then

P��x� y� � x� � y��

Pk�x� y� � xk � yk �Rk�x� y� for k � �


where Rk�x� y� is a polynomial depending only on

x�� � � � � xk��� y�� � � � � yk���
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jxj� the Euclidean norm for x � R
n


r�x�� a norm function satisfying r�Atx� � tr�x�
 �t 	 �
 �x � R
n�

	�� r is continuous on R
n and smooth in R
n n f�g�

	�� r�x� y� � C��r�x� � r�y��
 r�xy� � C��r�x� � r�y��

for some C� � ��

	�� r�x� � �� r�x� � r��x� for all x � R
n


r�x� � � 
� x � ��

	��  � fx � R
n � r�x� � �g � Sn�� � fx � R
n � jxj � �g�
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� If � � a� � � � �� an 	the homogeneous dimension of H �
 then

dx � t	�� dS dt
 that is


Z
Rn

f�x� dx �
Z �

�

Z
�

f�At��t
	�� dS��� dt

with dS � � d
 where � is a strictly positive C� function on

 and d is the Lebesgue surface measure on �
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Convolution

f � g�x� �
Z

Rn

f�y�g�y��x� dy

� �f � g� � h � f � �g � h�

� �f � g�� � �g � �f if �f�x� � f�x����
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An example� Heisenberg group H ��

�x� y� u��x�� y�� u�� � �x� x�� y � y�� u� u� � �xy� � yx������

�x� y� u�� �x�� y�� u�� � R
��

then R
� with this group law is the Heisenberg group H ��

a dilation is de�ned by

At�x� y� u� � �tx� ty� t�u�� ��steps
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and a norm function is

r�x� y� u� �

�p
�

qp
�x� � y��� � �u� � x� � y��

Also
 we can adopt

A�
t�x� y� u� � �tx� t�y� t�u�� ��steps�
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We consider the Littlewood�Paley function on H de�ned by

S��f��x� �
�Z �

�

jf � �t�x�j�
dt

t
����

�

where � is in L��H � and

�t�x� � t�	��A��
t x� � �t��x��

Let � be locally integrable in R
n n f�g such that

��Atx� � ��x� for x �� �
 t 	 ��

Z
�

���� dS��� � ��
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We write S � �� if

��x� � r�x�a
��x��

r�x�	
�����
�r�x��� a 	 ��

where x� � Ar�x���x for x �� ��

Theorem H� 	Ding�Wu
 ������ Let � � L logL��� Then �� is

bounded on Lp�H � for p � ��� �� and is of weak type ��� ���

We can prove the following 	a joint work with Y� Ding��

Theorem �� Suppose that � � L�logL������� Then

�� � Lp�H � 	 Lp�H � for all p � ������

Littlewood�Paley operators� Shuichi Sato ��



Decompose ��x� �
P

k�� �
ka��k��x�
 k � Z
 where

��k��x� � ��kar�x�a�����
��
�kr�x��
��x��

r�x�	
�

Note that

S�k�f�x� � S


�k�
��k

f�x� � S���f�x��

and hence
Sf�x� �

X
k��

�kaS


�k�
��k

f�x� � caS���f�x��
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This observation suggests to consider a function of the form

��x� � ��r�x��
��x��

r�x�	

for �����x� � r�x�a�����
�r�x��
��x��

r�x�	
�

where � � �

� for some � 	 � 	� is bounded and � � �
� and

supp � � 
�� ���
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For t � ��� ��
 de�ne 　

��h� t� � sup

jsj�tR��
Z �R

R

jh�r � s�� h�r�j dr�r�

where the supremum is taken over all s and R such that jsj 
 tR���

De�nition of �

�� h on R� � ft � R � t 	 �g�

h � �

�


�

h � L��R��� khk�� � sup

t�����

t�
��h� t� 
��

Let khk��� � khk� � khk���
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Theorem �� Let

��x� � ��r�x��
��x��

r�x�	
�

where � � �

� for some � 	 �
 supp � � 
�� ��
 � � L�logL�������

Then S is bounded on Lp�H � for all p � ������

We prove Theorem � via extrapolation arguments�

Theorem �� Let � � Ls��
 s � ��� ��
 � 
 p 
�� Then

kSfkp � Cp�s� ������k�kskfkp�

where the constant Cp is independent of s and ��
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Let � � L�logL������� We can decompose�

� �

�X
m��

bm�m�

where bm � ��
P�

m��m
���bm 
�
 supm�� k�mk����m � ��

Accordingly

� �

�X
m��

�m� �m � bm��r�x��
�m�x
��

r�x�	
�

Let � 
 p 
�� By Theorem � we have

kSmfkp � Cpm
���bmk�mk����mkfkp � Cpm
���bmkfkp�

Littlewood�Paley operators� Shuichi Sato ��



which implies

kSfkp �
�X

m��
kSmfkp � Cp�

�X
m��

m���bm�kfkp�

This completes the proof of Theorem ��
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x�� Vector valued inequalities�

De�ne a maximal function

M��f��x� � sup
t��

jf � j�jt�x�j �

Lemma �� Recall

��x� � ��r�x��
��x��

r�x�	
�

Suppose that � is in L���� Then

kMfkp � Cpk�k�kfkp for p 	 ��
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For � � 
 we de�ne

M�f�x� � sup
s��

�
s

Z s
�

jf�x�At��
���j dt�

Lemma �� 	M� Christ
 ������ There exists a constant Cp

independent of � such that
kM�fkp � Cpkfkp

for p 	 ��
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Proof of Lemma �� By a change of variables
 we have

f � j�jt�x� �
Z

f�xy���j�jt�y� dy

�
Z �

�

Z
�

f�x�Ast��
���j������s�j dS��� ds
s

�

Thus

Mf�x� � Ck�k�
Z

�
M�f�x�j����j dS����

This estimate and Minkowski�s inequality imply the conclusion�
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Let

H � L�������� dt�t��

For each k � Z and � � � we consider an operator Tk de�ned by

�Tk�f��x�� �t� � Tk�f��x� t� � f � �t�x��	�������kt��

The operator Tk maps functions on H to H�valued functions on H

and we see that

jTk�f��x�jH �
�Z �k��

�k

jf � �t�x�j�
dt

t
	���

�
�Z �

�

jf � ��kt�x�j�
dt

t
����

�
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By Lemmas �
 we have the following vector valued inequality�

Lemma �� Let � 
 s 
�� Then








�X

k

jTk�fk�j�H
	���








s
� C�log �����k�k�








�X

k

jfkj�
	���








s
�

where

Tk�f��x� t� � f ��t�x��	������
�kt��

��x� � ��r�x��
��x��

r�x�	
�
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x�� Outline of proof of Theorem ��

Let � be a C� function supported in f��� 
 r�x� 
 �g� We

assume thatR
� � �
 ��x� � ���x�
 ��x� � � for all x � R
n�

For � � �
 we de�ne
�k � ��k���� ��k�� k � Z�

where �t��x� � t�	��A��
t x��

Then supp�k � f�k���� 
 r�x� 
 �kg and �k � ��k and

P
k�k � �


where � is the delta function�
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We decompose

f ��t�x� �
X

j�Z
Fj�x� t��

where

Fj�x� t� �

X
k�Z

f ��j�k ��t�x��	�k��k����t��

De�ne

Ujf�x� �
�Z �

�

jFj�x� t�j�
dt

t
����

�
�

�X
k�Z

Z �
�

jf ��j�k ���ktj�
dt

t
�

A
���

�
�X

k

jTk�f ��j�k�j�H
	���

�
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Lemma �� Let � 
 s � � and � � �s
�
� Then we have

kUjfk� � C�s� ������min
�
�� ����jjj�c�

�
k�kskfk��

where the constant C is independent of s and � � Ls���

Let �j � C�
� �R �
 j � Z
 be such that

supp��j� � ft � R � �j � t � �j��g� �j � ��

log �
X

j�Z
�j�t� � � for t 	 ��

j�d�dt�m�j�t�j � cmjtj�m for m � �� �� �� � � � �

where cm is a constant independent of � � ��
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Let

K��x� �

��x��

r�x�	
�	���
�r�x��

and decompose

��x��

r�x�	
�

X
j�Z

Sj�x��

Sj�x� �
Z �

�

�j�t��tK��x�
dt

t
�

��x��

r�x�	
Z �

���
�j�tr�x��

dt
t

�

We note that Sj is supported in f�j � r�x� � ��j��g�
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Let

L�t�
m �x� � ��t��r�x��Sm�x��

Recall
��x� � ��r�x��

��x��

r�x�	
� �t�x� � ��t��r�x��

��x��

r�x�	
�

Then by the support condition we have

�t�x��	�k��k����t� �

k��X
m�k��

L�t�
m �x��	�k��k����t�

and

Fj�x� t� �

X
k�Z

k��X
m�k��

f ��j�k � L�t�
m �x��	�k��k����t��
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Lemma �� Let � 
 s � �
 �� � m � �
 k � � or ��� De�ne

R
�t�
j by

R
�t�
j f�x� �

X
k�Z

kf ��j�k � L��kt�

k�m�x��

Then
 if � � �s
�



kR�t�
j fk� � Cmin

�
�� ����jjj�c�

�
k�kskfk��

where C is independent of j � Z
 t � 
�� �� and fkg�
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To prove this we use the following estimates�

Lemma �� Let � 
 s � �
 � � �s
�

and �� � m � �� Then

kf ��j�k � L��kt�

k�mk� � Cmin
�
�� ����jjj�c�

�
k�kskfk��

where the constant C is independent of j� k � Z and t � 
�� ���

This can be proved by using �TT ��M methods of T� Tao 	������

We now prove Lemma � assuming Lemma � Let

Gj�j�f �

X
k�Z

kf ��j�k � L��kt�

k�m ��j��k
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By Lemma �





f ��j�k � L��kt�

k�m ��j��k ��j��k� � �L
��k

�
t�

k��m ��j�k�






�

� Ck�k�smin��� ����jjj�c��min��� ����jj
�j�c��

min��� ����jk�k
�j�c����kfk��

We have a similar estimate for



f ��j��k� � �L
��k

�
t�

k��m ��j�k� ��j�k � L��kt�

k�m ��j��k






�
�

Thus
 the Cotlar�Knapp�Stein lemma implies

kGj�j�fk� � Ck�ksmin��� ����jjj�c����min��� ����jj
�j�c����kfk��
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and hence

kR�t�
j fk� �

X
j��Z

kGj�j�fk� � Ck�ksmin��� ����jjj�c����kfk��

Proof of Lemma �� By Lemma � and the Khintchine inequality we

see that









�

�X
k�Z

jf ��j�k � L��kt�

k�mj�
�

A
���








�

�
� Cmin

�
�� �����jjj�c�

�
k�k�skfk���

This estimate is uniform in t � 
�� ��� Thus
 integration over 
�� ��
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with respect to the measure dt�t gives

kUjfk�� �
Z �

�









�

�X
k�Z

jf ��j�k �
�X

m���
L

��kt�

k�mj��
�

A
���








�

�
dt

t

� C log �min
�
�� �����jjj�c�

�
k�k�skfk���

which proves Lemma ��

Proof of Theorem �� Let � 
 p 
 �� � � �s
�
� By Lemma � and

the Littlewood�Paley inequality�






�X

k

jf ��kj�
	���








r
� Crkfkr� � 
 r 
��

Littlewood�Paley operators� Shuichi Sato ��



where Cr is independent of �
 we have

kUj�f�kr �







�X

k

jTk�f ��j�k�j�H
	���








r

� C�log �����k�k�







�X

k

jf ��kj�
	���








r

� C�log �����k�k�kfkr

for all r � ������ By Lemma �

kUjfk� � C�log �����min
�
�� ����jjj�c�

�
k�kskfk��
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Thus interpolation will give

kUjfkp � C�log �����min
�
�� ����jjj�c�

�
k�kskfkp

with some � 	 �
 which implies

kSfkp �
X

j

kUjfkp � Cp�s� ������k�kskfkp�

since

Sf �
X

j

Ujf�

This completes the proof of Theorem ��
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THANK YOU

Littlewood�Paley operators� Shuichi Sato ��



References

��� A� Al�Salman
 H� Al�Qassem
 L� C� Cheng and Y� Pan
 Lp

bounds for the function of Marcinkiewicz
 Math� Res� Lett� �

	�����
 �������

��� A� Benedek
 A� P� Calder�on and R� Panzone
 Convolution

operators on Banach space valued functions
 Proc� Nat� Acad�

Sci� U� S� A� �� 	����
 ������

��� L� C� Cheng
 On Littlewood�Paley functions
 Proc� Amer� Math�

Soc� ��� 	�����
 ����������

��� M� Christ
 Hilbert transforms along curves I� Nilpotent groups


Ann� of Math� ��� 	�����
 �������

Littlewood�Paley operators� Shuichi Sato ��



��� R� R� Coifman and Y� Meyer
 Au del�a des op�erateurs pseudo�

di��erentiels
 Ast�erisque no� ��
 Soc� Math� France
 �����

�� Y� Ding and S� Sato
 Singular integrals on product homogeneous

groups
 Integr� Equ� Oper� Theory
 � 	�����
 ������

��� Y� Ding and X� Wu
 Littlewood�Paley g�functions with rough

kernels on homogeneous groups
 Studia Math� ��� 	�����
 �����

��� J� Duoandikoetxea
 Sharp Lp boundedness for a class of square

functions
 Rev Mat Complut 	������

��� J� Duoandikoetxea and J� L� Rubio de Francia
 Maximal and

singular integral operators via Fourier transform estimates
 Invent�

Math� �� 	����
 �������

Littlewood�Paley operators� Shuichi Sato �	



���� J� Duoandikoetxea and E� Seijo
 Weighted inequalities for rough

square functions through extrapolation
 Studia Math� ��� 	�����


��������

���� D� Fan and S� Sato
 Weak type ��� �� estimates for Marcinkiewicz

integrals with rough kernels
 Tohoku Math� J� �� 	�����
 ���

����

���� D� Fan and S� Sato
 Remarks on Littlewood�Paley functions and

singular integrals
 J� Math� Soc� Japan �� 	�����
 �������

���� G� B� Folland and E� M� Stein
 Hardy spaces on homogeneous

groups
 Princeton Univ� Press
 Princeton
 N�J� �����

���� L� H�ormander
 Estimates for translation invariant operators in Lp

spaces
 Acta Math� ��� 	����
 �������

Littlewood�Paley operators� Shuichi Sato ��



���� J��L� Journ�e Calder�on�Zygmund Operators� Pseudo�di�erential

Operators and the Cauchy Integral of Calder�on
 Lecture Notes

in Math� vol� ���
 Springer�Verlag
 �����

��� A� Nagel and E� M� Stein
 Lectures on pseudo�di�erential

operators
 Mathematical Notes ��
 Princeton University Press


Princeton
 NJ
 �����

���� S� Sato
 Remarks on square functions in the Littlewood�Paley

theory
 Bull� Austral� Math� Soc� �� 	�����
 ��������

���� S� Sato
 Estimates forLittlewood�Paley functions and extrapolation


Integr� equ� oper� theory � 	�����
 ��������

���� S�Sato
 A note on Lp estimates for singular integrals
 Sci� Math�

Jpn� �� 	�����
 ��������

Littlewood�Paley operators� Shuichi Sato �




���� S� Sato
 Estimates for singular integrals on homogeneous groups


J� Math� Anal� Appl� ��� 	����� ��������

���� A� Seeger
 Singular integral operators with rough convolution

kernels
 J� Amer� Math� Soc� � 	����
 �������

���� E� M� Stein
 On the functions of Littlewood�Paley� Lusin� and

Marcinkiewicz
 Trans� Amer� Math� Soc� �� 	�����
 ������

���� E� M� Stein
 Singular Integrals and Di�erentiability Properties of

Functions
 Princeton Univ� Press
 �����

���� E� M� Stein
 Harmonic Analysis� Real�Variable Methods�

Orthogonality� and Oscillatory Integrals
 Princeton Univ� Press


�����

Littlewood�Paley operators� Shuichi Sato ��



���� T� Tao
 The weak�type ��� �� of L logL homogeneous convolution

operator
 Indiana Univ� Math� J� �� 	�����
 ����������

��� T� Walsh
 On the function of Marcinkiewicz
 Studia Math� ��

	�����
 ��������

���� A� Zygmund
 Trigonometric Series
 �nd ed�
 Cambridge Univ�

Press
 Cambridge
 London
 New York and Melbourne
 �����

Littlewood�Paley operators� Shuichi Sato ��


