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§1. Background results.

We consider the Littlewood-Paley function on R™ defined by

son@ = ([ wes s@r®) "

where

Ye(x) =t "yt 'x), ¢ € LY(R"),

Y(x)dx = 0.
R’n



Examples.
Let
t
(|z|? + £2)(n+1)/2

be the Poisson kernel for the upper half space R™ x (0, 00). Define
S¢(f) with

Pi(x) = cn

0
—_= — P,
v@) = (5 P)
then S, (f) is the Littlewood-Paley g function.



The Marcinkiewicz integral.
oo , dt\'/?
uH@) = ([ 1@+ + Fa—0 - 20@P )
0

Fz) = /0 " f(y) dy.

This can be realized as

p(f) = Sy (f)
with

Y () = X[—1,0/(T) — Xjo,11(z) ' the Haar function.



Theorem A. (Benedek, Calderén and Panzone, 1962)
Suppose that

()| < C(1 4+ |x|) "€ for some € > 0,

/ Y (x — y) — Y(x)|dxe < Clyl° for some € > 0.
RTL

then the operator Sy, is bounded on LP(R™) for all p € (1, c0).

We can easily see that the two classical examples above fulfill the
conditions assumed in Theorem A.
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Theorem B. Suppose that

[P (z)| < C(A+ =)

Then Sy, is bounded on L?(R"™).

e Coifman and Meyer, p. 148, Au dela des opérateurs pseudo-
différentiels, Astérisque no. 57, Soc. Math. France, 1978.

e J.-L. Journé, pp. 81-82, Calderon-Zygmund Operators, Pseudo-
differential Operators and the Cauchy Integral of Calderéon, Lecture
Notes in Math. vol. 994, Springer-Verlag, 1983.
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Theorem C. (Sato, 1998.) Let 1 < p < oco. Suppose that

lY(x)| < C(1+ |x|])™™ ¢ for some € > 0.

Then
Sy : LP(R™) — LP(R™);

also
Sy : LY (R™) — LP (R™),
where w € A, (the Muckenhoupt class).



We assume that 1) is compactly supported.
Definition. f € L(log L)*(R™), a > 0,
<

| 1@ llog(2 + (@) de < .

Q € L(log L)*(S™™1)
<

/Sn_1 12(0)| [log(2 + |2(8)])]* do(6) < oo,

where do denotes the Lebesgue surface measure on S™—1,



Theorem D. (Fan-Sato, 2002.) Suppose that
1 € LI(R™) for some g > 1. Then

Sy : LP(R") — LP(R™), 2 <Vp < oco.

Theorem E. (Sato, 2008.) Let 2 < p < oo. Then

¢ € L(log L)/?(R") = S, :LP(R") — LP(R™).
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For p < 2, the following result is known.

Theorem F. (Duoandikoetxea, 2012.) Let
1< g<2andy € LIYR™). Then

1 1 1
S <-4+ = = Sy:LP(R™) — LP(R").
p 2 (

Ifl<g<2and1/p >1/2+4 1/q’, then there exists ¢» € LI(R"™)
such that S, is not bounded on LP(R"™).

o L. C. Cheng, 2007. Let 1 < p< 2,1 < qg< 2. Then

1 1 q-—1
___<— p— SQP:LP(RTL)—)LP(RTL).
p 2 2
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e Fan-Sato, 2002. Let

a(l — |z|)*~" sgn(z),

¥ (z) = { .

x € (—1,1),

otherwise.

If 1 < p<2 1<g<2andll/¢d < a < 1/p—1/2, then

(@) € LI(R) and S.y(a) is not bounded on LP.
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Marcinkiewicz integral. (Stein, 1958.) Let

l

|z|™
where Q € L'(S™1),

b(@) = 2|2 o(lal) for = € B™\ {0},

/ Qdo = 0.
Sn—l

Then, S, (f) coincides with the Marcinkiewicz integral

1/2
ﬂ(y’) © di

ly|n— 3

na(f) = / LG
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Theorem G. (Al-Salman-Al-Qassem-Cheng-Pan, 2002.)
Let 1 < p < 0.

Q € L(log L)Y?(S™ ') = S, :LP(R") — LP(R").

The case p = 2 of Theorem G is due to T. Walsh, 1972.
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§2. Littlewood-Paley functions on homogeneous groups.

We can also consider Littlewood-Paley functions on homogeneous
groups.

We regard R™ as a homogeneous group. We also write R"™ = H.
e multiplication is given by a polynomial mapping;
e d{A;}+>0: a dilation family on R™ such that

— a a a
A = (tMx1,t*2xs, ..., t%x,),

= (T1y:00s%pn), 0<a; <ay <--: < ap,
Aq; is an automorphism of the group structure;

Ai(zy) = (Arx)(Ary), z,y € H, t > 0;

15



e Lebesgue measure is a bi-invariant Haar measure;
e the identity is the origin 0, 71 = —=.

Multiplication xy satisfies
(1) (ux)(vx) =ux +ve, x € H, u,v € R;

(2) ifz=2y, 2= (21,..+.52n), 2k = Pr(x,y), then

Pl(mv y) = o1 + Y1,
Pk:(mv y) = T + Yk + Rk(wv y) for k > 2,

where Ry(x,y) is a polynomial depending
LigeeesyLl—19YlyeeesYr—1-

only

on
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|z|: the Euclidean norm for x € R",
r(x): a norm function satisfying r(A;x) = tr(x), Vt > 0, Ve € R";

(1) 7 is continuous on R™ and smooth in R™ \ {0};

(2) r(z+y) < Co(r(z) +r(y)), 7r(zy) < Colr(z) +7(y))

for some Cy > 1;
(3) r(x) >0, r(x)=r(—=x) for all z € R™,
r(x) =0 <= x = 0;
4) X={zcR*:r(x)=1}=S""1={zeR”: |z| =1};

17



o If vy =a; + :--+ a, (the homogeneous dimension of H), then
dx = t"~1 dS dt, that is,

ROE /0 - /2 F(A0)~1 dS(0) dt

with dS = w do, where w is a strictly positive C'°° function on
3) and do is the Lebesgue surface measure on X..
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Convolution

f*g(x) =

. f(y)g(y~'z) dy

(f*g)*xh=f=x(gxh)

(frg)=gxf |if

fla) = f@).

19



An example. Heisenberg group H;.

(,y,u) (@, y,u)=(z+ 2",y + v, u+u + (zy’ — yz')/2),

(z,y,u), (z',y’,u') € R?,

then R3 with this group law is the Heisenberg group Hj;
a dilation is defined by

Ai(z,y,u) = (tz, ty, tzu)v 2-steps

20



and a norm function is

1
(@, y, 1) = EV V@ + 90 + Au? + a? + g2,

Also, we can adopt

Al(z,y,u) = (tx, t’y,t°u), 3-steps.
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We consider the Littlewood-Paley function on H defined by

oo di\ /*
SeH@ = ([ 1f s v@P )
where 1 is in L'(H) and
P(x) = t77P(A; 'x) = diyp().
Let 2 be locally integrable in R™ \ {0} such that

Q(Aix) = Q(x) forx #0,t >0,

/ Q(0) dS(6) = 0.

22



We write | Sg = ug if

/

U(x) = r(z)” X(©1(r(x)), a>0,

r(x)?
where =’ = A, )1z for ¢ Z 0.

Theorem H. (Ding-Wu, 2009.) Let Q € Llog L(X). Then pugq is
bounded on LP(H) for p € (1, 2] and is of weak type (1,1).

We can prove the following (a joint work with Y. Ding).

Theorem 1. Suppose that 2 € L(log L)/?(X). Then

po ¢ LP(H) — LP(H) for all p € (1, 00).
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Decompose ¥(x) = >, _,2**¥®)(z), k € Z, where

Q /
\Il(k)(:zz) — 2"““7“(:1:)“)((1,2](2 'r(:I:)) ((w))
Note that
Semf(x) =Sy f(x) = Syof(z),
and hence

Sef(z) < ) Zkas\l,(k) f(z) = caSgo F(x).

k<0
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This observation suggests to consider a function of the form

Q(x')

r(x)Y

Q(x')

r(z)Y’

¥ (z) = £(r()) for ¥ (z) = r(2)*x,2(r(@))

where £ € A7 for some n > 0 (€ is bounded and ¢ € A") and
supp € C [1,2].
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For t € (0,1], define [

2R
w(h,t) = sup / |h(r — s) — h(r)|dr/r,
|s|[<tR/2JR

where the supremum is taken over all s and R such that |s| < tR/2.

Definition of A7 . hon R, ={t € R:t > 0}.

he AT
<

h € L*(Ry), ||lh||lan = sup t7"w(h,t) < oco.
te(0,1]

Let [|h][y7, = llP]lco + [[R]|An-

26



Theorem 2. Let

Q(x')

r(z)Y’

U(z) = £(r(z))

where £ € A"_ for some n > 0, supp£ C [1,2], @ € L(log L)'/%(X).
Then Sy is bounded on LP(H) for all p € (1, c0).

We prove Theorem 2 via extrapolation arguments.
Theorem 3. Let 2 € L°(X¥), s € (1,2],1 < p < co. Then

1Sefllp < Cpls — D22 £lps

where the constant C,, is independent of s and (2.
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Let © € L(log L)'/%(X). We can decompose:

where by, > 0, > 7°_ m'/?by, < 00, sup,,> [|Qmlli41/m < 1.
Accordingly,

Q. (x))

r(z)Y

v = i V.o W, =b,L(r(x))

m=1

Let 1 < p < oo. By Theorem 3 we have

||S‘Ilmf||p < Cpml/zbmnﬂm”1+1/m||f||p < Cpml/zbm”f“pv

28



which implies

1Sefllp < D 1Senfllp < Cp( Y m'26)|£]lp-
m=1

m=1

This completes the proof of Theorem 2.
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83. Vector valued inequalities.

Define a maximal function

My (f)(z) = Sup |f * |¥]e(z)] .

Lemma 1. Recall

¥ (x) = o(r(z)) ).

r(x)”

Suppose that Q is in L'(X). Then

My fllp < Cpll21l|fll, forp > 1.



For 0 € XY, we define

Myf(x) = Supl/ |f(z(A:0)™1)] dt.
s>0 S Jo

Lemma 2. (M. Christ, 1985.) There exists a constant C,
independent of 6 such that

Mo fllp < Copllfllp

for p > 1.
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Proof of Lemma 1. By a change of variables, we have

£ 1%l = [ £y ™)) dy
= [ [ @) Hieows)]dse) .

Thus
My f(2) < C|l£]loo / Mo f(2)|2(8)| dS(6)-

This estimate and Minkowski’s inequality imply the conclusion.
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Let
H = L*((0,00),dt/t).

For each k € 7Z and p > 2 we consider an operator T} defined by

(Te(£)(2)) (8) = Ti(f)(2: 1) = f * Pe(2)x11,0) (P~ ).

The operator T3, maps functions on H to H-valued functions on H
and we see that

ITMwaNu==</:

k+1

dt\ "’ p di\ /*
u*wumﬁt) = ([ 1 vp@r )"
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By Lemmas 1, we have the following vector valued inequality.

Lemma 3. Let 1 < s < oco. Then

1/2 1/2
(Z ITk(fk)|§c> < C(log p)*?|122|4 <Z |fk|2> :
k k

where
T (f)(x,t) = f * \I’t(w)X[l,p)(p_kt)v

Q(x')

W(w) = £r(e)), 5

34



84. Outline of proof of Theorem 3.

Let ¢ be a C° function supported in {1/2 < r(x) < 1}. We
assume that

[ =1, ¢(z) = (), ¢(z) > 0 for all z € R".
For p > 2, we define

A, = 5pk—1¢ — 5pk¢, k € Z,

where §.¢0(x) =t "p(A; 'x). i
Then supp A, C {p*1/2 < r(x) < p*} and A, = A} and

Y, Ag =0,

where 9J is the delta function.
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We decompose

f*P(x) = ZFj(wvt)v

JEL

where

Fj(iIi, t) — Z .f * Aj+k ¥ \Pt(w)X[pk,pk‘H)(t)'
kEeZ
Define

vi5@ = ([ 1Eeor )" S

1/2
= <Z T (f * Aj+k)|§{> :
k

1/2

dt
Z/ For Dy @2

keZ
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Lemma 4. Letl <s< 2andp= 25, Then we have

U5 £l < €(s = 1) 72 min (1, 274061} Q||| £]2,

where the constant C is independent of s and 2 € L°(X).

Let ¢; € C5°(R), j € Z, be such that

supp(p;) C{t € R: p? <t < p?*%}, 4p; >0,

log2 > v;(t)=1 fort >0,
JEL
[(d/dt)™P;(t)]| < em|t|”™ form =0,1,2,...,

where c,,, is a constant independent of p > 2.

37
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Let

Ko() = X (r (@)
and decompose ,
Q(w ) — Z Sj(w)a
r@)?Y &
Si@) = [T wwasate) § =00 [ wienan T

We note that S; is supported in {p? < r(z) < 2p712}.
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Let
L,ffz) () = L(t 'r(x))Sm(x).

Recall
Q(x') Q(x')
U(x) =14 \/ = £(t 1 :
(2) = £r(@)) os2 We(@) = Lt (@) 5
Then by the support condition we have
k+3
\Pt(m)X[pk,pk'H)(t) = Z L,Sf,b)(w)x[pk’pk-{—l)(t)
m=k—3

and

k43

Fi(x,t) =) D f* Ajunx L (@) x[pk, ok (1)
k€eZ m=k—3
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Lemma 5. Let 1 <s<2 —-3<m<3, op =1o0r —1. Define
Rg-t) by
k
Rg-t)f(af:) = Z orf * Ajik * Lg:_:’,l(w)
kEL
Then, if p = 2°,
IR £ll2 < € min (1,275051=9) Q|| £]]2,

where C is independent of j € Z, t € [1, p) and {o}.

40



To prove this we use the following estimates.

Lemma 6. Let1 < s<2 p=2°and —3 < m < 3. Then

Ay % L, < Cmin (1.2-<031-9) 10
| f * Ajyr * k-l—m||2_ min { 1, 12| f]2,

where the constant C is independent of j,k € Z and t € [1, p).

This can be proved by using (T'T*)™ methods of T. Tao (1999).
We now prove Lemma 5 assuming Lemma 6. Let

k
Gj,j’.f = Z O'k,f * AJ_|_k * Lgcp—l—:r)l, * Aj'—l—k:
keZ

41



By Lemma 5

A L(Pkt) A A E(Pk,t) A
f * j+k * k+m * jl+k ¥ Gk * k! +m * j+k

2
< C||€2|? min(1, 2—<(131=2)) min(1, 2—e(|jl|—c))

min(1, p~<UF=FI=/2) || £|],.

We have a similar estimate for

= (p*'t) (p*t)
f * Aj’—i—k:’ * Lk:’—l—m * Aj—l—k:’ * Aj-l—k * Lk—l—m * Aj’—l—k:

2

Thus, the Cotlar-Knapp-Stein lemma implies

1G5 fll2 < C|I€]s min(1, 27W1=9/2) min(1, 27<71=72) || £,

42



and hence

IRP fll2 < Y 11G 0 fll2 < ClI|s min(1, 27<W1=9/2) [ £]1,.
J'EL

Proof of Lemma 4. By Lemma 5 and the Khintchine inequality we
see that

1/2

k .
Z FERAVETE L§£|-f2|2 < C min (1, 2_2€(|J|—C)> ||9||§||f||§
keZ

This estimate is uniform in t € [1, p). Thus, integration over [1, p)
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with respect to the measure dt/t gives

P 2 k dt
t
IIUjf||§=/1 SO FxAjex S LEY «

ke’ m=—2

< C'log pmin (1, 2_2€(|j|_c)> 1S 1135

which proves Lemma 4.

Proof of Theorem 3. Let 1 < p < oo. p= 25" By Lemma 3 and
the Littlewood-Paley inequality:

1/2
(Z ] * Ak|2) S Crllflley 1 <7 < o0,
k

44



where C, is independent of p, we have

1/2
U (F)l» = (Z T (f * Aj+k)|§{>
k

/”l

1/2
< C(log p)'/?||92|1 <Z |f * Akl2>
k

< C(log p)*2||| 1] £l »

for all » € (1,00). By Lemma 4

|U; £ll2 < C(log p)*/*min (1,27<11=9) |||, £]l..
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Thus interpolation will give
|U; fllp < C(log p)*/*min (1, 2709124} ||| ||,
with some ¢ > 0, which implies

1Seflls < D NUfllp < Cp(s — 1) 7212151 £l

J

since

Suf <) Uif.
J

This completes the proof of Theorem 3.
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