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§1. Let Q € L'(S™ 1) satisfy
/ Q(0)do(0) =0
Sn—1

where S" ! ={x €R": |zx| =1}
do : the Lebesgue measure on S™"~ 1, n > 2.

We consider singular integrals of the form:

T(f)(x) = p.v. / fle—y)K(y)dy, K(z) = h(|z|)

(w’)
||

r __



Homogeneous kernels.
/

, write T' = T,.

When T'f =p.v. fx K, K(x) =

||
K(tx) =t7T"K(x), tx = (txy,...,tx,) isotropic dilation.

If 2 is odd,

Tof(@) =5 [ Hf@.0)0(0)do(®),

= dt
Hf(z,0) = p.v. /_ flz—10) ",

The method of rotations of Calder6n-Zygmund (1956) implies:

e Qisin L'(S"YYandodd — Tq:LP — LPforalll < p < oc;
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e Qc LlogL(S™!') =— Tq:LP— LPforalll < p < .

Definition.

F € Llog L(S™ 1)
<

/Sn_l |F(0)|log(2 + |F(8)]) do () < oo.



The case where h is not constant; inhomogeneous kernels.

Recall
T(H(@) = pov. [ F@ =K @) dy

Q(x’) x
K(z) = h(|z|)—, ' = —.
|| ||
If A is not constant, then the method of rotations of Calderdn-
Zygmund is not applicable in general.

A result of R. Fefferman, 1979.

heL* Qe Lip(S* ') —T:LP— LP,1<p< oo.



§2. Singular integrals with generalized (mixed) homogeneity .

Let {A;}:~o be a (nonisotropic) dilation group on R™ defined by

A; =t = exp((logt) P),

where P is an n X n real matrix whose eigenvalues have positive
real parts. We assume n > 2.



Example.

If P = diag(ay,. ..

then

7an);



We can define a norm function » on R™ from {A;}:~o. We
assume the following:

(1) 7(Aix) = tr(x) forall t > 0 and = € R™;

(2) r(x) > 0,r(x) = r(—=x) for all x € R™,
r(x) =0 < x= = 0;

(3) r is continuous on R™ and infinitely differentiable in R™ \ {0};
(4) r(z+y) < C(r(z) +7(y));

(5)
S={zecR":r(x) =1} = S" 1,
where S~ ! = {x € R" : |z| = 1}.



Let K be a locally integrable function on R™ \ {0} such that
K(Aix) =t "K(x), -~ = trace P (homogeneous dimension).

We write

—_ /! __
7“(11:)’7’ v = Ar(w

y—1 for x #~ 0,

where (2 is homogeneous of degree 0 with respect to the dilation
group {A.;}. We assume that

/ K(x)de =0 forall0 <a <b.
a<r(x)<b
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Definition The space Ag, s > 1, is defined as

A, = {h on R, : ||hla, < oo},

0J+1 dt 1/s
|h]|a, = sup (/ Ih(t)|3—> ,
JEZ 27 t
where

Z : the set of integers, R, ={t € R:t > 0};

.S>t:>A3CAt.
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Definition
For h on R, and a > 0, let

2j+1

La(h) =sup [ [n(r)] (log(2 + ()" =

JEZ J23

Define
Loe=1{h:L,(h) < oo}.

ea<b— Ly, CL,.

® Us>1 A, ; ﬂa,>0 La-

12



LP estimates.

Let

L(z) = h(r(z))K(x),

Tf(x) = p.v. . f(y)L(xz — y) dy.

Theorem 1. (Sato, 2009.) Let Q € Llog L(S™ ') and h € £, for
some a > 2. Then

|T(H)llr < Coll fllr

for all p € (1, c0).
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Proposition. Suppose that Q € L(S" 1), h € A, q,s € (1,2].
Then

IT(H)llze < Cpla —1)7 (s = D)7l pagsn—1 1Rl sl fll e

for all p € (1,00), where the constant C,, is independent of g, s, (2
and h.

Theorem 1 follows from Proposition and the extrapolation of Yano
by suitably decomposing

h = i akhk, Q= i bmﬂm,
k=1 m=1

where h;, € A Q,, € L1*m,

1+
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Previous results.

(1) E. B. Fabes and N. Riviere (1966).

(2) J. Duoandikoetxea and J. L. Rubio de Francia (1986).

T is bounded on L? , 1 < p < oo, if Q2 € L9 for some g > 1 and
he A, .

(3) Al-Salman-Pan (2002).
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Weak type (1,1) estimates.

Let

Q(x’)

r(z)Y

Tf(x) = pov. / WK (@ —y)dy, K(z)=

Theorem 2. (Sato, 2011.) Suppose that n = 2 and
(2 € Llog L(X). Then, the operator T is of weak type (1,1), i.e.,

C
{z € B : [Tf(2)] > A} < LlIfll, A > 0.
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Previous results.

Theorem A (A. Seeger 1996). Suppose that A,z = tx and

r(x) = x|, c € R*, n>2, Q€& LlogL(X). Then, the operator
T is of weak type (1,1).

IDEA: Fourier transform estimates 4+ microlocal analysis;
Calderdn-Zygmund decompoaosition.
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Theorem B (T. Tao 1999). Let Aix = (t%x1,t%2x,,...,t%x,),

r = (X15...5Tp), 0 < a3 < az < :-- < a,. Suppose that
(2 € Llog L(X). Then T is of weak type (1,1).

In fact, T. Tao proved the weak type (1,1) boundedness of
singular integrals on general homogeneous groups.

IDEA: (T'T*)M estimates via convolution;

Calderdn-Zygmund decomposition;
Covering lemma of Vitali type,
John-Nirenberg inequality for BMO.
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About the proof of Theorem 2. There exists a non-singular real

matrix Q such that Q—'PQ is one of the following Jordan canonical
forms:

n=(32) m=(5 ) me(52)

where a, 3 > 0. Accordingly, we have three kinds of dilations

t* 0 4o 1 0 4o cos(Blogt) sin(Blogt)
’ ’ —sin(Blogt) cos(Blogt)
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§3. Singular integrals on homogeneous groups.

We regard R™ as a homogeneous group. We also write R" = H.

e H a homogeneous nilpotent Lie group;
e multiplication is given by a polynomial mapping;
e the identity is the origin 0, 7! = —x;

e d{A;}+>o: a dilation family on R™ such that

— a a a
A = (tM 21, t*2xs, ..., t%x,),

T = (T1,-++3%Tn), 0 <ay < az <--- < ap,
Aq; is an automorphism of the group structure

Ai(zy) = (Awx)(Ary), z,y € H, £ > 0;

e Lebesgue measure is bi-invariant Haar measure.
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Convolution is defined as

f*g(z) =

R’n

f(¥)g(y~'z) dy.
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An example. Heisenberg group H;.

(yy,u) (@, y,u)=(z+ 2",y +vy,u+u + (zy’ — yz')/2),

(wa Y, u)a (mla y,v u,) c Rgv

then R3 with this group law is the Heisenberg group Hj;; a dilation is
defined by

Ai(z,y,u) = (tx, ty,t°u) 2 steps,

and a norm function is
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1
r(z,y,u) = E\/\/(CE2 + y?)? + 4u? + x2 + y2.

Also, we can adopt

Al(z,yy,u) = (tz, t*y, t°u) 3 steps.
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Let

K(x) =

: T’ = A, (y-1z for T # 0,

where v = a; + - - - 4+ a,, (homogeneous dimension),

Q(Aix) = Q(x) for x # 0, t > 0;

we assume

/ K(x)dxr =0 forall0 <a <b.
a<r(x)<b
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Let
T(f)(x) = p.v. /f(y)K(y‘lw) dy

= lim f(y) K (y~'z) dy.

e—0 r(y_la:)>e

Also, we consider the maximal singular integral

T.(f)(x) = sup
N,e>0

/ F)K(y~'z) dy| .
e<r(y—lz)<N

25



Theorem C. (T. Tao 1999.) Suppose that 2 € Llog L(X). Then,
T is bounded on LP(H) for all p € (1, 00).

T. Tao proved this by interpolation between L? estimates and weak
(1,1) estimates.

IDEA: (TT*)M estimates via convolution

Theorem 3. (Sato, 2013.) Suppose that Q € Llog L(X). Then,
T, : LP(H) — LP(H), Vp € (1,00).

IDEA: Extrapolation

1T fllp < Cp(s — 1)U fllp, s> 1.
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Idea of proof.

Theory of Duoandikoetxea and Rubio de Francia (1986):

e Orthogonality arguments for L? estimates via
Fourier transform estimates and Plancherel’s theorem

e Littlewood-Paley theory
e Interpolation arguments
Our strategy is:

to employ a version of theory of Duoandikoetxea and Rubio de
Francia adapted for analysis on homogeneous groups;

replace the use of Fourier transform estimates with (T'T*)M
estimates via convolution (basic L? estimates) and apply Cotlar’s
lemma.
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(TT*)™ method.

Decompose

Y D,K=K, Tf=) f=*DK,

JEZ JEZ
supp(D; K) C {x : p? < r(x) < 2pI T2},
We choose p =25 , s’ =s/(s—1),if Q€ L5(X).

Let ¢ be a C*° function such that supp(¢) C {1/2 < r(x) < 1},
[ =1, () =¢(x"), ¢(zx) > 0.

Define

Ap =010 —0rp, k€EZ sop(x)=t"¢(A; ).
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Then

Y, A =4,

where 9 is the delta function.
Lemma (basic L? estimates). Let s > 1, Q € L5(X), p = 28",
Then,

S
1f * DiK % Apjllz < C—lz_e'klllﬂllsllfllz-

S_

When s = oo, this was proved by T. Tao 1999 with (T'T*)"
method.
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o [|TT™| = ||T|*
Let 2 be homogeneous of degree 0 on R™ \ {0}. Define
Co ={A0:1> 0}, 0 c 3.

Then, Q is smooth on Cy for every 0 € 3, since $2(A;0) = Q(0).

Co

e Convolution of smooth singular measures supported on Cy, Cy: . . ..
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By the lemma we have

1S(H)llze < Cp(s = H)THIQILs | fll w

for all p € (1, c0), where the constant C), is independent of s € (1, 2]
and 2 € L®, and S = T or T,. This estimate can be available in the

extrapolation arguments.
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The idea of considering convolution of singular measures was also
used by

C. Fefferman, 1970;
M. Christ, 1985, 1988:;
M. Christ and J.L. Rubio de Francia, 1988.
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§4. Singular integrals and maximal functions along curves and

the method of rotations with weight.

M f(x,0) =suph™*
h>0

h
/ f(x — A0)dt|, (x,0) € R® x S™ 1,
0

° dt
Hf(x,0) = p.V./ f(x — A0) 7, Ay = (sgn t)A|t| = —A|t|,

H.f(x,0) = sup
0<e<R

dt
e<|t|<R t
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Let w be a weight function. We recall that

121 2ty = ( /. ( [, 0)|qda(0)>p/qw(w) dw) 1/p

for functions F € LP (L9(S™')), where do denotes the Lebesgue
surface measure on S™ 1,

Also, we write

£z, = I fw'/Plle = || fw /P,

for f € LP (R™).
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Q| =

(1,1)

3o =

D=

35



Q| =

(1,1)

N | =

D=
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Theorem D. (M. Christ, J. Duoandikoetxea and J. L. Rubio de
Francia, 1986.) Suppose A; = tE (the identity matrix). Then

11
(-, —) € A, =—> M, H, H, : LP(R™) — LP(L9).
P q
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A, n2>3
1
— |1 (171)
q
1 (1 n—2)
n+1 2’ 2n — 2
0 1 2 1

D=
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Q
| =t

AI

(1,1)

(v
|t

<
| =t
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Theorem A for M, H was extended to the case of nonisotropic
dilations by Bez (2008) as follows.

Theorem E.
(1) -
(—,—) €A, —= M : LP(R") — LP(L9);
P q
(2)

11
P q

IDEA: To apply X-ray like transforms of P. Gressman, 2006,

and decay estimates for certain trigonometric integrals of Bez, 2008.
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Theorem 4. (Sato, 2012.) Suppose that <%, > € A!. Then,

1
q

H, : LP(R™) — LP(L9).

e This is optimal when n = 2 and improves on a result of Lung-
Kee Chen (1988).

Theorem 5. (Weighted estimates.) (Sato, 2012.)
M,H,H, : L? (R*) — L? (L?%), w € Aj;.

e r(x)*ce Ay if—v<a<0, v =traceP.
IDEA: To apply weighted L-P theory for vector valued functions

and decay estimates for certain trigonometric integrals of Bez, 2008.
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Applications.

By the method of rotations of Calderon-Zygmund, Theorems 4 and
5 can be applied to singular integrals with ' a variable kernel of the
form:

71(@) = pov. [ Ke,y)f(e-y)dy = lig [ L K@wf@y)dy

and the maximal singular integral

Tf(x) = sup
e, R>0

/ K(z,y)f(x —y)dy
e<r(y)<R
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Some results in harmonic analysis: Shuichi Sato
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