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We consider singular integral operators and maximal singular

integral operators with homogeneous kernels on the product space

of homogeneous groups�

We prove the Lp boundedness of the singular integrals for p �

����� under the L�logL�� integrability condition of the kernels on

the product of unit spheres�

Our methods will give di�erent proofs for some previous results�

where singular integrals are de�ned by Euclidean convolution� since

our proofs will not use Fourier transform estimates explicitly�

My talk is based on a joint work with Yong Ding �Beijing Normal

University��
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x�� R
d as a homogeneous group

x	� Lp estimates for �one parameter� singular integrals on R
d

x
� Lp estimates for singular integrals on product domains

x�� Orthogonality in L� via convolution

x�� Sketch of proof of Lp boundeness of multiple singular integrals
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x�� R d as a homogeneous group�

R
d the d dimensional Euclidean space� d � ��

We regard R
d as a homogeneous group

� multiplication is given by a polynomial mapping�

� �fAtgt�� a dilation family on R
d such that

Atx � �ta�x�� t
a�x�� � � � � t
adxd��

x � �x�� � � � � xd�� � � a� � a� � � � � � ad�

At is an automorphism of the group structure�

� Lebesgue measure is a bi�invariant Haar measure�

� the identity is the origin �� x�� � �x�

We also write R
d � H �
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Multiplication xy satis�es

��� �ux��vx� � ux� vx� x � H � u� v � R �

�	�

At�xy� � �Atx��Aty�� x� y � H � t � ��

�
� if z � xy� z � �z�� � � � � zd�� zk � Pk�x� y�� then

P��x� y� � x� � y��

Pk�x� y� � xk � yk �Rk�x� y� for k � ��

where Rk�x� y� is a polynomial depending only on

x�� � � � � xk��� y�� � � � � yk���
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jxj the Euclidean norm for x � R
d�

r�x� a norm function satisfying r�Atx� � tr�x�� 	t � �� 	x � R
d�

��� r is continuous on R
d and smooth in R
d n f�g�

�	� r�x� y� � C��r�x� � r�y��� r�xy� � C��r�x� � r�y��

for some C� � ��

�
� r�x��� � r�x��

��� If �d � fx � R
d 	 r�x� � �g� then �d � Sd���

where Sd�� � fx � R
d 	 jxj � �g�
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��� �c�� c�� c�� c�� ��� ��� ��� �� � � such that

c�jxj�� � r�x� � c�jxj�� if r�x� � ��

c�jxj�� � r�x� � c�jxj�� if r�x� � ��

� The space H with a left invariant quasi�metric d�x� y� � r�x��y�

is a space of homogeneous type�

� if � � a� � � � �� ad �the homogeneous dimension of H �� then

dx � t��� dSd dt� that is�Z
Rd

f�x� dx �
Z �

�

Z
�d

f�At	�t
��� dSd�	� dt

with dSd � 
 d�d� where 
 is a strictly positive C� function on

�d and d�d is the Lebesgue surface measure on �d�
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Convolution

f 
 g�x� �
Z

Rd

f�y�g�y��x� dy

� �f 
 g� 
 h � f 
 �g 
 h�

� �f 
 g�
 � 
g 
 
f if 
f�x� � f�x����
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An example� Heisenberg group H ��

�x� y� u��x�� y�� u�� � �x� x�� y � y�� u� u� � �xy� � yx������

�x� y� u�� �x�� y�� u�� � R
��

then R
� with this group law is the Heisenberg group H ��

a dilation is de�ned by
At�x� y� u� � �tx� ty� t�u��
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and a norm function is

r�x� y� u� �

�p
�

qp
�x� � y��� � �u� � x� � y��

Also� we can adopt
A�t�x� y� u� � �tx� t�y� t�u��
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x	� Lp estimates for singular integrals on R
d�

De�nition�

� F � L logL��d� �Zygmund class�

��Z
�d

jF �x�j log�� � jF �x�j� dSd�x� ���

� F � Lq��d��� kFkq �
�Z

�d
jF jq dSd

���q
���
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Let � be locally integrable in R
dnf�g and homogeneous of degree

� with respect to the dilation group fAtg� that is�

��Atx� � ��x� for x � �� t � ��

We assume that

Z
�d

��	� dSd�	� � ��

Let

K�x� � ��x��r�x���� x� � Ar�x���x for x � ��

where � � a�� � � �� ad� Then K is a locally integrable function on
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R
d n f�g and

K�Atx� � t��K�x� for all t � � and x � R
d n f�g�

Let

Tf�x� � p�v�f 
K�x� � p�v�
Z

Rd

f�y�K�y��x� dy�
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Theorem A �T� Tao� ������ Suppose that � � L logL��d��

Then� T is bounded on Lp�R d� for all p � ������

We also consider the maximal singular integral operator

T�f�x� � sup
���

�����
Z

r�y���
f�xy���K�y� dy

����� �

Then the following result is known�

Theorem B� Suppose that � � L logL��d�� Then� T� is bounded

on Lp�R d� for p � ������
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Theorem A for p � ��� � can be proved by interpolation between

L� estimates and weak ��� �� estimates for T with � � L logL�

both estimates are given by T� Tao ������� the result for p � �����

follows by duality�

For T� with � � L logL� neither weak ��� �� boundedness nor L�

boundedness was known�

We can prove Theorem B and give a di�erent proof of Theorem

A via extrapolation arguments�

our proof of Theorem A will not depend on the weak ��� ��

boundedness of T and will be applicable to some other operators for

which weak ��� �� boundedness is not known�

An analogue of a theory of Duoandikoetxea and Rubio de Francia

������ for homogeneous groups was developed by S� Sato �	�����
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where the use of Fourier transform estimates was replaced by a

variant of the L� orthogonality estimates given by T� Tao �������

The theory enables us to prove Theorem B and to give a di�erent

proof of Theorem A�

Here I would like to talk that the theory extends to the case of

product spaces of homogeneous groups�

Consequently� we can obtain analogues of Theorems A and B for

multiple singular integrals with rough kernels�
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Idea of proof of Theorem B�

� Extrapolation on � using

Proposition� Let � � p ��� � � s � � and � � Ls��d�� Then�

there exists a constant Cp independent of s and � such that

kT	
� fkp � Cp�s� ����k�kskfkp� T	
� � T��

We can prove Theorem B from Proposition by decomposing � �

L logL as

� �

�X
k
�

ck�k�

where supk�� k�kk����k � �� ck � ��
P�

k
� kck ���
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kT	
� fkp �

X
k

ckkT	k

� fkp

�
X

k

ckCp
�

inf

s������
�s� ����k�kks

�
kfkp

�
X

k

ckCp kk�kk����kkfkp

� Cp
�X

k

kck
�

kfkp�
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Theory of Duoandikoetxea and Rubio de Francia ������

� Orthogonality arguments for L� estimates via

Fourier transform estimates and Plancherel�s theorem

� Littlewood�Paley theory

� Interpolation arguments

Our strategy is

to employ a version of theory of Duoandikoetxea and Rubio de

Francia adapted for analysis on homogeneous groups�

replace the use of Fourier transform estimates with �TT ��M

estimates �L� orthogonality estimates for convolution� and apply

Cotlar�s lemma�
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�TT ��M method�

� kTT �k � kTk��

Let � be homogeneous of degree � on R
d n f�g� De�ne

C	 � fAt	 	 t � �g� 	 � �d�

Then� � is smooth on C	 for every 	 � �d since ��At	� � ��	��

C	

	

�
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Orthogonality estimates in L� via convolution�

Let j � C�
� �R �� j � Z� be such that

supp�j� � ft � R 	 �j � t � �j��g� j � �� � � ��

log �
X

j�Z
j�t� � � for t � ��

j�d�dt�mj�t�j � cmjtj�m for m � �� �� �� � � � �

where cm is independent of ��
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Let �tK��x� � t��K��A
��
t x�� K��x� � K�x��I��x��

I� � fx � R
d 	 � � r�x� � �g�

SjK��x� �
Z �

�

j�t��tK��x� dt�t

� ��x��r�x���
Z �

���
j�tr�x�� dt�t�

Then� supp�SjK�� � fx 	 �j � r�x� � ��j��g and

X
j�Z

SjK� � K� Tf �
X

j�Z
f 
 SjK��

We choose � � �s
�

if � � Ls��d��
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Let � be a C� function such that

supp��� � f��� � r�x� � �g� R � � �� ��x� � ��x���� ��x� � ��

De�ne
�k � �
k���� �
k�� k � Z� �t��x� � t����A��
t x��

Then

P
k�k � ��

where � is the delta function�
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Lemma �L� orthogonality estimates�� Let s � �� � � Ls��d��

� � �s
�
� Then�

kf 
 SjK� 
�k�jk� � C

s
s� �

���jkjk�kskfk��

For s ��� this was proved by T� Tao ���� with �TT ��d method�
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x
� Lp estimates for singular integrals on product domain�

We consider the product space

R
n � R
n� � R
n�� n � n� � n��

R
n� � H �� R
n� � H �

are homogeneous groups with dilations A
���
t � A

���
t and norm functions

r�� r�� respectively�

Let � � L���n� � �n�� satisfy

Z
�n�

��u� v� dSn��u� �
Z

�n�
��u� v� dSn��v� � ��

	�u� v� � �n� � �n��
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De�ne the singular integral

Tf�x� y� � p�v� f 
K�x� y�

� p�v�
Z

R
n��R
n�

f�xu��� yv���K�u� v� du dv�

where

K�u� v� � r��u�
���r��v�
�����u�� v���

u� � A
���

r��u���u� v
� � A
���

r��v���v�

�� and �� are the homogeneous dimensions of H � and H �� respectively�
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Theorem �� Suppose that � � L�logL����n� � �n��� Then�

T 	 Lp�H � � H ��� Lp�H � � H �� for all p � ������

Also� we consider the maximal singular integral

T�f�x� y� � sup
�����

����
������
Z

r��u�����

r��u����
f�xu��� yv���K�u� v� du dv

������ �
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Theorem ��

T� 	 L
p�H � � H ��� Lp�H � � H �� for all p � ������

whenever � � L�logL����n� � �n���
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Previous works�

� R� Fe�erman and E� M� Stein� Singular integrals on product

spaces�

Adv� in Math� �� ����	�� ������
�

� J� Duoandikoetxea� Multiple singular integrals and maximal

functions along hypersurfaces�

Ann� Inst� Fourier 
� ������� ����	���

� H� Al�Qassem and Y� Pan� Lp boundedness for singular integrals

with rough kernels on product domains�

Hokkaido Math� J� 
� �	��	�� ������
�

� A� Al�Salman� H� Al�Qassem and Y� Pan� Singular integrals on

product domains�

Indiana Univ� Math� J�� �� �	����� 
���
���
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� Theorems � and 	 are extensions of results of A� Al�Salman�

H� Al�Qassem and Y� Pan �	���� to the case of singular

integrals on product of homogeneous groups�

� The optimality of the kernel class L�logL��� in the case of

Euclidean convolution� can be found in A� Al�Salman�

H� Al�Qassem and Y� Pan �	�����

� Our methods give di�erent proofs for previous results� where

singular integrals are de�ned by Euclidean convolution� since

our proofs of Theorems � and 	 do not use Fourier transform

estimates explicitly�
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To prove Theorems � and 	� we apply extrapolation arguments

via the following estimates�

Proposition �� Let � � p ��� � � s � � and

� � Ls��n� ��n��� Then� � Cp independent of s and � such that

kTfkp � Cp�s� ����k�kskfkp�

Proposition �� Let p� s and � be as in Proposition �� Then

kT�fkp � Cp�s� ����k�kskfkp

for some constant Cp independent of s and ��
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Proposition � �� Theorem �� Proposition 	 �� Theorem 	�

Decomposing � � L�logL����n� � �n�� as

� �

�X
k
�

ck�k� ck � �

where Z
�n�

�k�u� v� dSn��u� �
Z

�n�
�k�u� v� dSn��v� � ��

sup
k��

k�kk����k � ��

�X
k
�

k�ck ���
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x�� Orthogonality in L� via convolution�

We write

x � �x���� x���� � R
n� x��� � R
n�� x��� � R
n�� n � n� � n��

Let ��i�� i � �� �� be a C� function on R
ni such that

supp���i�� �
�

x�i� � R
ni 	
�

�
� ri�x
�i�� � �

�
�

Z
��i� � �� ��i� � 
��i�� ��i� � �

where 
��i��x�i�� � ��i���x�i������ Set

�
�i�
k � �

�i�
�k���

�i� � �
�i�

�k
��i�� k � Z�
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where �
�i�
t ��i��x�i�� � t��i��i���A

�i�
t ���x�i��� � � ��

Then

�
�i�
k � 
�

�i�
k �

X
k

�
�i�
k � ��i��

where ��i� is the delta function on R
ni�

Choose j � C�
� �R �� j � Z� satisfying

supp�j� � ft � R 	 �j � t � �j��g� j � ��

�log ��
X

j�Z
j�t� � � for t � ��

j�d�dt�mj�t�j � cmjtj�m for m � �� �� �� � � � �

where cm is a constant independent of � � � �
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Let �s�t � ����s � �
���
t � De�ne

Sj�kF �x� �
Z �

�

Z �
�

j�s�k�t��s�tF �x�
ds

s
dt

t
�

where F � L��Rn�� supp�F � � D�� D� � D
���
� �D

���
� �

D
�i�
� � fx�i� � R

ni 	 � � ri�x
�i�� � �g�

Let K��x� � K�x��D��x�� Then

X
j�k�Z

Sj�kK� � K�
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Let ��i� be a non�negative smooth function on R
ni such that

Z
��i��x�i�� dx�i� � �� 
��i� � ��i�� supp���i�� �

n
ri�x
�i�� � �
o
�

For F � L��Rn� with supp�F � � D�� de�ne the operator U� �

U��F � by

U�f � U��F ��f� �
X

j�k
�j�kf 
 �j�k�
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where

�j�k�x� � �j�k�F ��x� � Sj�kF �x�� �
���
j�k�x�� �

���
j�k�x� � �j�k�x��

�
���
j�k�x� � �

���
j�k�F ��x� �

�Z
SjkF �x� dx
���

�
�

���

j
�����x�����

�
���
j�k�x� � �

���
j�k�F ��x� �

�Z
SjkF �x� dx
���

�
�

���

k
�����x�����

�j�k�x� � �j�k�F ��x� �
�Z

SjkF �x� dx
�

�
j�
k��x�� � � ���� � �����

and � � f�j�kg is an arbitrary sequence such that �j�k � � or ���

Then Z
�j�k�x� dx
�i� � �� Sj�kK� � �j�k�K��

U��K���f� � Tf if �j�k � � for all j� k�
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For s � �� let

Ls�D�� � fF � Ls�H � � H �� 	 suppF � D�g�

Lemma �� Suppose that F � Ls�D��� s � ��� �� Let �j��j� �

�j��j��F ��

a�t� � min��� ��t�� t � R �

Then� for ji� ki � Z� i � �� �� we have

kf 
 �j��j� 
�k��k�k� � C�log ���
�
�Y

i
�
a���jji � kij � c��s��

�
kFkskfk�

for some positive constants C� � and c independent of �� s and F �

where �k��k� � �
���
k�
��

���
k�

and s� � s��s� ���
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Put S � S���F � By the T �T method� one of the key estimates

to prove Lemma � is the following

���f � �
�k��k� �
�S � S ��k��k�

�n�
�

���
�

� C�log ���n����k��k��c��s
�
kFk�n�

s kfk��

for some �� c � �� where
gm
�

� g � � � � � g� �z �

m times

and we may assume n� � n� without loss of generality�
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x�� Proof of Proposition ��

Lemma 	 �Littlewood�Paley inqualities�� Let � � p � � and

�k��k� � �
���
k�
��

���
k�
� Then

						
X

k��k�
fk��k� 
�k��k�

						
p

� Cp
							



�X
k��k�

jfk��k�j�
�

A
���
							

p
�

							



�X
k��k�

jf 
�k��k�j�
�

A
���
							

p
� Cpkfkp�

where the constant Cp is independent of � � ��
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We write U� � U��F � with � � �s
�

and

U�f �
P

k����k���Uk����k���f� k�i� � �k
�i�
� � k

�i�
� � � Z

��

Uk����k���f �

X
j�Z�

�jf
�k����j
�j
�k����j� �j � �j�F �� j � �j�� j���

�r�s�x� � �r�s�F ��x� � Sr�sF �x�� ����
r�s�x�� ����
r�s�x� � �r�s�x��

����
r�s�x� � ����
r�s�F ��x� �

�Z
Sr�sF �x� dx
���

�
�

���

r �

����x�����

����
r�s�x� � ����
r�s�F ��x� �

�Z
Sr�sF �x� dx
���

�
�

���

s �

����x�����

�r�s�x� � �r�s�F ��x� �
�Z

Sr�sF �x� dx
�

�
r�
s��x�� � � ���� � �����
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Fix k���� k��� � Z
�� By Lemma � with � � �s
�

and duality�

kf 
�k 
 �jk� � C�s� ����kFkskfk�
�Y

i
�
����jki � jij � c���

where

��t� � min��� ��t�� t � R �

Applying this and Lemma �� to �j and 
�j� and noting that

k�k����j 
�k����j�k� � C

�Y
i
�

����jji � j�ij � c��� j� � �j��� j
�
���
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k�kk� � C� we have

			f 
 ��k����j 
 �j� 
 ��k����j 
�k����j�� 
 �
�j� 
�k����j��
			

�

� CA�kfk�
�Y

i
�
�����jk���i j � c������jji � j�ij � c���

A � �s� ����kFks�

			f 
�k����j 
 ��j 
�k����j� 
 ��k����j� 
 
�j�� 
�k����j�
			

�

� CA�kfk�
�Y

i
�
�����jk���i j � c���
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Taking the geometric mean� we have

			f 
 �k����j 
 �j 
�k����j
�




�k����j� 
 
�j� 
�k����j�

�			
�

� CA�kfk�
�Y

i
�
�
�Y

m
�
����jk�m�

i j � c��
�

����jji � j�ij � c�����
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similarly� Thus� by the Cotlar�Knapp�Stein lemma
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uniformly in �� This implies that

kU�fk� �
X

k����k���
kUk����k���fk� � CAkfk�� A � �s� ����kFks�

By the bootstrap argument of Duoandikoetxea�Rubio de Francia

������� we can prove that

kU�fkp � CpA kfkp � A � �s� ����kFks p � ��� ��

for all F � Ls�D��� where Cp is independent of �� F and s�

To carry out the bootstrap argument� we use

the Littlewood�Paley theory �Lemma 	� and the Khintchine inequality �
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and need to consider general U��F �� even though we would like to

have the result for the particular case

U��K���f� � Tf� �j�k � � for all j� k�

Thus we have

kTfkp � C�s� ����k�kskfkp for p � ��� ��

a duality argument will imply the conclusion for p � ������
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THANK YOU
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