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x�� Fourier series� � dimensional case�

Let

f�x� �

�X
n���

ane
��inx
� an �

Z
Q�

f�x�e���inx dx

be the Fourier series for f � L��Q��� Q� � ������ ���� and

TNf�x� �

X
jnj�N

ane
��inx

the partial sum�
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According to J� Arias�de�Reyna ��		�
� we de�ne a space QA�Q���

De�nition�

f � QA�Q��

��

there exists a sequence ffjg of bounded functions such that

f �

�X
j��

fj� N�ffjg� ��

�X
j��

�� � log j�kfjk� log
�
ekfjk�

kfjk�
�
��	

kfkQA � inf N�ffjg��

where the in�mum is taken over all possible ffjg�

Then� the space QA is a subspace of L logL and is a logconvex quasi�Banach
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space of N� J� Kalton ���
�
� where logconvex means

�C � 
 �

������
�X

j��
fj

������
QA

	 C

�X
j��

�� � log j�kfjkQA�
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space of N� J� Kalton ���
�
� where logconvex means

�C � 
 �

������
�X

j��
fj

������
QA

	 C

�X
j��

�� � log j�kfjkQA�

De�ne T��f��x� � supN jTN�f��x�j� Then�

Theorem A �J� Arias�de�Reyna� �		�
� There exists a positive constant C such

that

kT��f�k��� � sup
���

�jfx � Q� � T��f��x� � �gj 	 CkfkQA	

consequently�
lim
R��

TN�f��x� � f�x� a�e� for f � QA�Q���
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It is known that L logL log log logL is a proper subspace of QA� So� Theorem

A implies the following�

Theorem B �Antonov� ����
� If f � L logL log log logL�Q��� then

lim
N��

TN�f��x� � f�x� a�e�

The convergence a�e� for f � L logL log logL�Q�� was proved by P� Sj�olin

����

�
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 For f � L��Q��� there is a result of L� Carleson �����
 which shows that

fTNfg converges a�e�


 R� Hunt ����

 proved the restricted weak type estimates�

F sup��� �jfx � Q� � T���A��x� � �gj��p 	 Cp��p� ����jAj��p�

for � � p ��� where �A denotes the characteristic function of a set A � Q��


 By F R� Hunt ����

 proved the convergence a�e� of fTNfg for

f � L�logL���Q���


 P� Sj�olin proved that F can be used to prove the convergence a�e� for the

class L logL log logL�Q���


 Applying F more e�ectively� N� Yu� Antonov �����
 proved that fTNfg

converges a�e� if f � L logL log log logL�Q���
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I would like to talk about analogues of Theorem A for

��� the Ces�aro means of the critical order ��� for spherical

harmonics expansions of functions on the unit sphere of R ��

��� the Bochner�Riesz means of order �d����� for multiple Fourier

series of periodic functions on R
d	 d � �
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x�� Bochner�Riesz means of multiple Fourier series� Let

Qd � fx � R
d � ���� � xi 	 ���� i � �� �� � � � � dg� x � �x�� � � � � xd��

be the fundamental cube in the d�dimensional Euclidean space R
d� For

f � L��Qd� we consider the Fourier series

f�x� �

X
ane

��ihn�xi� n � �n�� n�� � � � � nd� � Z
d�

where hn� xi � n�x� � � � � � ndxd and

an �
Z

Qd
f�x�e���ihn�xi dx� dx � dx� � � � dxd�

is the Fourier coe�cient� The Bochner�Riesz means of order 	 of the series are
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de�ned by

T
�
R�f��x� �

X
jnj�R

�
��

jnj�

R�
��

ane
��ihn�xi
� jnj � �n

�
� � � � � � n

�
d�

���
�

De�nition �Arias�de�Reyna
�

f � QA�Qd�

��

there exists a sequence ffjg of bounded functions such that

f �

�X
j��

fj� N�ffjg� ��

�X
j��

�� � log j�kfjk� log
�
ekfjk�

kfjk�
�
��	

kfkQA � inf N�ffjg��

where the in�mum is taken over all possible ffjg�
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The space QA is a logconvex quasi�Banach space and a subspace of L logL�
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De�ne T �
� �f��x� � supR�� jT

�
R�f��x�j� Let 
 � �d� ���� �the critical

index
�

Theorem �� There exists a positive constant C such that

kT	
� �f�k��� � sup
���

�jfx � Qd � T	
� �f��x� � �gj 	 CkfkQA	

consequently�
lim
R��

T	
R�f��x� � f�x� a�e� for f � QA�Qd��

Since L logL log log logL � QA� Theorem � implies the following�

Theorem �� If f � L logL log log logL�Qd�� then

lim
R��

T
	
R �f��x� � f�x� a�e�
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The convergence a�e� for f � L logL log logL�Qd� was proved by G� Sunouchi

���
�
�

To prove Theorem � we use the following estimates�

Lemma �� Let � � p 	 �� Then� there exists a constant C independent of p

such that
sup
���

�jfx � Qd � T
	
� �f��x� � �gj

��p
	 C�p� ��
��
kfkp�

Lemma � was proved in G� Sunouchi ���
�
 by using the following two results

and analytic interpolation�
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Lemma � �E� M� Stein� ���

� Suppose f � L��Qd� and � � 
� Then

kT �
� �f�k��� 	 A
e

�j� j�� � 
���kfk�� 	 � � � i�� �� � � R �

where A
 remains bounded as � 
 
�

Lemma � �E� M� Stein� ���

� Suppose that f � L��Qd�� Then

kT
�
� �f�k� 	 A
e

�j� j
kfk�� � � 
�


 Theorem � can be proved in the same way as Theorem A by applying

Lemma �� as we shall brie�y see below�
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x�� Ces�aro means of spherical harmonics expansions�

We have analogous results for the Ces�aro means of spherical harmonics

expansions�

Hk� the space of the spherical harmonics of degree k on �d�

�d � fx � R
d�� � jxj � �g� the unit sphere in R
d���

We recall that the space Hk consists of the restrictions to �d of harmonic

homogeneous polynomials of degree k�

Let

Hkf�x� �
Z

�d
Z

�k�
x �y�f�y� d
�y��

where d
 is the Lebesgue surface measure on �d normalized as j�dj � 
��d� �

�� and Z�k�
x � Hk is the zonal harmonic of degree k with pole x � �d�

Z
�k�
x �y� �

�
�k

d� �
� �

�
��d�����d � k� ��

��d� ����k � d���
P

��d�������d������

k �hx� yi�

�
�
�k

d� �
� �

�
P

��d������

k �hx� yi��

Ces�aro and Riesz means of critical order on certain function spaces � Shuichi Sato 
�



Here P
�	���

k is the Jacobi polynomial and P
���

k is the Gegenbauer polynomial

de�ned by �� � �tr � r���� �

P�
k�� P

���

k �t�rk� We consider the spherical

harmonics expansion

f �

�X
k��

Hkf

and the Ces�aro means of order 	 de�ned by

S�nf �

�
A

���
n

Pn
k��A

���
n�kHkf� n � 
� �� �� � � � � 	 � � � i��

where

A
���
k �

��k � 	 � ��

��k � ����	 � ��
�

�k � 	
k

�
� � � ��

Let S���f��x� � supn�� jS
�
n�f��x�j�

We de�ne the space QA��d� analogously to QA�Qd��
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Theorem �� There exists a positive constant C such that

sup
���

�jfx � �� � S
���

� �f��x� � �gj 	 CkfkQA

for f � QA����� which implies

lim
n��

S���

n �f��x� � f�x� a�e� for f � QA�����

Theorem � implies the following result as Theorem � implies Theorem ��

Theorem �� If f � L logL log log logL����� then

lim
n��

S���

n f�x� � f�x� a�e�
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The convergence a�e� of fS���

n fg for f � Lp����� p � �� can be found in

A� Bonami and J��L� Clerc �����
�

The proof of Theorem � is similar to that of Theorem �� if we have the

following estimates�

Lemma �� Let � � p 	 �� Then� we have

sup
���

�jfx � �� � S
���

� �f��x� � �gj��p 	 C�p� ����kfkp

for a positive constant C independent of p�
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To prove Lemma � we need the following two results�

Lemma �� Suppose that f � L����� and 
 � � � �� where 
 � ���� Then

kS
�
��f�k��� 	 A
e

B��
�� � 
�
��
kfk�� 	 � � � i��

The constant A
 remains bounded as � 
 
�

When 	 is real� Lemma � is known for all d �A� Bonami and J��L� Clerc������

L� Colzani� M� H� Taibleson and G� Weiss� ��
�
�

Lemma � �A� Bonami�J��L� Clerc� ����
� Suppose that f � L������ Then

kS
�
��f�k� 	 A
e

B
�
�
kfk�� � � 
�

A
 and B
 are bounded on any compact subinterval of �
����

Using Lemmas � and �� we can prove Lemma � by analytic interpolation of

Sagher �����
�
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x�� Proof of Theorem ��

Lemma �� Let � E � Qd� Then

kT
	
� ��E�k��� 	 CjEj log

�
e
jEj

�
�

Proof� For � � 
� let m��� � inf��p�� �
�p�p� ���p� Then� by Lemma ��

sup��� �
pjfx � Qd � T	
� �f��x� � �gj 	 C�p� ���pkfkpp�

we have

jfx � Qd � T
	
� ��E��x� � �gj 	 Cmin ���m���jEj� �

This will imply the conclusion� since

m��� �

�
�

log
�

� �

�
�

�
�
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Lemma 
� If f � L��Qd�� then

kT
	
� �f�k��� 	 Ckfk� log

�
ekfk�

kfk�
�
�

If f � A�E� A � 
� E � Qd� then Lemma � implies Lemma 
� Let

R � fR�� R�� � � � � RNg be any �nite set of positive numbers� De�ne

T
	
R

�f� � sup

��j�N

jT
	
Rj
�f�j�

The transition from A�E to a general f can be carried out by

infE kT
	
R

�f � kfk��E�k� � 
�

where the in�mum is taken over all E satisfying jEjkfk� � kfk��

This is the idea of Antonov �����
� which can be applied to T	
R and S���

n �
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Proof of Theorem ��

Suppose f � QA�Qd� and

f �

�X
j��

fj� N�ffjg� ��

�X
j��

�� � log j�kfjk� log
�
ekfjk�

kfjk�
�
���

Since L��� is a logconvex quasi�Banach space �N� J� Kalton� ��
�
� by Lemma 


we have

kT
	
� �f�k��� 	 C

�X
j��

�� � log j�kT
	
� �fj�k���

	 C

�X
j��

�� � log j�kfjk� log
�
ekfjk�

kfjk�
�

� CN�ffjg��

Taking the in�mum we get the conclusion� kT	
� �f�k��� 	 CkfkQA�
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x�� Proof of Lemma � �

Lemma �� Let � � p 	 �� Then� we have

sup
���

�jfx � �� � S
���

� �f��x� � �gj��p 	 C�p� ����kfkp

for a positive constant C independent of p�

Lemma �� Suppose that f � L����� and 
 � � � �� where 
 � ���� Then

kS���f�k��� 	 A
e
B���� � 
���kfk�� 	 � � � i��

The constant A
 remains bounded as � 
 
�
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Let

S
�����

n �cos v� � �A���
n ���

nX
k��

A
���
n�k��k � ��P

���

k �cos v��

where


 � � � �� 
 	 v 	 �� 
 � � � �� 	 � � � i��

Then� S�������

n �hx� yi� is the kernel of the operator S�n�

S
�
nf�x� �

Z
��

S�������

n �hx� yi�f�y� d
�y��
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Let

i
�����

n �v� �

� sin�	��

�

Z �
�

un�����

��� u����� �u cos v � u�����
du�

I
�����

n �v� �

exp ��i 
�n � � � �	 � �����v � �� � 	 � �������

�� sin v���� sin�v�������

sin����

�

�

Z �
�

u����� u�n�����

��� u� �v���������� u� �v���
du�

J
�����

n �v� �

exp �i 
�n � � � �	 � �����v � �� � 	 � �������

�� sin v���� sin�v�������

sin����

�

�

Z �
�

u����� u�n�����

��� u� ��v���������� u� ��v���
du�

where � �v� � �� � i cot v����
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Then� by E� Kogbetliantz �����
 it follows that

�
�
A

���
n S

�����

n �cos v� � �n���I�����n �v���	���I
�������

n�� �v��i�����n�� �v��i
�����

n �v�

� �n � ��J�����n �v�� �	 � ��J
�������

n�� �v�

We also need the following result�

Lemma � �R� Askey and I� I� Hirschiman� ����
� Let � � ��� � � R � Then

jA
�
�i� �

n j � jA
�
�

n j� jA
�
�i� �

n j 	 e
c�
���
A

�
�

n �

where

c��� �

�
�

�X
k��

�� � k�
��
�
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Let hx� yi � cos v� x� y � ��� Then

			S�����

n �hx� yi�
			

	



CeB�

�
�n � ����
��n � ���� � jx� yj����
�� if hx� yi � 
�

CeB�
�
�n � ����
��n � ���� � jx � yj����
�� if hx� yi 	 
�

Since S�nf�x� �
R

��
S�������

n �hx� yi�f�y� d
�y�� we see that

S���f��x� 	 A
e
B��

�
� �

�
�

���
�Mf�x� �Mf��x��� 	 � � � i��

where

Mf�x� � sup
r��
jB�x� r�j
��

Z
B�x�r�

jf�y�j d
�y��

where B�x� r� � fy � �� � jy � xj � rg� x � ���
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By the L��L��� boundedness of the maximal operatorM we get the conclusion

of Lemma ��
kS
�
��f�k��� 	 A
e

B��
�� � 
�
��
kfk�� 	 � � � i��
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x�� Proof of Lemma �� Recall

Lemma �� Let � � p 	 �� Then� we have

sup
���

�jfx � �� � S
���

� �f��x� � �gj
��p
	 C�p� ��
��
kfkp

for a positive constant C independent of p�

Let � � p � ��
��p � ��� ���� � �� 
 � ��� ��c � �b�

where

c � 
� ��������p� ����� b � 
 � �������� ��p�� 
 � ����

We note that
� � ����p� ����� ��� 	 c 	 
� 
 	 b 	 ����
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De�ne
Tzf � S
��z�

� f� 	�z� � ��� z�c � zb� z � � � i�� 
 	 � 	 ��

Here S�� is a linear operator approximating S�� de�ned by

S
�
�f�x� � S

�
n�x�f�x��

where n�x� is a suitable non�negative mapping from �� to Z�� so that fTzg is

an admissible analytic family of linear operators�
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�
�

�
�

�
�


 ��
p

Re 	
�

�

�
�

�
� c�

��� b�

c �

�
�
�

�
�

�
�
p
�

�
�

�

b �

�
�

�
�

�
�

��

�
p

�

��� ��
�
�

�
� c

�
� ���� b�� � � �
� ��

O�p� ��
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We apply the analytic interpolation theorem on the Lorentz spaces Lp�q due

to Sagher �����
� Recall

Lemma �� Suppose that f � L����� and 
 � � � �� where 
 � ���� Then

kS
�
��f�k��� 	 A
e

B��
�� � 
�
��
kfk�� 	 � � � i��

The constant A
 remains bounded as � 
 
�

Lemma �� Suppose that f � L������ Then

kS
�
��f�k� 	 A
e

B
�
�
kfk�� � � 
�

A
 and B
 are bounded on any compact subinterval of �
����

Lemma � implies

kS
��i� �

� fk��� � kTi�fk��� 	 Ace
Bc�
�
kfk���� 	�i� � � c � i� �b� c��
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By Lemma � we have

kS
����i� �

� fk��� � kT��i�fk��� 	 Ab�p� ��
��
e
B��
kfk����

	�� � i� � � b � i� �b� c��

Interpolating between these estimates� we get

kS
	
� fkp�p� � kT
fkp�p� 	 A
kfkp�p�

where

A
 	 C�p� ���
 	 C�p� �����

Therefore

kS
	
� fkp�� 	 CkS

	
� fkp�p� 	 C�p� ��

��
kfkp�

which implies Lemma ��
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