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x�� Let � � L��Sn��� satisfy

Z
Sn��

���� d���� � �

where Sn�� � fx � Rn � jxj � �g

d� � the Lebesgue measure on Sn��	 n � ��

We consider singular integrals of the form�

T �f��x� � p�v�
Z

R
n

f�x� y�K�y� dy�

K�x� � h�jxj���x
��

jxjn � x
� � x�jxj�
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De
nition� Let F � L��Sn����

��� F � L logL�Sn��� �Zygmund class�

��Z
Sn��

jF ���j log�� � jF ���j� d���� ���

��� F � H��Sn��� �Hardy space� �� kFkH� � kP�FkL� ��	

where

P
�
F ��� � sup

��r��
����
Z

Sn��
F ���Pr���� d����

����

Pr���� � cn

�� r�

jr� � �jn �Poisson kernel�� � � r � �	 �	 � � S
n��
�

� L logL�Sn��� is a proper subspace of H��Sn����
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The case of homogeneous kernels�

　When Tf � p�v� f �K	 K � ��jxjn	 write T � T�� Then	

�T�f�	��� � m���� 	f����

where

m���� � �
Z

Sn��
����F ���� �� d�����

F ���� �� �
�
i
�

�
sgn�h��� �i� � log jh��� �ij

�
�

This implies

� � � L logL�Sn��� �� T� � L� 	 L��

If � is odd	

T�f�x� �

�
�

Z
Sn��

H�f�x����� d����� H�f�x� � p�v�
�
�

Z �
��

f�x�t�� dt�t�
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The method of rotations of Calder�on�Zygmund ����� implies�

� � is in L��Sn��� and odd �� T� � Lp 	 Lp for all � � p ���

� � � L logL�Sn��� �� T� � Lp 	 Lp for all � � p ���

Furthermore	

� � � H��Sn��� �� T� � Lp 	 Lp for all � � p ���

This was proved by Coifman�Weiss	 Connett	 Ricci�Weiss �������� by applying

developed versions of the Calder�on�Zygmund method of rotations�

This improves upon the previous result since L logL�Sn��� is a proper subspace

of H��Sn����
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The case where h is not constant�

Recall

T �f��x� � p�v�
Z

R
n

f�x� y�K�y� dy�

K�x� � h�jxj���x
��

jxjn � x
�
� x�jxj�

If h is not constant	 then the method of rotations of Calder�on�Zygmund is not

applicable in general�

The operator
S�f��x� �

Z
R
n

f�x� y�

exp�ijyj�

�� � jyj��n�� dy

is included in the class of operators T as a particular example�
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De
nition The space 
s	 s � �	 is de
ned as


s � fh on R� � khk�s ��g�

khk�s � sup
j�Z

�
�Z �j��

�j

jh�t�js dt�t
�

A
��s

�

where

Z � the set of integers	 R� � ft � R � t 	 �g�


� � L��R���

� s 	 t �� 
s 
 
t�
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��� h � L�	 � � Lip�Sn��� �� T � Lp 	 Lp	 � � p ���

R� Fe�erman	 ���

��� h � L�	 �q 	 � � � � Lq�Sn��� �� T � Lp 	 Lp	 � � p ���

J� Namazi	 ����

��� h � 
�	 �q 	 � � � � Lq�Sn��� �� T � Lp 	 Lp	 � � p ���

J� Duoandikoetxea and J� L� Rubio de Francia �D�R�	 ����

��� � � H��Sn���	 �s 	 � � h � 
s

�� T � Lp 	 Lp if j��p� ���j � min����� ��s��� s� � s��s� ���

D� Fan and Y� Pan	 ���

��� � � L logL�Sn���	 �s 	 � � h � 
s �� T � Lp 	 Lp	

� � p ���

A� Al�Salman and Y� Pan	 �����
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Theorem �� Suppose that � � Lq�Sn���	 h � 
s	 q� s � ��� ��� Then

kT �f�kLp � Cp�q � �����s� ����k�kLq�Sn���khk�skfkLp

for all p � �����	 where the constant Cp is independent of q� s�� and h�
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De
nition

For h on R� and a 	 �	 let

La�h� � sup
j�Z

Z �j��

�j

jh�r�j �log�� � jh�r�j��a dr�r�

De
ne

La � fh � La�h� ��g�

� a � b �� Lb 
 La�

� Ss��
s �
T

a�� La�
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De
nition

Let Ma	 a 	 �	 be the collection of functions h on R� such that

�fhkg�k��	 �fakg�k�� �a sequence of non�negative real numbers�	

h �
P�
k�� akhk	 sup
k��

khkk�����k

� ��

�X
k��

k
a
ak ���

De
ne

khkMa � inf
fakg

�X
k��

k
a
ak�

Proposition�

��� k � kMa is a norm on the space Ma�

��� h � La�b for some b 	 � �� h � Ma�

�� h � Ma �� h � La�
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Lemma �� Suppose F � L��Sn��� and a 	 �� Then	 the following two

statements are equivalent�

���
R

Sn�� jF j �log�� � jF j��a d� �� and
R

Sn�� F d� � ��

��� there exist a sequence fFmg�m�� of functions on S
n�� and a sequence

fbmg�m�� of non�negative real numbers such that

F �
P�
m�� bmFm	

sup
m��

kFmk����m � ��

Z
Sn��

Fm d� � ��

�X
m��

m
a
bm ���
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By Theorem � and extrapolation of Yano we have

Theorem �� Let � � L logL�Sn��� and h � M�� Then

kT �f�kLp � Cpk�kL logLkhkM�kfkLp

for all p � ������

Remarks�

� Al�Salman�Pan ������ proved Lp boundedness of T under the condition that

� � L logL�Sn��� and h � 
s for some s 	 �� Theorem � improves upon

this result by replacing the assumption on h with h � M�	 which will be satis
ed

if h � La for some a 	 ��

� � � L logL�Sn���� h � L� �� T � Lp 	 Lp for all p � ����� �
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Proof of Theorem �� Fix p � ����� and a function f with kfkp �

�� Set S�h��� � kT �f�kp� Let h � M� and � � L logL�Sn����

Write h �

P�
k�� akhk	 as in the de
nition of M�� We may assumeP�

k�� kak � khkM�� Also	 we have � �

P�
m�� bm�m	 by Lemma �

with a � �	 where supm�� k�mk����m � �	
R

Sn�� �m d� � �	 bm � �	P�
m��mbm � k�kL logL� Now	 the subadditivity of S and Theorem � imply

S�h��� �
�X

k��

�X
m��

akbmS�hk��m�

� C

�X
k��

�X
m��

akbm inf

q�s�����	
�q � ��
��
�s� ��
��k�mkqkhkk�s

� C

�X
k��

�X
m��

akbmmkk�mk����mkhkk�����k

� C

�X
k��

�X
m��

kmakbm � CkhkM�k�kL logL�
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x�� Singular Radon transforms�

T �f��x� � p�v�
Z

Rn

f�x� P �y��K�y� dy

� lim
���

Z
jyj��

f�x� P �y��K�y� dy�

where

K�y� � h�jyj���y��jyj�n� y
�
� jyj��
y�

n � �	 � � L��Sn���	 Z
Sn��

���� d���� � ��

f � a function on Rd	

P �y� � �P��y�� P��y�� � � � � Pd�y��� a polynomial mapping	 where each Pj is a

real�valued polynomial on Rn�
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We assume that P ��y� � �P �y��

Theorem �� Suppose that � � Lq�Sn���	 h � 
s	 q� s � ��� ��� Then

kT �f�kLp�Rd� � Cp�q � �����s� ����k�kLq�Sn���khk�skfkLp�Rd�

for all p � �����	 where the constant Cp is independent of q� s�� and h� also	

it is independent of the polynomials Pj if they are of 
xed degree�

By Theorem � and extrapolation we have

Theorem �� Let � � L logL�Sn��� and h � M�� Then

kT �f�kLp�Rd� � Cpk�kL logLkhkM�kfkLp�Rd�� p � ������

where Cp is independent of the polynomials Pj if they are of 
xed degree�
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Previous result

Recall

T �f��x� � p�v�
Z

Rn

f�x� P �y��K�y� dy�

K�y� � h�jyj���y��jyj�n� y
�
� jyj��
y�

� � L logL�Sn���	 �s 	 � � h � 
s	 P ��y� � �P �y�

�� T � Lp 	 Lp for all � � p ���

A� Al�Salman and Y� Pan	 J� London Math� Soc� ���	 �����

Theorem � improves upon this result by replacing the assumption on h with

h � M��

Some non�regular convolution operators� Shuichi Sato 	�



Idea for proofs of Theorems �	 ��

Framework of the proof comes from

� J� Duoandikoetxea and J� L� Rubio de Francia �D�R�	 Maximal and singular

integral operators via Fourier transform estimates	 Invent� Math� �� ������

We apply the methods of D�R with a suitable Littlewood�Paley �L�P�

decomposition�

For singular Radon transforms	 we also use results for oscillatory integrals in

� D� Fan and Y� Pan	 Singular integral operators with rough kernels supported by

subvarieties	 Amer� J� Math� ����	

� F� Ricci and E� M� Stein	 Harmonic analysis on nilpotent groups and singular

integrals	 I	 J� Func� Anal� �� ������
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Littlewood�Paley decomposition�

L�P decomposition adapted to a lacunary sequence f
kg�

f�kg�k���� �k � C��������	

supp��k� 
 �

�k��
� 

�k��
��

X
k�Z

�k�t� � ��

j�d�dt�j�k�t�j � cj�t
j �j � �� �� � � � ��

where the constants cj are independent of 
 � ��
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De
ne an operator Sk by

�Sk�f�� 	��� � �k �j�j� 	f����

Then

������
�X

k

jSk�f�j�
����
������

p
� Cpkfkp�

kfkp � C
�
p

������
�X

k

jSk�f�j�
����
������

p

for � � p ��� The constants Cp� C
�
p are independent of 
�
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A new element of the proof is to apply L�P decomposition depending on q

and s for which � � Lq�Sn��� and h � 
s� More precisely	 we apply L�P

decomposition adapted to a lacunary sequence with Hadamard gap


  �q
�s� �

If we apply L�P decomposition with a 
xed Hadamard gap	 for example	 with


 � �	 and leave the other part of our proof unchanged	 then we have

kTkp�p � ��q � ���s� ��������p�k�kqkhk�s�

where

��p� � j��p� ��p�j�

This is unfavorable	 since � � ��p� 	 � as p	 � or p	��
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x�� Singular integrals on homogeneous groups�

Convolution associated with homogeneous group structure de
nes singular

integrals�

T �f��x� � p�v�
Z
f�y�K�y��x� dy

� lim
���

Z
r�y��x���

f�y�K�y
��
x� dy�

where K is homogeneous of degree � with respect to dilations At	 t 	 �	

K�Atx� � t
��
K�x�� t 	 �� x �� ��

Atx � �ta�x�� t
a�x�� � � � � t
anxn�� x � �x�� � � � � xn��

� � a� � a� � � � � � an�  � a� � � � � � an�

and r�x� is a norm function associated with fAtg�
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Also	 we consider the maximal singular integral

T��f��x� � sup

N����
�����
Z

��r�y��x��N

f�y�K�y
��
x� dy

����� �

We prove Lp and weighted Lp boundedness of T and T� under a sharp condition

of the kernel�
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We regard Rn as a homogeneous group� We also write Rn � H �

� multiplication is given by a polynomial mapping�

� �ux��vx�� ux�vx	 x � H 	 u� v � R �

� the identity is the origin �	 x�� � �x�

� �fAtgt��� a dilation family on Rn such that

Atx � �ta�x�� t
a�x�� � � � � t
anxn��

x � �x�� � � � � xn�	 � � a� � a� � � � � � an	

At is an automorphism of the group structure

At�xy� � �Atx��Aty�	 x� y � H 	 t 	 ��

� Lebesgue measure is bi�invariant Haar measure�
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jxj� the Euclidean norm for x � Rn	

r�x�� a norm function satisfying r�Atx� � tr�x�	 �t 	 �	 �x � Rn�

��� r is continuous on Rn and smooth in Rn n f�g�

��� r�x � y� � C��r�x� � r�y��	 r�xy� � C��r�x� � r�y��

for some C� � ��

��� r�x��� � r�x��

��� If � � fx � Rn � r�x� � �g	 then � � Sn��	

where Sn�� � fx � Rn � jxj � �g�

��� �c�� c�� c
� c�� ��� ��� ��� �� 	 � such that

c�jxj	� � r�x� � c�jxj	� if r�x� � ��

c
jxj
� � r�x� � c�jxj
� if r�x� � ��
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Convolution is de
ned as

f � g�x� �
Z

Rn

f�y�g�y��
x� dy�

� �f � g� � h � f � �g � h��
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� Let  � a� � � � � � an� Then	 dx � t��� dS dt	 that is	Z
Rn

f�x� dx �
Z �

�

Z
�

f�At��t
���
dS��� dt

where dS � � dS�	 � is a strictly positive C� function on � and dS� is the

Lebesgue surface measure on ��

Remark Let fAtgt��	 At � tP � exp��log t�P �	 be a dilation group on Rn	

where P is an n � n real matrix whose eigenvalues have positive real parts�

Then	 we have similar results for fAtgt��	 with  � trace P �
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An example� Heisenberg group H ��

�x� y� u��x
�
� y
�
� u
�
� � �x � x
�
� y � y
�
� u � u
�
� �xy
� � yx
�
�����

�x� y� u�� �x�� y�� u�� � R 
�

then R 
 with this group law is the Heisenberg group H �� a dilation is de
ned by

At�x� y� u� � �tx� ty� t
�
u��

and a norm function is

r�x� y� u� �

�p
�

qp
�x� � y��� � �u� � x� � y��

Also	 we can adopt

A
�
t�x� y� u� � �tx� t

�
y� t



u��
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Let

K�x� � ��x��r�x���� x
� � Ar�x���x for x �� �	

where  � a� � � � � � an	

� is locally integrable in Rn n f�g and homogeneous of degree � with respect to

the dilation group fAtg	 that is	

��Atx� � ��x� for x �� �	 t 	 ��

also Z
�

���� dS��� � ��
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Theorem A� Suppose that � � L logL���� Then	 T is bounded on Lp�Rn�

for all p � ������

T� Tao � proved this by interpolation between L� estimates and weak ��� ��

estimates�

IDEA� �TT ��M estimates

Theorem �� Suppose that � � L logL���� Then	

T� � L
p�Rn� 	 Lp�Rn�� �p � ������

IDEA� Extrapolation
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Weighted Lp estimates for T and T��

If B is a subset of H such that

B � fx � H � r�a
��
x� � sg

for some a � H and s 	 �	 then we call B a ball in H with center a and radius

s and write B � B�a� s��

De
nition �Muckenhoupt class on H � Let w be a weight function on Rn�

��� We say w � Ap	 � � p ��	 if

sup
B

	
jBj��

Z
B

w�x� dx

 	
jBj��

Z
B

w�x�����p���
dx


p��
���

where the supremum is taken over all balls B in H �

��� The class A� is de
ned to be the set of weight functions w satisfying

Mw � Cw a�e� where M denotes the Hardy�Littlewood maximal operator�
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Theorem �� Suppose that q 	 �	 � � Lq���	 � � p ��� Then	

��� T and T� are bounded on Lp�w� if q� � p �� and w � Ap�q�	

q� � q��q � ���

��� if � � p � q and w � Ap��q�	 T and T� are bounded on Lp�w��p��

In the Euclidean convolution case	 where Fourier transform estimates are

available	 this was proved independently by

J� Duoandikoetxea	 ��	

D� Watson	 ���
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Idea of proof�

Theory of Duoandikoetxea and Rubio de Francia ������

� Orthogonality arguments for L� estimates via

Fourier transform estimates and Plancherel�s theorem

� Littlewood�Paley theory

� Interpolation arguments

Our strategy is�

to employ a version of theory of Duoandikoetxea and Rubio de Francia adapted

for analysis on homogeneous groups�

replace use of Fourier transform estimates with �TT ��M estimates �basic L�

estimates for convolution� and apply Cotlar�s lemma�
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�TT ��M method�

� kTT �k � kTk��

Let � be homogeneous of degree � on Rn n f�g� De
ne

C� � fAt� � t 	 �g� � � ��

Then	 � is smooth on C� for every � � � since

��At�� � �����

C�

�

�
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Let 
 � �� Let �j � C�
� �R�	 j � Z	 be such that

supp��j� 
 ft � R � 

j � t � 

j��g� �j � ��X

j�Z
�j�t� � � for t �� ��

���d�dt�m�j�t�
�� � cmjtj�m for m � �� �� �� � � � �

where cm is independent of 
� Let

DjK�x� � �log ����
Z �

�

�j�t��tK��x� dt�t

� �log ������x��r�x���
Z �

���
�j�tr�x�� dt�t�

�tK��x� � t��K��A
��
t x�	 K��x� � K�x��I��x�	

I� � fx � Rn � � � r�x� � �g�
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Then	 supp�DjK� 
 fx � 
j � r�x� � �
j��g and

X
j�Z

DjK � K� Tf �

X
j�Z

f �DjK�

We choose 
 � �s
�

if � � Ls����

Let � be a C� function such that supp��� 
 f��� � r�x� � �g	R
� � �	 ��x� � ��x���	 ��x� � ��

De
ne

Jk � ��k���� ��k�� k � Z� �t��x� � t����A��
t x��

Then

P
k Jk � �	

where � is the delta function�
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Lemma � �basic L� estimates�� Let s 	 �	 � � Ls���	 
 � �s
�
� Then	

kf �DjK � Jk�jk� � C

s
s� �

���jkjk�kskfk��

If s � �	 this was proved by T� Tao � with �TT ��n method�
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Decompose

Tf �

X
j�Z

f �DjK �

X
k��k��Z

Uk��k�f�

where

Uk��k�f �
X

j

f � Jk��j �DjK � Jk��j�

Lemma �� Let � � p ��	 � � s � �	 
 � �s
�
�

kUk��k�fkp � C�s� ��������jk�j�jk�j�k�kskfkp

for some � 	 ��

Lemma � implies

kTfkp �
X

k��k�
kUk��k�fkp � C�s� ��
��

X
k��k�

�
���jk�j�jk�j�k�kskfkp

� C�s� ��
��k�kskfkp�
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x�� Nonisotropic dilations and weak type ��� �� estimates�

Let fAtgt��	 At � tP � exp��log t�P �	 be a dilation group on Rn	 where

P is an n� n real matrix whose eigenvalues have positive real parts�

Let K be a locally integrable function on Rn n f�g such that

K�Atx� � t
��
K�x��  � traceP�

We write

K�x� � ��x
�
�r�x�
��
� x
�
� Ar�x���x for x �� �	

where � is homogeneous of degree � with respect to the dilation group fAtg�

We assume that Z
�

���� dS��� � ��
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Let
Tf�x� � p�v�

Z
f�y�K�x� y� dy� K�x� � ��x��r�x����

Theorem �� Suppose that n � � and � � L logL���� Then	 the operator T

is of weak type ��� ��	 i�e�	

jfjTf j 	 �gj � C
�
kfk�� � 	 ��

Some non�regular convolution operators� Shuichi Sato �	



Previous results�

Theorem B �A� Seeger ���� Suppose that Atx � tx and r�x� � jxj	

x � Rn	 n � �	 � � L logL���� Then	 the operator T is of weak type ��� ���

IDEA� Fourier transform estimates � microlocal analysis�

Calder�on�Zygmund decomposition�

�

���
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Theorem C �T� Tao ��� LetAtx � �ta�x�� t
a�x�� � � � � t
anxn�� where x �

�x�� � � � � xn� and � � a� � a� � � � � � an� Suppose that � � L logL����

Then T is of weak type ��� ���

In fact	 T� Tao proved the weak type ��� �� boundedness of singular integrals

on general homogeneous groups�

IDEA� �TT ��M estimates�

Calder�on�Zygmund decomposition�

Covering lemma of Vitali type	 John�Nirenberg inequality for BMO�
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There exists a non�singular real matrix Q such that Q��PQ is one of the

following Jordan canonical forms�

P� �
	
� �

� �



� P� �

	
� �

� �



� P
 �

	
� �

�� �



�

where �� � 	 �� Accordingly	 we have three kinds of dilations

	
t	 �

� t



� t
	

	
� �

log t �


� t
	

	
cos�� log t� sin�� log t�

� sin�� log t� cos�� log t�


�

The case P � P� is handled by Theorem C� We have to consider the cases

P � P� and P � P
�
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Proof of Theorem � follows closely the methods of T� Tao	 as the Fourier

transform is not readily available in this context�

Also	 to handle the case P � P
	 we apply a trick that may have di�culty in

extending to higher dimensions�
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THANK YOU �

Some non�regular convolution operators� Shuichi Sato ��



References

��� A� Al�Salman and Y� Pan	 Singular integrals with rough kernels in

L logL�Sn���	 J� London Math� Soc� ��� �� ������	 ��������

��� A� P� Calder�on and A� Zygmund	 On singular integrals	 Amer� J� Math� ��

�����	 ������

��� Y� Chen	 Y� Ding and D� Fan	 A parabolic singular integral operator with rough

kernel	 J� Aust� Math� Soc� �� ������	 �������

��� M� Christ	 Hilbert transforms along curves I� Nilpotent groups	 Ann� of Math�

��� �����	 �������

��� M� Christ	 Weak type ��� �� bounds for rough operators	 Ann� of Math� ���

�����	 �����

��� M� Christ and J�L� Rubio de Francia	 Weak type ����� bounds for rough

operators� II	 Invent� Math� � �����	 ��������

��� M� Christ and C� D� Sogge	 The weak type L� convergence of eigenfunction

expansions for pseudodi�erential operators	 Inv� Math� � �����	 ��������

Some non�regular convolution operators� Shuichi Sato ��



��� R� R� Coifman and G� Weiss	 Extensions of Hardy spaces and their use in

analysis	 Bull� Amer� Math� Soc� �� �����	 �������

�� W� Connett	 Singular integrals near L�	 Proc� Symp� Pure Math� ��	 Part �

����	 ��������

���� J� Duoandikoetxea	 Weighted norm inequalities for homogeneous singular

integrals	 Trans� Amer� Math� Soc� ��� ����	 �������

���� J� Duoandikoetxea and J� L� Rubio de Francia	 Maximal and singular integral

operators via Fourier transform estimates	 Invent� Math� �� �����	 ��������

���� D� Fan and Y� Pan	 Singular integral operators with rough kernels supported by

subvarieties	 Amer� J� Math� �� ����	 �����

���� D� Fan and S� Sato	 Weighted weak type ��� �� estimates for singular integrals

and Littlewood�Paley functions	 Studia Math� ��� ������	 �������

���� C� Fe�erman	 Inequalities for strongly singular convolution operators	 Acta

Math� ��� �����	 ����

���� R� Fe�erman	 A note on singular integrals	 Proc� Amer� Math� Soc� �� ����	

��������

Some non�regular convolution operators� Shuichi Sato ��



���� J� Namazi	 On a singular integral	 Proc� Amer� Math� Soc� � �����	

��������

���� F� Ricci and E� M� Stein	 Harmonic analysis on nilpotent groups and singular

integrals� I� Oscillatory integrals	 J� Func� Anal� �� �����	 ������

���� F� Ricci and E� M� Stein	 Harmonic analysis on nilpotent groups and singular

integrals� II� Singular kernels supported on submanifolds	 J� Func� Anal� ��

�����	 ������

��� F� Ricci and G� Weiss	 A characterization of H���n���	 Proc� Symp� Pure

Math� ��	 Part � ����	 ������

���� S� Sato	 Some weighted weak type estimates for rough operators	 Math� Nachr�

�� ����	 ��������

���� S� Sato	 Estimates for singular integrals and extrapolation	 Studia Math� ��

�����	 �������

���� S� Sato	 Estimates for singular integrals along surfaces of revolution	 J� Aust�

Math� Soc� �� �����	 ��������

���� S� Sato	 Weak type ��� �� estimates for parabolic singular integrals	 Proc� Edinb�

Math� Soc� �to appear��

Some non�regular convolution operators� Shuichi Sato ��



���� S�Sato	 A note on Lp estimates for singular integrals	 Sci� Math� Jpn� ��

������	 ��������

���� S�Sato	 Estimates for singular integrals on homogeneous groups	 preprint�

���� A� Seeger	 Singular integral operators with rough convolution kernels	 J� Amer�

Math� Soc�  ����	 ������

���� A� Seeger and T� Tao	 Sharp Lorentz space estimates for rough operators	 Math�

Ann� ��� ������	 ��������

���� E� M� Stein	 Problems in harmonic analysis related to curvature and oscillatory

integrals	 Proceedings of International Congress of Mathematicians	 Berkeley

�����	 �������

��� T� Tao	 The weak�type ��� �� of L logL homogeneous convolution operator	

Indiana Univ� Math� J� �� ���	 ����������

���� A� Vargas	 Weighted weak type ��� �� bounds for rough operators	 J� London

Math� Soc� ��� �� ����	 �������

���� D� Watson	 Weighted estimates for singular integrals via Fourier transform

estimates	 Duke Math� J� �� ����	 �����

Some non�regular convolution operators� Shuichi Sato �



