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We consider two kinds of convolution on R":
e convolution associated with Euclidean space structure
e convolution associated with homogeneous group structure.



e Convolution associated with homogeneous group structure.

Singular integrals on a homogeneous group:

T(f)(x) = p.v. /f<y>L<y—1w> dy

— lim F (o) L(y ") dy
€e—0 r(y—1z)>e ’

with rough kernels:
L(z) = h(r(z))K (),
K is homogeneous of degree —~ with respect to dilations A;, t > 0,
K(Ax) =t7"K(x), t>0, x#0,
Ay = (121, t%x0, . ., t"xy), @ = (T1,...,2y),
0<ar1<a<---<ap Y=a+- -+ ap

Also, we consider a maximal singular integral

T.f(x) = sup | [ f¥)Ly~'x) dy| .
N,e>0 |Je<r(y~tz)<N

We prove LP and weighted LP boundedness of T' and T, under a sharp
condition for the kernel




e Convolution associated with Euclidean space structure.

Let {A;}s~0, A; = t¥ = exp((logt)P), be a dilation group on R", where
P is an n X n real matrix whose eigenvalues have positive real parts.
Define

T(f)(z) = p.v. /f(y)K(fL‘ —y) dy,

where K is homogeneous of degree —~, v = trace P, with respect to
dilations A;. We prove weak type (1,1) estimates for T on R?* under the
Llog L condition on the kernel.
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§1. R™ as a homogeneous group.

R™: the n dimensional Euclidean space, n > 2.
We regard R" as a homogeneous group:

e multiplication is given by a polynomial mapping;
e 3{A;}+~o: a dilation family on R" such that
Ay = (t"xq, txo, ..., tx,),
= (r1y...,¢y) and 0 < a3 < a3 < --- < ay,
A; is an automorphism of the group structure;

e Lebesgue measure is a bi-invariant Haar measure;
e the identity is the origin 0, z7! = —=.

We also write R* = H.
Multiplication xy satisfies
(1) (ux)(vx)= ux+vx, x € H, u,v € R;

(2) Ai(zy) = (Aiz)(Asy), z,y € H, t > 0;
(3) if z =2y, z = (21,...,2,), then 2z, = P(x,vy),

Pi(z,y) = 1 + y1,

Py(z,y) = = + yr + Ri(x,y) for k > 2,
where Ry (x,y) is a polynomial of degree greater than 1 depending only
ON LyyeeeyLh—19Y1ye+-yYk—1-



|z|: the Euclidean norm for x € R",
r(x): a norm function satisfying r(Aix) = tr(x), Vt > 0, Ve € R";
(1) » is continuous on R" and smooth in R” \ {0};

(2) r(z+1y) < Co(r(z) +r(y)), r(zy) < Co(r(z)+r(y))

for some Cy > 1;
(3) r(z™") =r(z);
(4) If ¥ = {x € R" : r(x) = 1}, then ¥ = S"~1,
where S"! = {z € R" : |z| = 1};
(5) Fcu, ez, c3y €45 1, A2, B1, B2 > 0 such that
ailel™ < r(@) < ezl if r(z) > 1,

cslz|?r < r(x) < eqlz|?  if r(x) < 1.

e The space H with a left invariant quasi-metric d(z,y) = r(z7ly) is a
space of homogeneous type.

e Let vy =a;+:--+a,. Then, de =t"~1 dS dt, that is,
f(2) de = / / F(A0)! dS(0) dt
Rn 0o Jx

where dS = wdSy, w is a positive C*° function on X and dSj is the
Lebesgue surface measure on ..



Convolution

fro@ = | fwa o) dy

(Fxg)*xh=7Fx*(gxh)
(fxg) =g=f if f(z)=7f(a).
Euclidean convolution

fro@ = [ fwate -y dy.



An example. Heisenberg group Hj.

(m, Y, u) (:13,, y,a u,) — (:E + m,a Y+ y,a u + u’ + (wy' - yw,)/z)?

(w, y, u), (m,, y,7 u,) 6 R?’,

then R3 with this group law is the Heisenberg group Hj;
a dilation is defined by

Az, y,u) = (tz, ty, t*u),

and a norm function is

1
r(c,y,u) = E\/\/(mz + y?%)% + 4u? + x2 + y2.

Also, we can adopt

A;,(ma y,u) = (tz, tzya tsu)'



§2. Results for LP estimates for T and T,.

Definition.
e FF € Llog L(¥X) (Zygmund class)

<~

/2 |F(x)|log(2 + |F(x)|) dS(x) < oo.
1/q
e FeLiS) < ||F|, = ( / |F|st) < .

Definition d; = {h on Ry : ||k

d, < OO},
27+1 1/8
1Al = sup (/ |h(t)|3dt/t) :
jez \ Jo2i
Z : the set of integers, Ry ={t€ R:t > 0};
doo = LOO(R_l_).

e s>t — d, Cd;.



Put for t € (0,1], O

2R
w(h,t) = sup / |h(r — s) — h(r)|dr/r,
|s|<tR/2 JR

where the supremum is taken over all s and R such that |s| < tR/2.

Definition. For nn > 0, let A" denote the family of functions h such that
||h||an = sup t T "w(h,t) < oco.

t€(0,1]
Define a space A7 = d, N A" and set
|kllaz = lIklla, + [[R][an  for h € AJ.

o A C A if gy <y, AT C A7 if 55 < 51

Definition. Let A denote the collection of functions h on Ry such that

h = i akhk
k=1

for some functions h; € Aii(f/-';cl) and a sequence {a;} of non-negative real

numbers satisfying

o0
sup || gl y1/eern < 00, Zkak < oo.
kZl 1+1/k k—1



Let Q be locally integrable in R™ \ {0} and homogeneous of degree 0
with respect to the dilation group {A;}, that is,

Q(Aix) = Q(x) for x #0,t > 0.

We assume that

/ Q(6) dS(8) = 0.

Let

K(z) = Q(z)r(z)7, x' = A gz for x # 0,
where v = a1 + -+ + a,. Then K is a locally integrable function on
R™ \ {0} and

K(Aix) =t 7K (x)

for allt > 0 and « € R" \ {0}.



Let
Tf(@) =p.v.f» L(z) =p.v. | f(y)L(y'z) dy,
where L(x) = h(r(x))K(x), h € d;.

Theorem 1. Let s > 1. Suppose that @ € L*(X) and h € A"/ for some
fixed positive number 7. Then, if 1 < p < oo,

ITfllp < Cps(s — 1) Rl g 120511 £l
where the constant C), is independent of s, 2 and h.

Extrapolation of Yano using Theorem 1 implies the following result.

Theorem 2. Suppose that h € A and Q € Llog L(X). Then, T is bounded
on LP(R™) for all p € (1, c0).

When h = 1, this is due to T. Tao 1999.



Recall

(@) = s,

/ )Ly ') dy) .
e<r(y—lz)<N

Theorem 3. Let s > 1. Suppose that @ € L*(X) and h € A"/ for some
fixed positive number 7. Then we have

T fllp < Cps(s — 1) MR el Fl
for all p € (1, 00), where C),, is independent of s, h and 2.

Extrapolation of Yano using Theorem 3 implies the following result.

Theorem 4. Suppose that Q € Llog L(X) and h € A. Then,
T, : LP(R") — LP(R"), Vp € (1, 00).



When h = 1, Theorem 2 can be proved by interpolation between L2
estimates and weak (1,1) estimates given by Tao 1999.

For T, with Q € Llog L, weak (1,1) boundedness is yet to be proved
even in the case when h = 1.



83. Results for weighted LP estimates for T and T,.

Definition.

e B = B(a,s) is called a ball in H with center a and radius s

<~

B={zxcH:r(a'z) < s}
for a € H and s > 0.

o w € Ay, 1 <p < oo (Muckenhoupt class on H)
<

sup (|B|_1/Bw(a}) dw) (|B|_1/Bw(w)_l/(”_l)dm>p_1 < oo.

eweEeA < Mw<lCw ae.

where M denotes the Hardy-Littlewood maximal operator

M (z) = sup |B| /B £ (»)] dy.

reEB



Theorem 5. Let g > 1. Suppose that
Qe LI(%), h € Al for some n > 0.
Let 1 < p < o©o. Then,

(1) T and T, are bounded on LP(w) if ¢/ < p < oo and w € Ay,
q =q/(qg—1);

(2)if1<p<gand w € Ay,y, T and T, are bounded on L?(w'"?).

In the Euclidean convolution case, where Fourier transform estimates
are available, this was proved independently by

J. Duoandikoetxea, 1993,

D. Watson, 1990.



8§4. A basic L? estimate.

Let ¢; € Cg°(R), j € Z, be such that
supp(¢;) C {t €R: 27 <t <2772}, ;> 0,
Y wpi(t) =1 fort #0,

|(d/dt)m¢jzt)| <ecplt™ form=0,1,2,....
Let
S;L(z) = (log 2)_1h(r(m))/0 ¥;(t)0: Ko(z) dt/t, 6 Ko(x) =t "Ko(A;'z),
Ko(z) = K(2)xp,(2), Do={z€R":1< r(z) < 2}.

Then Y., S;L = L,

Tf=) fxS5;L.

JEZL



¢: a C* function, supp(¢) C B(0,1) \ B(0,1/2), [ ¢ =1,

o(x) = qS(a:), ¢(x) > 0 Ve € R", where QE(:B) = ¢(z ).
Define

Ak — 62k—1¢ - 62k¢, k e Z,
where

Sip(x) = tTB(A ).

Lemma 1. Let s > 1, h € Ag/s' , Q2 € L°(X). Then,
If % SiL % Agyjlla < C27 V||| o |21 F]]2-

If h =1 and s = oo, this was proved by T. Tao 1999.



85. Sketch of proof for L? estimates of T'.

Sketch of proof for

Theorem 1’.

ITFllp < Csllhll yno 121 1 F []-

Theory of Duoandikoetxea and Rubio de Francia (1986):

e Orthogonality arguments for L? estimates via
Fourier transform estimates and Plancherel’s theorem

e Littlewood-Paley theory

e Interpolation arguments

Our strategy is:

to employ a version of theory of Duoandikoetxea and Rubio de Francia
adapted for the present situation;

replace use of Fourier transform estimates with Lemma 1 and apply Cot-
lar’s lemma.



Littlewood-Paley inequalities.
Recall
¢: a C* function, supp(¢) C B(0,1) \ B(0,1/2), [ ¢ =1,
d(x) = d(x), ¢p(x) > 0 V& € R, where ¢(z) = p(xz™1),
A = 01 — O2xp, k € Z,
where

Sip(z) =t p(A; ).
Then Ak = Ak,

2.k Ak =9

where ¢ is the delta function.
Lemma 2. Let w € A), 1 < p < co. Then

1/2
ka*Ak S Cp,'w (Zlfklz) ’
k k

LP(w) LP(w)

1/2
' (Z | f * Ak|2> < Cpuwll fllze(w)-
k

Lr(w)




Decompose

Tf=> f*xSiL= )Y Ukpf
JEZ ki,k2€7
where

Uk, e, f = Z fxApj*xvj*x Ay, vj=8;L.
J

Lemma 3. Let 1 < p < o0.
1Uk, o fllp < C A2l ED/ £
Q||s, C = C(p,s).

for some € > 0, where A = ||h]| ./~

Lemma 3 implies

1Tl < D Uk fllp < CA DY - 27cUkalHlkD/ £
kl,kz k17k2



To prove Lemma 3 we need

Lemma 4.
||Uk17k2f||2 S 02_6(|k1|+|k2|)/8 A”.f“2
for some € > 0.

Proof of Lemma 4. Let
Sif = [ * Ag,yj ¥ Vj * Ap, i, Vv = S;L.

Then
Uk i f =) Sif-
J

We prove

(1) ||5j5;_=,f||2 < (;r2—26(|k1|+|l<=2|)/s'2—6|9—9'|A2||f||2
and .

(2) ||5;_=,ij||2 < C 2 2¢([k1|+kz2])/s' 9 =015 =] |A2||f||2,
where

S;,f = f * Akz—l—j' * I;j/ * Akl—l—j’a 17]-/(:13) = uj/(a:_l).

Then, Lemma 4 follows from the Cotlar-Knapp-Stein lemma.



Proof of (2).
By Lemma 1 and ||Ag,1j * Ag,q i1 < C2705=7"1)

|75 (Arrs % 23) 5 (bt * D) * (F % Aryiyr) |
< C27 VT A N f % (Dpyag % 15) % (Dhats * Akgrir) |l
S 02—6|k1|/312—6|j_jl|A ||f k (Akl-l-] sk 1/.7)”2 ’

< 272kl 2=0li=d"l A2 || £, -
Also,

Hf * Dy * (V)% Biggj ) * (Apyyjr * Djr) * Dy

2
< C27 VA f % Agyrg * (v % Agyij)
< C27 AR || £
Taking the geometric mean we have
1F % Ak * V% Apyij % Dgyyjr ¥ Dok Agyg el
< g2 clkl/s"gelkal/s'a=0li="l/2 A || £ ||

Similarly, we can prove (1).



Proof of Lemma 3.

Let
M f () = sup |f * |S;L(@)|!-
J
Lemma 5.
IMrfll, < CsAllflp, for p > 1,
where A = [|h|[ /|25

By duality we may assume 1 < p < 2. Let

1/p=1-6)/r+06/2, 6€(0,1), re(L2),
1/r—1/2=1/(2u), u > 1.

Lemma 5 with p = v implies the vector valued inequality

(S

Vi = Sk,L.

<ca H(Z j0ef?) "

bl
T



From this and the Littlewood-Paley theory (Lemma 2)

1Uky o Flle = || D F % Dkyrj % vj % Apyyjl| 5 v = 5L,

J r

1/2
SO DIFf * Mgy * v
i

,
1/2

S CA|[ D If * Mgyl
i

T

< CAJf]l

Interpolating between this and the estimate in Lemma 4
(U o Fll2 < C27cURslHE=D/S A £]]2),

Uk ko fllp < C27 Okl RD/S A £,

since 1/p=(1—6)/r 4+ 6/2.



Sketch of proof of Theorem 1.

Let p > 2. Let ¢; € C3°(R), j € Z, be such that
supp(¢;) C{t eR: p? <t < p'?}, 4 >0,
Y wpi(t) =1 fort #0,
JEZ
(d/dt)™p;(t)] < em|t|™ for m =0,1,2,...,

where ¢,, is independent of p. Let

S;L(z) = (log 2)"'h(r(z)) /0 i (£)0, Ko () dt /1.

Then Y., S,L = L,

JEZ

Tf = Z f * S;L.
JEL
We choose p = 2% . Then, repeat the proof of Theorem 1’ and check the
constants carefully.



§6. Weak type (1.1) estimates on R2.
Let
Tf(x) = p.v. / f(y)K(z —y) dy,
K(z) = Q(z)r(z)7, x' = A,z for x # 0.

Theorem A (A. Seeger 1996).
Suppose that A;x = tx and r(z) = |z|, c € R", n > 2, Q € LlogL(X).
Then, the operator T is of weak type (1,1), i.e.,

C
IS > AH < SHflhs A >0,

Theorem B (T. Tao 1999).

Let
Ay = (t"xq, txo, ..., t"x,,),

where = (z1,...,z,) and 0 < a; < ay < --- < ay,.
Suppose that Q € Llog L(X). Then T is of weak type (1,1).

In fact, T. Tao proved the weak type (1,1) boundedness for singular
integrals on general homogeneous groups.



Let A; = t¥ = exp((logt)P), where P is an arbitrary n X n real matrix
whose eigenvalues have positive real parts.
Let K be a locally integrable function on R” \ {0} satisfying

K(Aix) =t "K(x) for allt > 0 and x € R" \ {0};
/ K(z)dr =0 for all a,b with a < b,
a<r(xz)<b

where v = trace P, r(x) is a norm function for A;. We can define Q, ¥
and L log L(X) similarly to the case where A, is diagonal.

Theorem 6.

Suppose that n = 2 and 2 € Llog L(X). Then, the operator T is of weak
type (1,1).



There exists a non-singular real matrix Q such that Q!PQ is one of
the following Jordan canonical forms:

a 0 a 0 o
Pl = ( 0 /8 ) bl P2 = ( 1 o ) bl P3 = ( _/8 g > b
where a, 3 > 0. So, we have three kinds of dilations
t* 0 4o 1 0 yo [ COS (Blogt) sin(Blogt)
o t? )’ logt 1 )° —sin(Blogt) cos(Blogt) /°

The case where P = P, is handled by Theorem B. We have to consider
the cases P = P, and P = P;.



A proof of Theorem 6 follows closely the methods of T. Tao, as the
Fourier transform is not readily available in this context. But we need
some new estimates and arguments which do not occur in the work of T.
Tao. To handle the case P = P35, we apply a trick that may have difficulty
in extending to higher dimensions.
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