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�� Introduction

This is a survey paper� I would like to state some recent results
in harmonic analysis related to characterization of function spaces by
square functions� The results include the following�

��� Characterization of Lp spaces� � � p ��� by Littlewood�Paley
functions�

��� Characterization of Sobolev spaces by Littlewood�Paley func�
tions�

�	� Characterization of H� Sobolev spaces by square functions of
Lusin area integral type�

�
� Characterization of Hardy spaces Hp on homogeneous groups
by Littlewood�Paley functions� where � � p � ��

�� Mapping properties of Littlewood�Paley operators on

Lp spaces

Let � be a function in L��Rn� such thatZ
Rn

��x� dx � �������

We consider the Littlewood�Paley function on Rn dened by

g��f��x� �

�Z �

�

jf � �t�x�j
� dt

t

����

������

where �t�x� � t�n��t��x�� The following result is well�known�

Theorem A� Let � � L��Rn� be as in ������ We assume that

j��x�j � C�� � jxj��n������	� Z
Rn

j��x� y�� ��x�j dx � Cjyj� for all y � Rn ����
�
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with some positive constants C� �� Then g� in ����� is bounded on
Lp�Rn� for all p � ����� �

kg��f�kp � Cpkfkp������

where

kfkp � kfkLp �

�Z
Rn

jf�x�jp dx

���p

�

This is a result of Benedek� Calder�on and Panzone ����
Let

m��� �

Z �

�

j ���t��j�
dt

t
�

Then m is a homogeneous function of degree �� Here the Fourier trans�
form is dened as

����� �

Z
Rn

��x�e���ihx��i dx� hx� �i �
nX

k��

xk�k�

By the Plancherel theorem� one can see that g� is bounded on L
��Rn�

if and only if m � L��Rn��
Let

Pt�x� � cn
t

�jxj� � t���n�����

be the Poisson kernel on the upper half space Rn � ����� �see �
���
and Q�x� � ���	�t�Pt�x��t��� Then� we can see that the function Q
satises the conditions ������ ���	� and ���
�� Thus by Theorem A gQ
is bounded on Lp�Rn� for all p � ������
Let H�x� � sgn�x�
�����	�x� � 
����	�x� � 
�����	�x� on R �the Haar

function�� where 
E denotes the characteristic function of a set E and
sgn�x� the signum function� Then gH�f� is the Marcinkiewicz integral

��f��x� �

�Z �

�

jF �x� t� � F �x� t�� �F �x�j�
dt

t


����

�

where F �x� �
R x
�
f�y� dy� We can easily see that Theorem A also

implies that gH is bounded on L
p�R�� � � p ���

We recall a theorem of H�ormander ���� to see results about the re�
verse inequality of ������ Let m � L��Rn� and dene

Tm�f��x� �

Z
Rn

m��� �f���e��ihx��i d�������

We say that m is a Fourier multiplier for Lp and write m �Mp if there
exists a constant C � � such that

kTm�f�kp � Ckfkp
�



for all f � L� � Lp� Then H�ormander�s result in ���� can be stated as
follows �see ��� for relevant results��

Theorem B� Let m be a bounded function on Rn � Suppose that m is
homogeneous of degree � and that m �Mp for all p � ������ Suppose
further that m is continuous and does not vanish on Sn�� � fx � Rn �
jxj � �g� Then� m�� belongs to Mp for every p � ������

The idea of the proof comes from a Banach algebra technique re�
lated to Wiener�L�evy theorem on absolutely convergent Fourier series�
Applying Theorem B� we can deduce the following �see ���� Theorem
	�����

Theorem C� Suppose that g� is bounded on Lp for every p � ������

Let m��� �
R�
�
j ���t��j� dt	t� Suppose that m is continuous and strictly

positive on Sn��� Then we have

kfkp � cpkg��f�kp�

and hence kfkp � kg��f�kp� f � Lp� for all p � ������ where kfkp �
kg��f�kp means that

c�kfkp � kg��f�kp � c�kfkp

with positive constants c�� c� independent of f �

We also consider a discrete parameter version of g��

���f��x� �

�
�X

k���

jf � ��k�x�j
�

����

������

We recall the non�degeneracy conditions

sup
t��

j ���t��j � � for all � 	� �������

sup
k�Z

j ����k��j � � for all � 	� �������

where Z denotes the set of integers� Obviously� ����� implies ������
We recall the weight class Ap of Muckenhoupt� A weight w belongs

to Ap� � � p ��� if

sup
B

�
�

Z
B

w�x� dx

��
�

Z
B

w�x�����p��� dx

�p��

���

where

�

Z
B

f�y� dy �
�

jBj

Z
B

f�y� dy

and the supremum is taken over all balls B in Rn �see ��	���
�



The weighted Lebesgue space Lpw�R
n� with a weight w is dened to

be the class of all the measurable functions f on Rn such that

kfkp�w �

�Z
Rn

jf�x�jpw�x� dx

���p

���

Let

B���� �

Z
jxj��

j��x�j jxj� dx�

Du��� �

�Z
jxj	�

j��x�ju dx

���u

�

Then the following two theorems are known �see ������

Theorem ���� Suppose that

��� B���� �� for some � � ��
��� Du��� �� for some u � ��
�	� H� � L��Rn�� where H��x� � supjyj�jxj j��y�j�
�
� the non�degeneracy condition ����� holds�

Then kfkp�w � kg��f�kp�w� f � Lpw� for all p � ����� and w � Ap�

Theorem ���� We assume that

��� B���� �� for some � � ��

��� j �����j � Cj�j�
 for all � � Rn n f�g with some  � ��
�	� H� � L��Rn��
�
� the non�degeneracy condition ����� holds�

Then kfkp�w � k���f�kp�w� f � Lpw� for all p � ����� and w � Ap�

The inequality kg��f�kp�w � ckfkp�w in Theorem ��� was established
in ���� without the assumption �
�� We easily see that Theorem A
follows from Theorem ���� Also� see �	
� for related results with non�
isotropic dilations�

	� Characterization of the weighted Sobolev spaces by

Littlewood�Paley functions of Marcinkiewicz type

Recall the function of Marcinkiewicz�

��f��x� �

�Z �

�

jF �x� t� � F �x� t�� �F �x�j�
dt

t


����

�

F �x� �

Z x

�

f�y� dy�

J� Marcinkiewicz ���� introduced this square function in ��	� in the
setting of periodic functions on the torus� Zygmund �
�� gave proofs of

�



results conjectured in ����� The non�periodic analogue was established
by Waterman �

��
If �		 � p ��� then it is known that

k��f�kp � kfkHp� f � S��R��

where Hp denotes the Hardy space and S��R
n� is the subspace of S�Rn�

consisting of functions f with bf vanishing outside a compact set not
containing the origin �see ������ where S�Rn� denotes the Schwartz class
of rapidly decreasing smooth functions�
The equivalence k��f�kp � kfkHp can be rephrased as

k��f�kp � kf �kHp� f � S��R��

where

��f��x� �

�Z �

�

jf�x� t� � f�x� t�� �f�x�j�
dt

t


����

��	���

This may be used to characterize Sobolev spaces�
We give the denition of the Sobolev space W ��p�Rn�� Let � � p �

�� � � �� We say that f � W ��p�Rn� if f � Lp�Rn� and f � J��g� �
K� � g for some g � Lp�Rn�� where K� denotes the Bessel potential
whose Fourier transform is given bybK���� � �� � 
�

�j�j������

�see �	�� Chap� V��� The norm is dened to be

kfkp�� � kgkLp with f � J��g��

Let n 
 �� Let � � � � �� R� Alabern� J� Mateu and J� Verdera ���
������ considered

V��f��x� �

�Z �

�

����f�x���

Z
B�x�t�

f�y� dy

����� dt

t����

����

�

where B�x� t� is a ball in Rn having center x and radius t� The article
��� proved the following�

Theorem D � Let � � p � �� Then� the two statements in the
following are equivalent�

��� f belongs to W ��p�Rn��
��� f � Lp�Rn� and V��f� � Lp�Rn��

Furthermore�

kfkp�� � kfkp � kV��f�kp�

�



Since the expression �
R
B
f makes sense in general metric measure

spaces� this result may be used to dene Sobolev spaces analogous to
W ��p�Rn� in metric measure spaces�
Let � � p � �� � � � and w � Ap� Since it is known that

jJ��g�j � CM�g�� where M denotes the Hardy�Littlewood maximal
operator dened by

M�f��x� � sup
t��

�

Z
B�x�t�

jf�y�j dy�

we have J��g� � Lpw if g � Lpw� The weighted Sobolev space W
��p
w �Rn�

is dened as the collection of all the functions f � Lpw�R
n� for which

we have f � J��g� for some g � Lpw�R
n�� Since such g is uniquely

determined� the norm is dened to be kfkp���w � kgkp�w�
We can apply Theorems ���� ��� in characterizing the weighted Sobolev

spacesW ��p
w �Rn� by square functions related to the Marcinkiewicz func�

tion including V��f� and its discrete analogue�
�X

k���

����f�x���

Z
B�x��k�

f�y� dy

����� ���k�
����

� � � ��

For � � �� we dene function spaces M��Rn�� If � � � � ��
M��Rn� is the collection of functions � which are compactly supported�
bounded on Rn and satisfy

R
Rn
��x� dx � �� When � 
 �� we say

� �M��Rn� if � further satises that

Z
Rn

��x�x� dx � �� x� � x��� � � � x�nn � for all � with � � j�j � ����

�	���

where ��� denotes the largest integer not exceeding � and � � ���� � � � � �n��
�j � Z� �j 
 �� is a multi�index and j�j � ���� � ���n� Let � �M

��Rn�
and dene

G��f��x� �

�Z �

�

jf�x�� �t � f�x�j
� dt

t����

����

� � � ���	�	�

E��f��x� �

�
�X

k���

jf�x�� ��k � f�x�j
� ���k�

����

� � � ���	�
�

We note that

F �
�

jB��� ��j

B����� �M

�� � � � � ��

and that if � � F � then G��f� � V��f�� The following results are
known �see ������

�



Theorem ���� Suppose that � � p � �� w � Ap and � � � � n�
Let G� be as in �	�	�� Then f � W ��p

w �Rn� if and only if f � Lpw and
G��f� � Lpw� also�

kfkp���w � kfkp�w � kG��f�kp�w�

Theorem ���� Let � � p � �� w � Ap and � � � � n� Let E� be as
in �	�
�� Then f � W ��p

w �Rn� if and only if f � Lpw and E��f� � Lpw�
furthermore�

kfkp���w � kfkp�w � kE��f�kp�w�

We can nd some relevant results in ��
� ���� Also� a characterization
of W ��p

w �R
n� by a square function with � �M� is given in �����

We write

f�x� t� � f�x� t�� �f�x� � �

Z
S�

�f�x� ty�� f�x�� d��y��

where S� � f��� �g and � is a measure on S� such that ��f��g� � �	��
��f�g� � �	�� According to this observation we generalize � in �	���
to higher dimensions� Let n 
 � and

D��f��x� �

�Z �

�

����t�� Z
Sn��

�f�x� ty�� f�x�� d��y�

����� dtt
����

�

where d� is the Lebesgue uniform measure on Sn�� normalized asR
Sn�� d� � ��
Let � � � � � and S��f� � D��I�f��

S��f��x� �

�Z �

�

����I��f��x�� Z
Sn��

I��f��x� ty� d��y�

����� dt

t����

����

�

where I� is the Riesz potential operator dened by

�I��f���� � ���j�j�
�� bf����

I��f��x� � L� � f�x�� L��x� � C�jxj
��n�

Then the following result is known�

Theorem E� Let � � p ��� n 
 �� Then for f � S�Rn� we have

kS��f�kp � kfkp�

�



This result of P� Haj�lasz�Z� Liu ��
� may be used to characterize the
Sobolev space W ��p�Rn��
We can give an alternative proof of Theorem E� We recall the Bochner�

Riesz mean of order � on Rn dened by

SR�f��x� �

Z
j�j	R

bf������ R��j�j�� e��ihx��i d��

Dene a Littlewood�Paley operator �� Re��� � �� by

��f��x� �

�Z �

�

���R��	�R�SR�f��x����� dRR
����

�

�Z �

�

������ �SR�f��x�� S��R �f��x�
����� dR

R

����

�

Then we have a pointwise equivalence of ��f� and S��f��

Theorem ���� Let � � � � �� � � � � n	�� Then

��f��x� t D��I�f��x�� f � S��R
n��

When � � � � �� this is due to Kaneko�Sunouchi ���� in ����� The
range of � is extended to ��� �� by �	���
We can apply Theorem 	�	 with � � � and a property of � with

� � � � n	� to give an alternative proof of Theorem E �see �	����


� Characterization of H� Sobolev spaces by square

functions of Lusin area integral type

We dene H� Sobolev space W �
H��Rn�� where H� is the Hardy space�

We say that f � W �
H��Rn� if f � H��Rn� and f � J��h� � K� � h for

some h � H��Rn�� Dene

kfkW�

H�
� khkH�� f � J��h��

where k � kH� denotes the norm in H� �see ������
Let

�����x� � L��x�� L� � ��x���
���

where � � M�� � � � � n� We consider a Lusin area integral of
Marcinkiewicz type�

S�����f��x� �

�Z �

�

Z
B�����

j�
���
t � f�x� tz�j� dz

dt

t

����

�

�Z �

�

Z
B�x�t�

j�
���
t � f�z�j� dz t�n

dt

t

����

�

�



Also� dene

U��f��x� �

�Z �

�

Z
B�����

jf�x� tz�� �t � f�x� tz�j� dz t���
dt

t

����

�

�Z �

�

Z
B�x�t�

jf�z�� �t � f�z�j
� dz t����n

dt

t

����

�

Then

U��f� � S�����I��f�� f � S��R
n��

The H� Sobolev space can be characterized by U��

Theorem ���� Suppose that n	� � � � n� � �M� and

jb����j � C�� � j�j��� � � � � n�

Then the following two statements are equivalent�

��� f � W �
H��Rn��

��� f � H��Rn� and U��f� � L��Rn��

Further� we have kfkW�

H�
� kfkH� � kU��f�k��

In Theorem 
��� the hypothesis � � n	� is optimal in the sense that
if � � � � n	�� the estimate

kU��f�k� � CkfkW�

H�

does not hold�
The weighted H� Sobolev space W �

H�
w
�Rn� is dened as follows� Let

w � A� and set

H�
w � ff � L�

w � f � � L�
wg� kfkH�

w
� kf �k��w�

where f ��x� � supt�� j�t � f�x�j with � � S�R
n� satisfying

R
�dx � ��

The space W �
H�
w
�Rn� is the family of functions f � H�

w�R
n� such that

f � J��h� for some h � H�
w�R

n�� We dene kfkW�

H�
w

� khkH�
w
�

We conne our attention to the one dimensional case and we have
the following result�

Theorem ���� Suppose that w � A�� Then the following two state�
ments are equivalent�

��� f � W �
H�
w
�R��

��� f � H�
w�R� and ��f� � L�

w�R�� where � is as in �	����

Furthermore� kfkW �
H�
w

� kfkH�
w
� k��f�k��w�

	



Theorems 
�� and 
�� can be found in �		��
Let

D��f��x� �

�Z
Rn

jI��f��x� y�� I��f��x�j
� dy

jyjn���

����

�

It has been observed that the square function S�����f� is closely related
to D��f� �see �	�� and also ����� We recall the following results for D��

Theorem F� Let � � � � � and p� � �n	�n � ���� Suppose that
p� � �� Then

��� D� is bounded on Lp�Rn� if p� � p �� �E�M� Stein �	����
��� D� is of weak type �p�� p�� �C� Fe	erman ������

In �	��� this is generalized by considering analogues of D� with frac�
tional integrals of mixed homogeneity in place of the Riesz potentials
of Euclidean structure�

�� Sketch of proof of Theorem 	��

Let � � � � n� � �M� and dene

T��f��x� �

�Z �

�

jI��f��x�� �t � I��f��x�j
� dt

t����

����

�

Since �����x� � L��x�� � � L��x� with � �M
�� it is easy to see that

j�����x�j � Cjxj�n�� for jxj � � and j�����x�j � Cjxj�n�����	�� for
jxj 
 �� By these estimates� the conditions ���� ��� and �	� of Theorem
��� hold for ����� Also�d������� � ���j�j������ ������

satises the non�degeneracy condition �
� of Theorem ���� since ������
� as j�j � � by the Riemann�Lebesgue lemma� Further� since

jd�������j � Cj�j�����	���

we have d������� � �� We see that T��f� � g�����f�� Thus by Theorem
���

kT��f�kp�w � kg�����f�kp�w � kfkp�w�

Using this and the observation

T��I��f� � G��f�� f � S��R
n��

we have

kG��f�kp�w � kI��fkp�w�

We can derived Theorem 	�� from this�
�




�� Sketch of proof of Theorem 
��

Theorem 
�� follows from the next result�

Theorem ���� Let ���� be de
ned as in �
��� with � as in Theorem

��� Then

kS�����f�k� � kfkH�� f � S��R
n��

We need the following H�ormander condition in proving Theorem ����

Lemma ���� Let ���� be as in Theorem ���� Then

Z
jxj��jyj

	Z
B�������

�������
t �x� y � tz�� �

���
t �x� tz�

���� dz dt
t


���
dx � C�

with a constant C independent of y � Rn � where B� � B��� ���

By Lemma ��� and a result of ��	� for vector valued singular integrals
we have kS�����f�k� � CkfkH� �
The reverse inequality can be deduced from the following result�

Lemma ���� If f � S��R
n� and g � BMO�Rn�� then we have����Z

Rn

f�x�g�x� dx

���� � CkgkBMO

Z
Rn

S�����f��x� dx�

From Lemma ��	 and duality of H� and BMO we see that kfkH� �
CkS�����f�k��
The proof of Theorem 	�� is based on the estimates kg�����f�kp�w �

kfkp�w� If kg�����f�k� � kfkH�� then we would be able to characterize
W �

H� by G�� We do not know at present if the estimate kfkH� �
Ckg�����f�k� holds or not�

�� Sketch of proof of Theorem 
��

The proof of Theorem 
�� is based on the following result�

Lemma ���� Let w � A�� Then we have

k��f�k��w � kfkH�
w
� f � S��R��

Dene

g��f��x� �

�Z �

�

j��	�x�u�x� t�j�t dt

����

�

where u�x� t� denotes the Poisson integral of f � u�x� t� � Pt � f�x��bP ��� � e���j�j� Let bR��� � ��i�e���j�j� Then g��f� � gR�f� and we
have

kfkH�
w
� Ckg��f�k��w� f � S��R�������

��



This can be seen from the following �the unweighted case is in ���� 
	���

Remark ���� Let � � L��Rn�� We say � � B if

��� �� � C��Rn n f�g��

��� supt�� j ���t��j � � for all � 	� ��
�	� � � C��Rn�� �k� � L��Rn�� � � k � n� where �k � �	�xk�

�
� j �����j � Cj�j� for some � � ��

��� j�� �����j � C��� j�j
�� outside a neighborhood of the origin for

all multi�indices � and � � �� where �� � ���� �
��
� � � � ��nn � � �

���� ��� � � � � �n��

Let � � p � �� w � A� and � � B� Then we have

kfkHp
w
� Cpkg��f�kp�w�����

for f � S��R
n� with a positive constant Cp independent of f � This is

proved in �		�� See also �	��� �	�� for related results�

By applying ����� on R� with � � R we have ������
Also� it is known that the pointwise relation

g��f� � C��f�� f � S��R�����	�

holds �see ������ Combining ����� and ���	�� we have

kfkH�
w
� Ck��f�k��w�

To get the reverse inequality� recall that ��f� � gH�f��

H�x� � 
�����	�x�� 
����	�x��

We can show that�Z �

�

jHt�x� y��Ht�x�j
� dt

t

����

� C
jyj���

jxj
��
for �jyj � jxj�

Using this and a result for vector valued singular integrals� we can prove
the reverse inequality�

k��f�k��w � CkfkH�
w
�

This can be also shown by applying the pointwise relation between
g�
 and � �see ����� and the H

�
w � L�

w boundedness of g
�

 with w � A��

which can be found in ����� where

g���f��x� �

�ZZ
R������

�
t

t � jx� yj

��

jru�y� t�j� dy dt

����

�

��



�� Characterization of Hardy spaces on homogeneous

groups by Littlewood�Paley functions

Let Rn be the n dimensional Euclidean space as before� Here we
assume that n 
 �� We also consider Rn as a homogeneous group H
equipped with multiplication given by polynomial mappings� We have
a dilation family fAtgt�� on R

n of the form

Atx � �t
a�x�� t

a�x�� � � � � t
anxn�� x � �x�� � � � � xn��

where real numbers a�� � � � � an satisfy � � a� � a� � � � � � an� We
assume that each At is an automorphism of the group structure �see
����� �
�� and ���� Section � of Chapter ���� The homogeneous nilpotent
Lie group structure of H has the following properties�

��� Lebesgue measure is a bi�invariant Haar measure�
��� we have �x�� � � � � xn� as the canonical coordinates�
�	� the group law obeys the Hausdor��Campbell formula as a nilpo�

tent Lie group�
�
� the identity is the origin � and x�� � �x�
��� ��x���x� � �x � �x for x � H � �� � � R�
��� At�xy� � �Atx��Aty� for x� y � H � t � ��
��� if z � xy� then zk � Pk�x� y�� where P��x� y� � x� � y� and

Pk�x� y� � xk � yk � Rk�x� y� for k 
 � with a polynomial
Rk�x� y� depending only on x�� � � � � xk��� y�� � � � � yk��� which can
be written as

Rk�x� y� �
X

jIj����jJj����a�I��a�J��ak

c
�k�
I�Jx

IyJ �

Here� I � �i�� i�� � � � � in� � �N��
n with N� denoting the set of

non�negative integers and

a�I� � a�i� � a�i� � � � �� anin�

also� J � �N��
n�

We have a norm function ��x� which is homogeneous of degree one
with respect to the dilation At� so we have ��Atx� � t��x� for t � �
and x � H � We may assume the following�

��� � is continuous on Rn and smooth in H n f�g�
��� ��x � y� � ��x� � ��y� and ��xy� � c����x� � ��y�� for some

constant c� 
 � and ��x
��� � ��x��

���� ��x� � � if and only if jxj � � and if � � fx � H � ��x� � �g
and Sn�� � fx � Rn � jxj � �g� then � � Sn���

��



���� there are positive constants cj� �k� �k� � � j � 
� � � k � ��
such that

c�jxj
�� � ��x� � c�jxj

�� if ��x� 
 ��

c
jxj
� � ��x� � c�jxj

� if ��x� � ��

We recall the Heisenberg group H � as an example of a homogeneous
group� Dene the multiplication

�x�� x�� x
��y�� y�� y
� � �x� � y�� x� � y�� x
 � y
 � �x�y� � x�y��	���

�x�� x�� x
�� �y�� y�� y
� � R

 � Then this denes a group law for the

Heisenberg group H � with the underlying manifold R

 � where the dila�

tion At�x�� x�� x
� � �tx�� tx�� t
�x
� is an automorphism �fAtg satises

�����
We dene the Littlewood�Paley g function on H by

g��f��x� �

�Z �

�

jf � �t�x�j
� dt

t

����

������

where f � S�� � � S satisfying
R
H
�dx � � and �t�x� � t����A��

t x�
with � � a� � � � �� an� Here S

� denotes the space of tempered distri�
butions and S the Schwartz space� which are the same as those in the
Euclidean case �see �
���� The convolution F �G on H is dened by

F �G�x� �

Z
H

F �xy���G�y� dy �

Z
H

F �y�G�y��x� dy�

See ��� and ��� �� �
� ��� 
�� for the study of Littlewood�Paley opera�
tors and singular integrals� respectively� on Lp spaces on homogeneous
groups� � � p ��� Also� see ��	� 	
� and ���� Section �� for results in
harmonic analysis with non�isotropic dilations�
In this section we give a characterization of Hardy spaces Hp� � �

p � �� on H in terms of the Littlewood�Paley g functions� We rst
recall related results in the Euclidean case� Let ����� � � �� �� � � � �M �
be functions in S�Rn� which satisfy the non�degeneracy condition

inf
��Rnnf�g

sup
t��

MX
���

jF�������t��j � c�����

for some positive constant c� where F������ denotes the Fourier trans�
form� In �
	� the following result for the Euclidean structure can be
found�

��



Theorem G� Let � � p � �� Let ���� � S�Rn� with
R
Rn
���� dx � ��

� � �� �� � � � �M � Suppose that the condition ����� holds� Then

cpkfkHp �
MX
���

kg�����f�kp � CpkfkHp

for f � Hp�Rn�� where g�����f� is de
ned similarly to ����� with the
Euclidean structure �see �������

See ���� for the Hardy spaceHp�Rn�� Analogous results for Lp spaces�
� � p ��� can be found in ���� ���� and �����

Let ej � �e
�j�
� � e

�j�
� � � � � � e

�j�
n �� � � j � n� e

�j�
j � � and e

�j�
k � � if k 	� j�

Dene

Xjf�x� �

	
d

dt
f�x�tej��



t��

�

Yjf�x� �

	
d

dt
f��tej�x�



t��

�

Then Xj and Yj are called the left�invariant and right�invariant deriva�
tives� respectively�
Let I � �i�� i�� � � � � in� � �N��

n� Higher order di�erential operators
XI and Y I are dened as

XI � X i�
� X

i�
� � � �X in

n � Y I � Y i�
� Y i�

� � � � Y in
n �

Then jIj is called the order of XI and Y I and a�I� the homogeneous
degree for them�
Let

P �x� �
X

cIx
I � xI � xi�� x

i�
� � � � x

in
n � I � �i�� i�� � � � in�����	�

be a polynomial on Rn � We may also consider P �x� as a polynomial
on H � The degree of the polynomial P is maxfjIj � cI 	� �g� Also� the
homogeneous degree of P is dened to be maxfa�I� � cI 	� �g�
Let � � fa�I� � I � �N��

ng� We denote by Pa the space of all
polynomials P in ���	� with a�I� � a for all I�
Let

k�k�N� � sup
jIj	N�x�H

�� � ��x���N��������jY I��x�j

�see ���� p� 	���� Dene

BN � f� � S � k�k�N� � �g�

Let

M�N��f��x� � supfsup
t��

jf � �t�x�j � � � BNg�

��



We dene the Hardy space Hp on H for p � ��� �� as

Hp � ff � S� � kfkHp � kM�Np��f�kp ��g�

with su ciently large Np� The numbereNp � min
�
N � N� � N 
 minfa � � � a � ��p�� � ��g

�
can be taken as Np� If � � N� � then eNp � ���p�� � ��� � � �see
���� Chap� ���� See ���� for the denition of Hp spaces in the case of
Euclidean structure�
To generalize Theorem G to the case of homogeneous groups� we

recall the fact that the condition ����� implies the existence of functions
����� � � � � ��M� � S�Rn� such that each suppF������ is a compact set not
containing the origin and such that

MX
���

Z �

�

�
���
t � �

���
t

dt

t
�  in S�����
�

where  denotes the Dirac delta function�
We employ an analogue of ���
� as a non�degeneracy condition for

����� � � � � ��M� on H and we can prove the following result analogous to
Theorem G�

Theorem 	��� Let � � p � �� There exists d � � having the following
property� Suppose that f���� � S � � � � �Mg is a family of functions
such that ��� and ��� below hold�

��� Z
���� dx � �� for � � �� �� � � � �M �

��� there exist functions ���� � S� � � � � M � satisfying that

MX
���

Z �

�

�
���
t � �

���
t

dt

t
� lim

�
��
B
�

MX
���

Z B

�

�
���
t � �

���
t

dt

t
�  in S�

and thatZ
����P dx � � for all P � Pd� � � � � M �

Then

cpkfkHp �
MX
���

kg�����f�kp � CpkfkHp for f � Hp�����

with positive constants cp and Cp independent of f � where g���� is as in
����� and Hp is the Hardy space on H �

��



Consider a stratied group H with a natural dilation and let h be
the heat kernel on H �see ������ We dene ��j� � S� j � �� �� � � � � by

��j��x� �

��	�t�jh�x� t�

�
t��
� ��L�jh�x� ���

where L is the sub�Laplacian of H � We have the following result as an
application of Theorem ����

Corollary 	��� Let f � Hp� � � p � �� Then we have

cpkfkHp � kg��j��f�kp � CpkfkHp

for any j 
 �� with some positive constants cp� Cp independent of f �

This is almost Theorem ���� of ����� in ���� the rst inequality is
proved under the condition that f � S� vanishes weakly at innity and
g��j��f� � Lp�
We recall the Lusin area integral on the homogeneous group H de�

ned by

S��f��x� �

�Z �

�

Z
��x��y�	t

jf � �t�y�j
�t���� dy dt

����

�

Then� results analogous to Theorem ��� were proved for S��f� in ����
�see ���� Theorem ���� and Corollary ������� but the characterization by
the Littlewood�Paley function was shown only for special Littlewood�
Paley functions g��j� coming from the heat kernel�
As in the case of the Euclidean structure of Theorem G� the rst

inequality of ����� is more di cult for us to prove than the second one�
the second inequality may be shown by applying a theory of vector�
valued singular integrals�
In �	�� an alternative proof of the rst inequality of the conclusion

of Theorem G is given by applying the Peetre maximal function F ��
N�R

of ���� dened by

F ��
N�R�x� � sup

y�Rn

jF �x� y�j

�� �Rjyj�N
�

Here we would like to give some comments on the application of the
Peetre maximal function in proving the rst inequality of Theorem G�
When F������ each has a compact support not containing the origin�
then we can prove that inequality much more easily by applying the
Peetre maximal function� A reason for this is the availability of the
trick similar to the one in the proof of Bernstein�s inequality for the
estimates of the derivatives of trigonometric polynomials�
The proof of �	�� is expected to extend to some other situations�

Indeed� it has been applied to characterize parabolic Hardy spaces of
��



Calder�on�Torchinsky �	� 
� by Littlewood�Paley functions �see �	����
See also �		� for related results on weighted Hardy spaces�
The methods of �	�� can be also applied to characterize Hardy spaces

on the homogeneous groups by certain Littlewood�Paley functions �The�
orem ����� In proving the theorem we apply the Peetre maximal func�
tion on H dened by

F ��
N�R�x� � sup

y�H

jF �xy���j

�� �R��y��N
� sup

y�H

jF �y�j

�� �R��y��x��N
������

and use the following lemma�

Lemma 	��� Let N � �	r� r � �� � �  � �� Let f� � � S� Then we
have

�f ��t�
��
N�t���x� � Cr

�NM�jf ��tj
r���r�x��Cr

nX
j��

�f ��Xj��t�
��
N�t���x�

for all t � �� where M denotes the Hardy�Littlewood maximal operator
on H de
ned by

M�f��x� � sup
t��

t��
Z
��y��x�	t

jf�y�j dy�

See �	�� for the details�
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