LITTLEWOOD-PALEY FUNCTIONS UNDER SHARP KERNEL
CONDITIONS

SHUICHI SATO

ABSTRACT. We prove LP-estimates for Littlewood-Paley functions under sharp
kernel conditions without assuming compactness of support by applying ex-
trapolation arguments.

1. INTRODUCTION

aw(0@ = ([l s@PT) "

be the Littlewood-Paley function on R™, where ¢p € L*(R™) and ¢ (z) = t~"p(t~12).
We assume that

(1.1) Y(x)dz = 0.
R’n

Let

Let
U(@) =[] )x oy (l2)), 2’ =2/lz], for x € R\ {0},

where Q € L1(S"1), fS,,L,l Qdo = 0 with do denoting the Lebesgue surface mea-
sure on the unit sphere S”~!, and xg denotes the characteristic function of a set E.
Then, g, (f) is the Marcinkiewicz function po(f) in Stein [18] (see also Hérmander
[10, pp. 135-137]). The Marcinkiewicz function was introduced by [11] in the
one dimensional case. For recent results on applications of the square functions of
Marcinkiewicz type to characterization of the Sobolev spaces we refer to [16] and
[17].

When considering gy, we always assume (1.1). A well-known theorem for LP?
boundedness of g, is the following result.

Theorem A (Benedek, Calderén and Panzone [3]). If there exists € > 0 such that
(1.2) ()] < O+ [z)7"

(13) [ 19te =) - wia)ldo <
then gy is bounded on LP(R™) for all p € (1,00).
We also recall the following result of [9].

Theorem B. We assume that the function v satisfies the following conditions:
(1) ¥xe € LY(R™) for some € > 0, where x(z) = (1 + |z])%
(2) ¥Lo € L*(R™) for some u > 1, where Lo(x) = x (0,1 (||);
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(3) there erist non-negative functions h on (0,00) and Q on S"~! such that
(a) [¢(z)| < h(|z)2(a"), Vo € R™\ {0},
(b) h(r) is non-increasing on (0,00) and h(|z|) € L*(R™),
(c) Q€ LI(S™Y) for some q € (1, 00).
Then gy is bounded on LP(R™) for all p € (1,00).

Theorem B implies, in particular, that in Theorem A the condition (1.3) is not
needed for the LP boundedness of g,; the condition (1.2) only is sufficient (see [5,
p. 148] for the L? case).

Furthermore, we recall results of [13] (Theorem C and Theorem E). We say that
a function Q on S"~! belongs to the class L(log L)*(S™~ 1), a > 0, if

/S ~19200)] (log(2 + [2(9)]))" do(6) < oo
The class L(log L)*(R™) of functions on R™ is defined similarly.

Theorem C. Let Q € L(log L)Y/2(S"') and Q > 0. Suppose that |1(x)| <
h(|z]|)2(z") for all z € R™\ {0}, where h is a non-negative, non-increasing function
on (0,00) supported in (0,1]. We further assume that h(|z|) € L1(R™) for some
g > 1. Then gy is bounded on LP(R™) for all 1 < p < oo.

As an application of Theorem C we have the following result of Al-Salman, Al-
Qassem, Cheng and Pan [1].

Theorem D. If Q € L(logL)Y/?(S™™'), then uq is bounded on LP(R™) for all
p € (1,00).

The case p = 2 of Theorem D is due to Walsh [20]. See [6] for a generalization
to homogeneous groups including the Heisenberg groups.

Theorem E. Suppose that v is compactly supported and that ) is in L(log L)Y/?(R™).
Then gy is bounded on LP(R™) for all p in the range 2 < p < oco.

Let ¢ be compactly supported. Then it is known that if ¢ € L*(R"), gy is
bounded on LP(R™) for every p € (1,00) and that if ¢» € LI(R™) for some ¢ € (1, 2],
then g, is bounded on LP(R™) provided that 0 < 1/p < 1/2+1/¢’ (see [7] and also
[4]), where ¢’ denotes the conjugate exponent to g. The optimality of the result is
also shown in [7].

When n = 1, we also recall related results. Let

(@) = all = [2[|* X1 (@) sen(e),  a € (0,1/2).
Then g, ) = 1o is the generalized Marcinkiewicz function. Let 1 < ¢ < 2 and
q(1—a) < 1. Then ¢(® € LI(R). Let 1 < p < 2. It is known that if 2/(2a+1) > p,
gy is not bounded on LP(R) and that if 2/(2a+1) < p, g, is bounded on LP(R),
and also that if p = 2/(2a + 1), gy is of weak type (p,p) (see [9, pp. 578-579]).
For any ¢ € (1,2),if 1 > 1/p > 1/2+ 1/¢’, we can find a € (0,1/2) such that
a>1-1/gand 1/p>1/2+ a. Then g, is not bounded on L”(R).

In this note we shall generalize Theorems C and E by removing the compactness
assumption on the support of the function . Let x., Lo be as in Theorem B. Our
theorems will be stated by using x., Lo.

We shall prove LP estimates for g, that are useful in extrapolation arguments
to obtain a minimum condition on ¢ for L” boundedness of g.
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Theorem 1.1. Suppose that Vx. € L'(R™) for some ¢ > 0 and that |1(z)| <
h(lz]|)2(z") for all z € R™\ {0}, where h is a non-negative, non-increasing function
on (0,00) and 2 is a non-negative function on S"~t. We assume the following:
(1) H € LY(R™), where H(x) = h(|z]);
(2) there exists ¢ > 1 such that
(a) Qe LIS,
(b) ¥Lo € LI(R™).

Then we have

lgw (H)llp < Cp.e (a/(a = 1) (I Lollg + 1 H 111120l + lxelln) 1]l
for all p € (1,00), where the constant C, . is independent of q, 1, h and 2.

By applying Theorem 1.1 and extrapolation, we have the following.

Theorem 1.2. Let Q € L(log L)'/2(S™~) and Q > 0. Suppose that |1 (x)| <
h(lz]|)2(z") for all x € R™\ {0}, where h is as in Theorem 1.1. We further assume
that HLy € LY(R™) for some q > 1 and that Hx. € L*(R™) for some ¢ > 0. Then
gy s bounded on LP(R™) for all p € (1, 00).

From the estimates in the proof of Theorem 1.2 with another extrapolation we
have the following.

Theorem 1.3. Suppose that Q € L(log L)'/2(S"~1), Q > 0, and that |1(z)| <
h(|z]|)Q2(z") for all z € R™\ {0}, where h is a non-negative, non-increasing function
on (0,00) such that Hx. € L'(R"™) for some ¢ > 0. We further assume that
HLg € L(log L)*>*(R™). Then gy is bounded on LP(R™) for all 1 < p < oc.

Let Q € L(log L)/2(S"~1) with g, . Q(0) do(6) = 0. Set
(o) = T og2-+ 1ol 1)1+ Ja) 2o,

where a > 5/2, 8> 0 and b € L*((0,00)). Then Theorem 1.3 implies that g, is
bounded on LP(R™) for all p € (1, 00).
Also, by applying Theorem 1.2 and Theorem E we have the following.

Theorem 1.4. Suppose that YLy € L(log L)"/?(R"). Further, we assume that
[(z)| < h(|z])Q(z’) for all |x| > 1, where h is a non-negative, non-increasing
function on (0,00) and § is a non-negative function on S™~' such that H €
LY(R™) N L>®(R™), Hx. € L'(R™) for some ¢ > 0 and Q € L(log L)*/?(S"~1).
Then gy is bounded on LP(R™) for all p > 2.

It is easily seen that in Theorems 1.1, 1.2, 1.3 and 1.4, we can replace the
conditions stated by using Lo by the conditions with the function x(gq(|2]) in
place of Lj for any a > 0 to have analogous results.

We shall prove Theorem 1.1 in Section 2. In the proof we apply a Littlewood-
Paley decomposition adapted to a suitable lacunary sequence with the Hadamard
gap depending on ¢ in (2) of Theorem 1.1.

The method of appropriately choosing a lacunary sequence in defining a Littlewood-
Paley decomposition was used in [2] in studying singular integrals. Also, using
method inspired by [2], [14] proved some estimates which are useful in studying
singular integrals by applying extrapolation method and which were foreseen in [2]
(see [2, p. 156]). The method has been extended to the case of square functions
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in [13], so that we can prove Theorem C and Theorem E in [13]. It is not known
whether the method of [1] also can prove these theorems. The argument of [13]
is adapted in this note for the case when the function v is not assumed to have
compact support.

We require some vector valued inequalities, which are based on Lemmas 2.1 and
2.2 below. The proof of Lemma 2.1 is the same as that of [13, Lemma 1], since [13,
Lemma 1] holds true without compactness assumption for the support of ¥ and the
proof in [13] is also available under the conditions of Theorem 1.1.

To prove Lemma 2.2, we apply estimates in the proof of [15, Lemma 3.4]. See
also the proof of [12, Lemma 3] for relevant estimates.

Theorems 1.2 and 1.3 will be shown in Section 3 by applying extrapolation
methods (see, e.g., Zygmund [21, Chap. XII, pp. 119-120]) and using Theorem
1.1.

Theorem 1.4 will be shown in Section 4 by applying Theorem 1.2 and Theorem
E. In this note the letter C will be used to stand for non-negative constants, which
may vary in different places.

2. PROOF OF THEOREM 1.1

We denote by Z the set of integers and by H the Hilbert space L2((0,00), dt/t).
Let k € Z and p > 2. We consider operators mapping functions on R" to H-valued
functions on R™; define T}, by

(T(H)(@)) () = Tu(f)(@, 1) = (e * f) (@)X, (0 "t).-

Then we have s
P
Tk (f)(2)|3c = </pk g * f(x)]? Cff) .

Lemma 2.1. If 1 is as in Theorem 1.1 with (1.1) and my(x) = h(|z|)QA(z"), then
we have

o 1/2 oo 1/2
(Z |Tk<fk>|§{> < Cy |1y lmy 11/ (log p) /2 (Z |fk|2>

k41

k=—oc0 k=—oc0

S

for all s € (1,00) with a positive constant Cy independent of p, 1, h and SQ.

Proof. The proof is the same as that for Lemma 1 of [13], since the compactness of
the support of ¢ is not used there. Let My (f) be a maximal function defined by

My(f)(z) = Sup [¥]e * f ()]

Then the method of rotations implies |My(f)|l» < Crllmy|l1]|fll» for all r > 1.
Thus, arguing as in the proofs of Lemmas 1 and 2 of [9] and applying the maximal
inequality for M, and checking the constants, we can get Lemma 2.1. For the sake
of completeness we give the proof more specifically in what follows.

First, let 2 < s < oo, r = (s/2)" = s/(s — 2). Choose a non-negative g € L"
satisfying [|g||» < 1 and

/2|2
I:= H(Z |Tk(fk)|§f> /(ZITk(fk)@{)gd:&
& k

S
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‘We note that
T (f1)(@)15¢ < ll9lla /R P+ W) fr(z — y)I? dy,

where p,.(y) = [ [x (y)| dt/t. Thus we have
F I 108 ([, e watev)dv)
< (ogp)lélh Y [ 1u(e) M) (0) o
k

where @(m) = 9(—z). Applying Holder’s inequality, we see that

1/2||2
> [ 1069 do < (Zlfﬁ) 1M(9) I
k k

S

1/2]|2
< Crllmy | <Z|fk|2> :
k

where we have used the L"-boundedness of M. Collecting results, we reach the
conclusion.
Next, let 1 < s < 2, r = (s'/2)' = s/(2 — s). For a function h on R" x (0, 0),
we define an H-valued function Py (h) by
(P(h)(@))(t) = Pe(h)(z.t) = h(z, O)xi1.00 (0~"0).
Also, let Ty, act on such h by (T (h)(2))(t) = Tk (h)(z,t) = (Tk(h(-,t))(x))(t). Then
for a sequence {hg(z,t)} we have

1/2 1/2
(2.1) (ZITk(hk)ic> < Collplly* Imally” (Zi&(hm%{) :
k , k o

To prove this, as in the proof of the lemma for s € [2,00), take a non-negative
g € L" such that ||g||, <1 and

1/2||2
I= (Zm(hk)@c) = / (ZITM)@)W-
k , k

S

We have
[Tt Begde < 10l [ M5()] P e
Therefore, by the Holder inequality we see that

1/2]|2
I< |9l (Z |Pk(hk)|§{> 1M5(9) I

k

1/2]|2
< Crl[9llalfmyllx (Zﬁ(%)l%c) :
k ’

S

This completes the proof of (2.1).
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Now we can prove Lemma 2.1 when 1 < s < 2. If (-,-)g¢ denotes the inner
product in H, then

/ (To(fo) (@), B, ) d = / (Pofi) @), T (i) (Yo e,
where
To(h) () = X (0 / e(y)h(z + v, 1) dy,

and Py(fr)(2,t) = fe(@)x[1,p)(p ~kt). We note that |Pu(fi)|sc = (logp)*/?|fxl.
Thus by Holder’s inequality and (2.1) we have

k

1/2
< Cy(log p) /2 [[ ]y my Iy (ZW) H(Zm(hk)@{)
k

k ’
Taking the supremum over {hj(z,t)} such that H > [ Pe(hie) %) 1/2H <1, we
have the conclusion of Lemma 2.1 for s € (1,2). O
Let
J©O =@ = | f@)e>m S dn, Zwafw

R’n
be the Fourier transform of f.

Lemma 2.2. Lety, H, €, q, € be as in Theorem 1.1. Let x., Lo be as in Theorem
B. Set G(¢, H,Q,q,¢) = [ Loll; + [l 1H |1[1lq + [loxell. Then

k+1

p A 2 dt . —1\min(2e !
/k B(t9)| T < Cllog )G, H. D, q,€) min(L, [l [pg 1 ymineet/ ),
P

where the constant C' is independent of k € Z, p>2,q>1,e¢>0, H, Q2 and ¥.

To prove Lemma 2.2 we need the following.

Lemma 2.3. Let ¢, H, Q, q be as in Lemma 2.2. Then

/ D) L < 0 (I Loll2 + Il B I2l,) 16l ~/60).

Proof. When n > 2, by [157 Lemma 3.3] and the estimates of the proof of [15
Lemma 3.4] we have

/ 9G0P % < C (I Loll3 + [l I H L | 2l,) =/,

where Ly = 1 — Ly, which implies the conclusion of the lemma.
Ifn=1, similarly to the arguments above by results of [15] we have

/ 9G0P % < O (10 Loll3 + 1l 90e (1Ll + [1H L)) le] /6,

from which the conclusion follows, since ||Q||s < C||Q||q and ||[HL1|loo < C|H]J1.
O
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Proof of Lemma 2.2. Since ||{)]|oe < |[¢0]]1, we see that

I 2
(22) [ fiteore)|” et < ozl
1

On the other hand, by Lemma 2.3 we see that

Py 2 2. 2

[ oo aps S [ouzmito)

1 0<m<(log p)/ log 2 1
-1/(34")

(2:3) < So (Lol + [l HILIRN) [27 0|

0<m<(log p)/ log 2

< C(log p) (Il Lollg + Wl 1L 11€2]4) [o*€]
Also, by the proof of Lemma 1 of [12], we have [¢)(£)] < C|€]¢[lthxe|l1. Thus
Py 2 p
) [ [berrel de <l [ loter e < Cliog p)luxc ot el
1 1
Using (2.2), (2.3), (2.4) and the inequality
min(L, €12, 051/ 30) < min(1, [0+ g], e et/ o),

1/(34")

we have the conclusion of the lemma. O

We also need to apply the ordinary Littlewood-Paley theory. Let p > 2. As in
[13, p. 433] we take a sequence {¥;}>° of non-negative functions in C*°(R) such

that
supp(¥y,) C [p~ 71, p "
> W) =1, V>0
k=—o0

|(d/dt) Wy (t)| < Cjlt|™, VjeZN[L,o00),
with the constants C; independent of p and k.

Lemma 2.4. Let D; be the Fourier multiplier operator defined by

F(D;(H)E) = ¥;(IENF(©)
for j € Z. Then we have the Littlewood-Paley inequality:

oo 1/2
( Z |Dk(f)|2> <GCpllfllp, 1<p<oo,

k=—o0
p

where the constant C), is independent of p > 2.

See also [19], [8, §2], [2, pp. 158-159], [14, pp. 225-226] for the operators D,.
Decompose

where

Fy(z,t) = Z D (Y1 * (@) X[k, pr+1) ()

k=—o00
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k=—o00

If
- 1/2
s = ([T o) (Z 14Dy 1] <>|%c> ,

then we have gy (f)(x) <3272 9;(f)(x)-
For j € Z, set E; = {p~'77 < |¢| < p'77}. Then applying the Plancherel
theorem, we see that
o dt

osti= 32 [ [ e @ Fa

sy ef ([

k=—o0

Using Lemma 2.2, we have

I< ) Clogp)G(¥,H, 2, q.¢)

k=—o0

. R 2
x/ min(l,|pk+1§|,|pk§|_1)mm(26’1/(3q ) f(g)‘ d€
EJ+k

N 2
fo)| de

< C(log p)G(¥, H,Q, g, ¢) min(1, p~171+2)min(2e, 1/(3¢")) Z /
k=—o0 J+k

< C(log p)G (v, H, 2, g, €) min(1, p~lHH2)minCe /Gy 112
where the last inequality holds since > XE; < C with a constant C independent
of p. Thus it follows that

(2.5)  |lg;(f)ll2 < Cllog p)Y/2G (3, H,Q, q,€)*/? min(1, p~liH2)mine1/64))) |1,

By Lemmas 2.1 and 2.4 we have

1/2
llg; (F)lls = <Z Tk (Djr(f |5}c>

k=—0o0
(2.6) 1/2 1/2 i
< Cl9lh*llmy i (log p)'/? Z |Djyr(f

k=—o0
s

1/2 1/2
< ClIIL? my 137 (02 )2 111
for s € (1,00). Interpolating between (2.5) and (2.6), and writing G = G(v, H,Q, g, €)

we get

g5 (D)l
< Cllog p)* (G2 min(1, p 12y minte 1 000) (a2 my [112) | 1)
5777 min(1, p a2y min(e /0D |,

< Cllog p) G 2| {772
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for some 7 € (0, 1] depending on p, where 1 < p < oco. Thus

9w (Hllp < Z 1195 (H)lp

J_—OO
<C [ Y min(1, pmBF2ymmin(el/60) | (log p)1/2
j=—00
1-n)/2 1-n)/2
(2.7) x G2 g 12 £

< C(]. _ p—nmin(e,l/(Gq’)))—l(logp)1/2
x G2 g 12 £
< C(l _ p—nmm(e,l/(Gq )))— (10gp)1/2
x (v Lollg + 1 HI Qg + [oxel) |1l
where the last inequality follows by
1— 2 1— 2
G, H,Q,q, )"l my |72 < € (W Lol + IHI1 12l + lexel)
which can be seen by applying Young’s inequality as follows.
1— 2 1— 2
G, H,Q,q,6)" 2] {72 my |7/
1— 1—
< C (ILoll? + I1ll7 + IHITIQUD + [oxel?) [H IS0l
< C([vLollg + 1HILIQU g + [¥xel) -

Taking p = 29" in (2.7), we get the conclusion of Theorem 1.1, since

(1_p—nmin(e,l/(Gq')))—l(logp)l/Q (1 — 9~ 7]mm(qel/6)) ((qlog2)/(q—1))1/2
< (127 E9) 7 (glog 2) /(g — 1)

3. PROOFS OF THEOREMS 1.2 AND 1.3
We may assume that 1 < ¢ < 2 in proving Theorem 1.2. Let F}, = {§ € S"~!:
2F=1 < |Q(0)| < 2F} for k € ZN[2,00) and F; = {6 € S"~ 1 : |Q(6) |<2} Let
Qx(0) = QO)xp,(0) for B > 1. We define E, = {x € R"\ {0} : ' € Fi} for
k=1,2,3,.... Let B= {2z € R" : |z] < 1}. We decompose ¢ as 1 = >~ P

where
Yy = UxE, — B! (/ wdfc) XB
Ex

We can find similar decompositions in [2, pp. 156-157], [14, pp. 229-230], [13, pp.
438-439]. We note that [ ) dz = 0 and 1) (z)| < h*(|z])Q5 (2') for z € R™\ {0},
where
h(lz) = (h(lz]) + ClIHI|1) x(0,1(Jz]) + ~|z[)x(1,00) (]),
Q') = (@) + [1Q%]|1-
We see that ||Qf]|, < C’Zkellc/r for 1 < r < oo, where ey = o(Fy), for k > 1, and

that ||[H*Lo||, < C||HLo|lq + C||H||1, where H*(z) = h*(|z|), and that |[H*x.]; <
C|lH xellr-
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Fix p € (1,00) and f with || f]|, < 1. Put R(¢) = ||gy(f)||p. Using subadditivity
of R(y) and applying Theorem 1.1, we have

g ()llp = R(W) <> R(va))

E>1
<Clg/la—1)"* D (IHLolllI%llg + IHxell119%]l4)
k<1/(q—1)
(3.1) +C(|HLollg + |1 Hxcl) D>, B2 hsayw
k>1/(q—1)
<Clg/(g =2 HLollg + [ Hxell) D> 1954
k<1/(¢g—1)
FO(HLol + [Hxc ) S kV/22hef/ 040,
k>1/(g-1)

We note that [|Qf [, < C(1+ [|1)2"/¢ and so

(3.2) Yo 9l < Ca+ Q)@ -
1<k<1/(g—1)

Also, applying Young’s inequality, we can see that

Zk1/22kellz/(k+1)
k>1
<230/ (1)) (RIFI/22H AR e ) 937 07k /(4 1)
k>1 k>1
<O kP2ke, 4 C
k>1
<C 12(6)] (log(2 + [2(6)]))"* do(6) + C
Sn—1
Using (3.2) and (3.3) in (3.1), we have

(34) gw(D)llo < CUHLolly + |Hxel)
x (<q—1>-3/2<1+ 2l + [

[ 190 Gog2-+ [960))) " 40(9))

provided that ||f|l, < 1, where C is independent of ¢ € (1,2]. This implies the
conclusion of Theorem 1.2.

Next, we give the proof of Theorem 1.3. We also fix p € (1,00) and f with
Ifll, < 1. Let Gp, = {z € R* : 2™~ < h(lz|) < 2™} for m € Z N [2,00),
G1 ={z € R": h(]z|) < 2}. Define

Y™ = xg,, — |B|™! (/G ¢) XB-

Then o = 2 (™ and [(™ = 0. Let hy,,(|z|) be the least non-increasing
radial majorant of Hx¢,,. Then

(3.5) [ (@)] < (b (|2]) + Cl|Hxa,, 1 Lo()) (") + [|192]]1)-
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Let mg be a positive integer such that G, N {|z| > 1} = 0 for m > mg and define
U= 3 0 =6, - BT ( / w) xa.
m<mgo Um<mg Gm

Then [ ¥ = 0. Let H(™) be the least non-increasing radial majorant of H(Z)X[r,00) (|7]),
7 > 0. Then

(36) (@] < (B () + O Hl1Lo(x)) () + €21)
for some ag > 0.
We have
(3.7) lgw (Do < D Mg (Hllp + lgw(Hllp =1+ 11, say.
m2>mgo
By (3.4) for gy with ¢ = 2 and (3.6) we have
(3.8) IT < O([H oo + [ Hxell) (1 + |2 (log(2 + Q%) /?|1),

where Q* = Q + [|Q[l1. Let Hy(z) = hp(|z]). From (3.4) for g, and (3.5) it
follows that

I<C+ 2 (og2+ Q)2 1) Y m* (| Hnll(m/m + | Himxellr)

m>mg

< O+ 97 (log(2+92)211) Y w2 Holl1m)/m

m>mg

< O+ 97 (log(2+29)) 2 11) Y mP22™ Uz Gy ™ 0D

m>mg

Applying Young’s inequality, we see that
Z m3/22m| Usm Gz|m/(m+1)

m>mg

<2 3 m/lm 4 DI Uy G 2 3 27 (k1)

m>mg m>mg

<C Y w2 U Gl +1

m>mo

14
<OY 6] Y mn

£>mg m=mo

<C Y |GP2 1

£2mo
< O||HLo(log(2 + HLo))*?||1 + 1.
Thus
(3.9) 1< O+ |9 (log(2 + 2°)"?[11) (1 + || H Lo(log(2 + HLo))**||1).
Using (3.8) and (3.9) in (3.7), we have

g (Pl
< C(1+]| Q" (log(24+2)) /2 [11) (L[| H | oo+ || H xe 1+ H Lo (log (24 H Lo))* ? ).
This completes the proof of Theorem 1.3.



12 SHUICHI SATO

4. PROOF OF THEOREM 1.4
We write v = ¥ + @, with

U =Ly — |B|! (/w%) Lo;
o= B! (/ wLo> Lo + 4Ly,

where we recall that Li(z) = 1 — Lo(z). Then [W =0, ¥ € L(log L)"/? and ¥ is
compactly supported. Also, [ ® = 0 and
|@(x)| < |B|™ [ Lol Lo(x) + A(Jz])(2") L1 ()
(max(L, || H Ly|oe) Lo(x) + h(lz]) L1(2)) (") + Bl [ Loll1)
= 1 (Ja )2 ().

IN

We observe that h* is non-increasing and that h*(|z|)x.(z) € L*(R™), h*(|z|)Lo(x) €
L2(R™). Also, Q* € L(log L)'/? over S"~1.

Furthermore, we recall the subadditivity g, (f) < gw(f) + gao(f). Therefore
we can apply Theorem E and Theorem 1.2 to gy and g¢, respectively, to prove
Theorem 1.4.
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