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Abstract. Three months before his death in 1866, Riemann left a set of notes to
K. Hattendorff, a disciple of his, on minimal surfaces with boundary. Afterwards,
Hattendorff supplied the text to the notes mostly consisting of computations, which
became the two papers on the subject: “On the surface of least area with a given
boundary” and “Examples of surfaces of least area with a given boundary.” We will
go over the expositions and provide an overview from the modern viewpoint, make
some comments on Riemann-Hattendorff’s text, and compare the work with that of
Weierstrass on the same subject.
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1 Introduction

We first recall the statement of the Riemann mapping theorem,
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Theorem 1.1. If Ω is a non-empty simply connected open proper subset of
the complex plane C, then there exists a bi-holomorphic mapping f from Ω
onto the open unit disk D = {z ∈ C | |z| < 1}.

We remark that the resulting plane region Ω is a minimal surface spanned
by the boundary ∂Ω when the complex plane is identified with the xy-plane
in the three dimensional ambient space R3.

It was in Riemann’s thesis [8] in 1851 where the cerebrated Riemann Map-
ping Theorem was first presented. There he utilized the Dirichlet principle in
order to obtain a map which is harmonic and conformal from a simply con-
nected region of the complex plane to the unit disc. Riemann’s proof was
incomplete as the existence of such harmonic functions minimizing the Dirich-
let energy functional is not always guaranteed, a defect first pointed out by
Weierstrass in 1859. The subsequent important historical development in anal-
ysis and geometry initiated by Riemann’s idea of using the Dirichlet principle,
which led to the wealth of mathematics around the so-called Plateau problem,
is comprehensively described in Courant’s book [2].

Hans Lewy, in his introduction [5] to a collected work of Riemann (1953),
speculates that the work of Riemann on the subject of minimal surfaces in
R3 [9, 10] may well be an attempt to rectify his own proof of the Riemann
Mapping Theorem, as the inverse map f−1 : D → Ω ⊂ R3 of the Riemann
mapping provides a harmonic and conformal parameterization of the minimal
surface Ω ⊂ xy-plane, where the xy-plane is identified as C. The set of minimal
surfaces Riemann succeeded in constructing, however, have boundary sets only
of special types; lines, line segments, circles, with which one would not be able
to approximate an arbitrary boundary curve ∂Ω as required by the statement
of the Riemann Mapping Theorem.

Having stated this observation about a failed attempt, however, it is im-
portant to recognize the true value of what Riemann created in the field of
minimal surfaces within the two posthumously published papers [9, 10]. His-
torically, the study of minimal surfaces, and later minimal submanifolds have
led to many interesting applications, not only in differential geometry, but also
in general relativity, material sciences, industrial design, among others. Rie-
mann was correct to foresee the scentific potential the subject offered. As for
the minimal surfaces in R3, much of the subsequent development on the sub-
ject up to the present day is based on the so-called the Weierstrass-Enneper
representation formula, which is comprehensively presented in [11].

The goal of this chapter is to illustrate that inside the notes Riemann left
to Hattendorff, based on the computations Riemann had made over 1860–61,
much of the well-known classical results on minimal surfaces including the
Weierstrass-Enneper representation, Schwarz’s explicit construction of mini-
mal surfaces, as well as the Schwarz-Christoffel transformation, are contained
in essence. We will demonstrate this point by reading the text of [9] through §1
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to §13 with comments added as appropriate. In particular in the second to the
last section, we provide a direct comparison between the Weierstrass-Enneper
representation and the much less known Riemann representation of minimal
surface.

2 On the surface of least area with a given boundary [9]

Regarding the treatment of surfaces in R3 in this article, it is safe to assume
that Riemann was fully informed of the surface theory of Gauss [4] where every
surface is locally parameterized by two independent real variables u, v.

In §1 and §2, a disc-type surface Ω is parameterized by two parameters
p, q which are effectively the polar coordinates in the two dimensional disc Dr;
p ∈ [0, r] on the radial set {q = const.} and q ∈ [0, 2πρ) on the circle {p = ρ}.
Then a change of variable formula is given so that for a new set of parameters
ϕ(u, v);= (f(u, v), g(u, v)), the area functional on ϕ(Dr) =: Ω with respect to
the coordinates (f, g) is written as∫∫

Ω

df ∧ dg =

∫ ∫
D

(∂f
∂p

∂g

∂q
− ∂f

∂q

∂g

∂p

)
dp ∧ dq

which then, is shown to be equal to∫
∂Ω

fdg = −
∫
∂Ω

gdf

by using the fact that

∂f

∂p

∂g

∂q
− ∂f

∂q

∂g

∂p
=

∂
(
f ∂g

∂q

)
∂p

−

(
f ∂g

∂p

)
∂q

,

that f and g are periodic in q, and that ∂g
∂q = 0 on {p = 0}, as well as the

fundamental theorem of calculus.
In §3, the surface Ω in R3 parameterized by (p, q) is again parameterized by

a different pair of parameters, namely the image of the Gauss map ν : Ω → S2,
or rather, as introduced in §5, the stereographic projection PS of the image of
the Gauss map ν from the south pole S = (−1, 0, 0) of S2:

η := PS ◦ ν : Ω → yz-plane.

This new complex variable η becomes useful and indeed central in Riemann’s
thinking of the conformal geometry of minimal surfaces, as we will see below.

In §4, the Euler-Lagrange equation for the minimal surface is obtained.
For each point P = (x, y, z) of the surface Ω, let ν(P ) be the unit normal
vector to Ω at P . The unit nornal ν in S2 has the spherical coordinates
ν(p, q) = (r, ϕ) ∈ [0, π] × [0, 2π) where {r = 0} stands for the point (1, 0, 0)
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and (r, ϕ) = (π/2, 0) stands for (0, 1, 0). Further assume that near P , locally
the surface is a graph {(x, y, z) | x = x(y, z)} over a region Ω̃ over the yz-plane.
Then the tangent plane at P is dx = (∂x/∂y)dy + (∂x/∂z)dz, from which we
deduce the following set of equalities

cos rdx+ sin r cosϕdy + sin r sinϕdz = 0, (2.1)

as well as

cos r = ± 1√
1 +

(
∂x
∂y

)2
+
(

∂x
∂z

)2 , (2.2)

sin r cosϕ = ∓
∂x
∂y√

1 +
(

∂x
∂y

)2
+
(

∂x
∂z

)2 , (2.3)

sin r sinϕ = ∓
∂x
∂z√

1 +
(

∂x
∂y

)2
+
(

∂x
∂z

)2 , (2.4)

where the double ± signs correspond to each other. Now the point P on the
surface is assigned to the spherical coordinates ν(P (p, q)) = (r(p, q), ϕ(p, q))
and one calculates the area of the surface Ω by integrating over Ω̃

S =

∫∫
Ω

1

cos r
dydz =

∫∫
ν(Ω)

±

√
1 +

(∂x
∂y

)2
+
(∂x
∂z

)2
dydz

where 1
cos rdydz is the area element of the graph {x = x(y, z)}. Note that the

original parameters p and q are suppressed. As for the double signs, we remark
that when r > π/2, the 2-form dydz is of the form dz ∧ dy.

The first variation of the area functional under a variation vector field δx
which is compactly supported on Ω is then given by

δS =

∫∫
ν(Ω)

[
∂(δx)

∂y

∂x
∂y√

1 +
(

∂x
∂y

)2
+
(

∂x
∂z

)2+∂(δx)

∂z

∂x
∂z√

1 +
(

∂x
∂y

)2
+
(

∂x
∂z

)2
]
dydz

so that the Euler-Lagrange equation for the area functional is

∂

∂y

(
∂x
∂y√

1 +
(

∂x
∂y

)2
+
(

∂x
∂z

)2
)

+
∂

∂z

(
∂x
∂z√

1 +
(

∂x
∂y

)2
+
(

∂x
∂z

)2
)

= 0 (2.5)
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which, using the equations (2.3) and (2.4), can be rewritten in (r, ϕ) coordi-
nates as

∂ sin r cosϕ

∂y
+

∂ sin r sinϕ

∂z
= 0. (2.6)

The equation (2.5), though it does not appear explicitly in Riemann’s manuscript
(the equation (2.6) does), is the minimal surface equation for the graph x =
x(y, z), first obtained by Lagrange in “Essai d’une nouvelle méthode pour
déterminer les maxima et les minima des formules intégrales indéfinies.” (1760–
61.) We also note that the expression on the left hand side is the mean curva-
ture of the graphical surface. Riemann was under a direct influence of Dirichlet
in his Berlin years, and he was most likely well informed of the development
of calculus of variations by pioneers such as Euler and Lagrange.

The equation (2.6) is now regarded as an integrability condition: Namely
the 1-form − sin r sinϕdy+sin r cosϕdz is exact, and there is a potential func-
tion x so that

dx = − sin r sinϕdy + sin r cosϕdz. (2.7)

On the other hand, the equation (2.1) is an integrability condition in the sense
that x is the potential for the 1-form:

dx = − tan r cosϕdy − tan r sinϕdz. (2.8)

We note that the stereographic projection from the south pole of the image
of the Gauss map η = PS ◦ ν is, in terms of (r, ϕ) ∈ S2,

η = tan
r

2
eϕi.

Denoting the complex conjugate of η and s := y + iz respectively by

η′ = tan
r

2
e−ϕi, s′ = y − iz,

the pair of integrability conditions 2.7 and 2.8 become

(1− ηη′)dx+ η′ds+ ηds′ = 0

and

i(1 + ηη′)dx− η′ds+ ηds′ = 0.

By introducing a complex coordinate X for the surface Ω, and its conjugate
X ′ by

x+ ix =: 2X x− ix =: 2X ′,

the pair of the integrability conditions becomes

ds = ηdX − 1

η′
dX ′ (2.9)
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and

ds′ = −1

η
dX + η′dX ′. (2.10)

As ds and ds′ are both exact differentials, this would imply

∂η

∂X ′ = 0,
∂η′

∂X
= 0,

namely the complex analyticity of η as a function of X.
Conversely, provided that the function η is univalent, X = 1

2 (x + ix) is
a complex analytic function of η. In particular, x is a harmonic function,
and the new real variable x stands for the harmonic conjugate of the x on Ω.
Clearly the argument above can be repeated for y and z to conclude that the
coordinate functions (x, y, z) as well as (x, y, z) are all harmonic.

In modern textbooks on minimal surface (for example [12]) this statement
is expressed as follows.

Theorem 2.1. A surface Ω is minimal if and only if its coordinate functions
(x, y, z) are harmonic on the surface.

In the last paragraph of §5, it is mentioned that by integrating the 1-forms
ds and ds′, the variables s and s′ are expressed as functions of X, X ′ and η.
Once η can be expressed as a function of X, as well as η′ as a function of X ′ by
taking the conjugate, s = y+ iz and s′ = y− iz are represented as functions of
X and X ′ only. By eliminating the imaginary part x, one obtains an equation
between x, y and z, an implicit representation for the minimal surface Ω.

In §6 and §7, the area functional and the first fundamental form of the min-
imal surface are written respectively as an integral and a tensor with respect
to the local coordinate η.

In order to do so, we also introduce the new complex variables

Y =

∫
∂y

∂η
dη and Y ′ =

∫
∂y

∂η′
dη′

and

Z =

∫
∂z

∂η
dη and Z ′ =

∫
∂z

∂η′
dη′

where y = Y + Y ′, y = Y − Y ′ and z = Z + Z ′, z = Z − Z ′, where y and z
are defined as the corresponding potential functions of the exact one forms in-
duced from the Euler-Lagrange equations of the area functional. By analogous
arguments to the one for X, the complex variables Y and Z are also shown to
be complex analytic in η.

The ingredients for the calculations are the two integrability conditions
(2.9) and (2.10) as well as the holomorphicity ofX and the anti-holomorphicity
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of X ′ with respect to η:

dX =
∂X

∂η
dη =

∂x

∂η
dη and dX ′ =

∂X

∂η
dη =

∂x

∂η
dη,

and the corresponding relations for Y, Y ′, Z, Z ′ and η.
The resulting formula for the area functional is

S =

∫∫
1

cos r
dydz = −i

∫∫ (∂x
∂η

∂x

∂η′
+

∂y

∂η

∂y

∂η′
+

∂z

∂η

∂z

∂η′

)
dη ∧ dη′.

It is this expression that made Hans Lewy [5] speculate on Riemann’s
motivation for investigating minimal surfaces with boundary. Namely through
the isothemal coordinate η, the area S is expressed as the Dirichlet energy of
the map η 7→ (x(η), y(η), z(η)), and the minimal surface is nothing but the
energy minimizing map which was at stake in Riemann’s thesis, especially the
argument in showing the existence of the Riemann mapping.

The area S can also be expressed as

S = −i

∫∫
dX ∧ dX ′ + dY ∧ dY ′ + dZ ∧ dZ ′

=
1

2

∫∫
dx ∧ dx+ dy ∧ dy+ dz ∧ dz.

The first fundamental form of the minimal surface is given as

dx⊗ dx+ dy⊗ dy+ dz⊗ dz = 2
(∂x
∂η

∂x

∂η′
+

∂y

∂η

∂y

∂η′
+

∂z

∂η

∂z

∂η′

)
dη⊗ dη′. (2.11)

This representation of the first fundamental form, or equivalently, the in-
duced metric involves some calculations, which include verifying the equalities

dX ⊗ dX + dY ⊗ dY + dZ ⊗ dZ = 0 (2.12)

and

dX ′ ⊗ dX ′ + dY ′ ⊗ dY ′ + dZ ′ ⊗ dZ ′ = 0. (2.13)

which we will come back to, in reference to the Weierstrass representation.
In particular, it follows from the represetation (2.11) that the η coordinate

induces an isothermal coordinate to the minimal surface Ω. In modern dif-
ferential geometry textbooks, this fact corresponds to the following statement
(see [12] for example):

Theorem 2.2. The Gauss map is conformal at P ∈ Ω either if the surface is
umbilical at P or if the mean curvature vanishes. If restricted to surfaces of
Gauss curvature K ≤ 0 then the surface is minimal if and only if its Gauss
map is conformal.

We recall here that the stereographic projection is conformal.
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Furthermore, when X, Y and Z are considered as holomorphic functions
in η, Riemann writes down the pull-back metrics of the Euclidean metric on
the respective complex plane as

dX ⊗ dX ′ =
∂x

∂η

∂x

∂η′
dη ⊗ dη′,

dY ⊗ dY ′ =
∂y

∂η

∂y

∂η′
dη ⊗ dη′,

and

dZ ⊗ dZ ′ =
∂z

∂η

∂z

∂η′
dη ⊗ dη′,

all of which, induce isothermal coordinates.
In §8 and §9, Riemann-Hattendorff is concerned with explicit parametriza-

tions of the minimal surface, not in terms of η which was the Gauss map
post-composed with the stereographic projection, but a new variable u which
takes away the gauge freedom SO(3) arising from the position of the pole
of the stereographic projection, which corresponds to the choices of oriented
hyperplanes in R3.

Let α be a point in the yz-plane (or equivalently the η-plane) which is
the image of stereographic projection PS : S2 \ {S} → yz-plane of a point
P−1
S (α) ∈ S2\{S}. (Recall S = (−1, 0, 0).) We introduce a change of variables

ηα := eiθ η−α
1+α′η which represents the transformation law which relates the

image η of the stereographic projection of S2 \ {S} onto the yz-plane to the
image ηα of the stereographic projection of S2 \P−1

S {−α} onto the hyperplane
Πα whose unit normal vector is α. Note that the map η 7→ ηα is conformal.
For P ∈ Ω, we then define xα(P ) to be the height of a point P over the
hyperplane Πα.

It is shown then that for ηα := eiθ η−α
1+α′η ,

(d log ηα)
2 ∂xα

∂ log ηα
= (d log η)2

∂x

∂ log η
,

resulting in defining a new variable u

u =

∫ √
i

∂x

∂ log η
d log η, (2.14)

which is independent of the gauge α.
This new variable u, a function in η, effectively contains all the information

about the minimal surface Ω. It can be used to recover the three coordinate
functions x, y and z as follows. By rewriting x as a function of u in (2.14) we
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obtain

x = −i

∫ ( du

d log η

)2
d log η + i

∫ ( du′

d log η′

)2
d log η′.

Recall that η = η0 is the stereographic projection of S2 \ {S} from the south
pole S = (−1, 0, 0) so that the north pole (1, 0, 0) is sent to α = (0, 0) in
the yz-plane, or the η-plane. And x0 is the height of the point P in Ω mea-
sured from the yz-plane. Analogously, by choosing α = (1, 0) = 1 + 0i in
yz-plane, xα represents the height of P measured from the xz-plane. Namely
by substituting

ηα =
η − 1

1 + η

we obtain the representation

y = − i

2

∫ ( du

d log η

)2(
η − 1

η

)
d log η +

i

2

∫ ( du′

d log η′

)2(
η′ − 1

η′

)
d log η′.

Similarly, for α = (0, 1) = 0 + 1i,

ηα =
η − i

1− iη

we have

z = −1

2

∫ ( du

d log η

)2(
η +

1

η

)
d log η − 1

2

∫ ( du′

d log η′

)2(
η′ +

1

η′

)
d log η′

the height of (x, y, z) over the ηα-plane, which is the xy-plane.
In §10, §11 and §12, the three complex-valued function X,Y and Z are

regarded as holomorphic functions of η, and also of u, and they are locally
analytically extended near a point, either in the interior, or on the boundary
set of the minimal surface. As for the boundary set, it is bounded by Euclidean
lines, line segments, or line segments intersecting at a rational angle qπ with
q ∈ Q.

In particular Riemann makes an important geometric observation in §10,
where a point P in Ω is regarded as the origin of R3, and the tangent plane
TPΩ is identified with the yz-plane. Then Ω is locally the graph of a function
x = x(y, z) with

x(P ) = 0,
∂x

∂y
(P ) =

∂x

∂z
(P ) = 0

and the scalar function x is locally approximated by a harmonic function over
the yz-plane,

∂2x

∂y2
+

∂2x

∂z2
= 0.
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When the second order Taylor expansion terms are nontrivial, the graph at
P has nontrivial curvature, and the eigenvalues of the Hessian of x(y, z) are
the principal curvatures of the surface at P , of opposite signs and of the same
magnitude, namely the mean curvature vanishes. When all the second order
Taylor expansion terms vanish, the complex-valued function X has zeros of
higher order.

Namely by supplying the harmonic conjugates x, y, z to the real coordinates
x, y and z, one can consider the relation among the complex valued functions
X,Y and Z in η. As η can be seen as a holomorphic function in the previously
introduced complex variable u, X,Y and Z are in turn holomorphic functions
in u. In the consecutive sections §10, §11 and §12, functional equations of
these variables are written down, at interior points, interior branch points,
unramified as well as ramified boundary points, and at a boundary points
where two line segments meet at a rational angle.

In §12, also considered is the situation where the minimal surface is simply
connected, unbounded in R3 and bounded by two non-intersecting infinite
lines. In commenting the setting, another geometric observation is made.
When the minimal surface is bounded by a line ℓ, choose the coordinates in
R3 so that x-axis coincides with the line ℓ. Then the unit normal ν(P ) to
Ω, written as a vector in R3, has no x component. When the unit sphere is
centered at the origin, and the north pole is on the positive x-axis, the image
of the Gauss map ν : ℓ → S2 lies on the equator {(0, y, z) | y2+ z2 = 1} ⊂ R3,
and consequently the image η of the sterographic projection PS : S2 \ {S} →
yz-plane is the equator {|η| = 1} itself. Hence log η = log |η|+ i arg η is purely
imaginary along the boundary line of the x-axis. Then we conclude when x is
seen as a function in η instead,

i
∂x

∂ log η

is real along the boundary line. Similarly if we designate another boundary
line as the x̂-axis of another coordinate system (x̂, ŷ, ẑ), then

i
∂x̂

∂ log η

is real along that boundary line. Now recall that the quantity

u =

∫ √
i

∂x

∂ log η
d log η

is independent of the coordinate system on R3, and hence is independent of
the procedure of identifying the x-axis with the boundary line. Namely

du =

√
i

∂x

∂ log η
d log η
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is either real or purely imaginary, depending on the sign of the real number
i ∂x
∂ log η .
We recollect the construction here: when the minimal surface is bounded by

a line segment, either bounded or unbounded, the neighborhood of a boundary
point is realized by a conformal map from a region in the unit sphere bounded
by a great circle. This fact is reflected in the observation that the function
du/d log η is either real or purely imaginary.

Up to this point, several choices of complex parameters are presented;
η, u,X, Y, Z, each of which can be used to parameterize the minimal surface Ω
locally. In §13, the issue of transcribing one by another among those numbers
is treated. The method is effectively what is known as the Schwarz-Christoffel
mapping, where in Equation (11) an explicit map u(t) from the upper half
t-plane H to the region in the u-plane, or to be exact, the region that is a
ramified cover over the u-plane bounded by totally real or totally imaginary
lines, is constructed. The coordinate t of the upper half plane corresponds to
u by

t =
const.

u− b
+ terms holomophic in u

where b is a value of u corresponding to a boundary point, and where the
constant coefficient of the simple pole u = b is determined by the conditions
the imaginary part of t is (1) zero along the boundary, and (2) positive in the
interior of the surface. By this local information, u is globally defined by the
expression of Equation (11) of the original paper:

u = const. + const.

∫ √
Π(t− a)Π(t− a′)Π(t− b)

Π(t− c)

dt

Π(t− e)

is obtained, where a = ∪ai denotes for the set of the branch points in the t-
plane, Π(t−a) denotes the product of (t−ai) over i, a

′ the complex conjugates
of a, b the branch points on the real axis, c the pre-images of the vertices
of the boundary where two line segments meet, and e stands for vertices in
the unbounded sectors spanned by a pair of line segments, where each pair
is designated with an angle απ between the projections of the two lines to
the plane perpendicular to both lines, as well as the length of the shortest
connecting line segment between the two lines. In the expression in Equation
(11), there appear only square roots due to the fact that Riemann considers
only simple branch points, unlike the general formula of Schwarz-Christoffel’s
(cf [1]) where the power of (t − c) could be any number in [0, 1] representing
the exterior angle at a vertex of the polygon.

Note that the function u above is defined over the entire t-plane. This is
explained in the original article as

In order to form the expression for du
dt we must observe that

dt is always real along the boundary, and du is either real or pure
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imaginary. Hence (du/dt)2 is real when t is real. This function
can be continuously extended over the line of real values of t by
the condition that, for conjugate values t and t′ of the variable,
the function will also have conjugate values. Then (du/dt)2 is
determined for the whole t-plane and turns out to be single-valued.

Thus it is justified that du/dt is identified with the integrand of the complex
line integral of Equation (11). In this manner, the function u is represented by
the complex variable t on the upper half-space, which then is used to reproduce
the minimal surface Ω = {(x(t), y(t), z(t))}. The by-product of the construc-
tion is the extension of the domain of u over the entire complex plane. In
modern textbooks, this fact is expressed in the following important statement,
often attributed to Schwarz.

Theorem 2.3 (Reflection Principle). Let U(t) be a minimal surface in isother-
mal parameters defined in a semi-disk D+ = {|t| < ε | Im(t) > 0 }. Suppose
there exists a line L in R3 such that U(t) → L when Im(t) → 0. Then
U(t) can be extended to a generalized minimal surface defined in the full disk
D = {|t| < ε}. Furthermore this extended surface is symmetric in L.

By utilizing this universal variable t, Riemann-Hattendorff (see also the
paper [10], in addition to [9]) sets up an ansatz in the following geometric
settings for the boundary of the minimal surface Ω:

• two non-intersecting non-parallel infinite lines, which would produce a
part of the helicoid bounded by a pair of ruling lines;

• two lines which intersect at a point and a line on the plane whose normal
vector is perpendicular to the first two lines;

• four intersecting line segments obtained by removing two edges that do
not touch each other from the one skeleton of an arbitrary tetrahedron.
This includes the so-called Schwarz surface under the additional symme-
try;

• three infinite lines mutually skewed and nonintersecting, closely investi-
gated in the recent work of B. Daniel [3];

• two circles on a pair of parallel planes, which would produce the cele-
brated “Riemann’s example” which is a minimal; surface bounded by two
parallel infinite lines, and foliated by circles. The example is explained
in details by Meeks-Pérez [6];

• two convex polygons on a pair of parallel planes, with and without sym-
metries, which include the so-called Schwarz P-surface and Schwarz H-
surface;
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A copy of the surface bounded by two circles on a pair of parallel plane
can be extended across the boundary lines via the reflection, which would
result in a complete periodic surface of genus zero. This example has recently
received renewed attention in minimal surface theory ([6]), as the following
classification [7] was demonstrated:

Theorem 2.4. The plane, the helicoid, the catenoid and the Riemann mini-
mal examples are the only properly embedded minimal surfaces in R3 with the
topology of a planar domain.

The Schwarz-Christoffel mapping is closely related to the theory of elliptic
functions and hypergeometric functions, those examples Riemann calculated
fully make use of these theories. In this article, we will not go into the dis-
cussion of the papers [9, 10]. Interested readers are directed to Nitsche’s book
[11] on the subject, which records all the post-Riemannian development of the
subject.

3 Representation formulas by Riemann and
Weierstrass-Enneper

In Osserman’s book [12], a generalized minimal surface is defined as follows

Definition 3.1. A generalized minimal surface Ω in Rn is a non-constant map
x(p) : M → Rn, where M is a 2-manifold with a conformal structure defined
by an atlas, such that each coordinate function xk(p) is harmonic on M and
furthermore

n∑
k=1

ϕ2
k(ζ) = 0 (3.1)

where ζ = ξ1+iξ2 is a complex valued local coordinae ofM , and the embedding
x(p) is given by

ϕk(ζ) =
∂xk(ζ)

∂ξ1
− i

∂xk

∂ξ2
.

In this article, we are only interested in the case n = 3.
As the map x(p) is non-constant, at least one of the functions xk (k =

1, 2, 3) is non-constant, which then implies that the corresponding holomorphic
function ϕk(ζ) can have at most isolated zeros. Thus the singular points of
the map x satisfying

n∑
k=1

|ϕk(ζ)|2 = 0 (3.2)
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can exists at most at isolated points on M .
Now the following procedure to specify generalized minimal surfaces is

called the Weierstrass-Enneper representation, first devised by A. Enneper
(1864) and Weierstrass (1866). First we specify the triplets of holomorphic
data:

Lemma 3.2 (cf. [12]). Let D be a domain in the complex ζ plane, η(ζ)
an arbitrary meromorphic function in D and f(ζ) an analytic function in D
having the property that at each point where η(ζ) has a pole of order m, f(ζ)
has a zero of order at least 2m. Then the functions

ϕ1 = fη, ϕ2 =
1

2
f(1− η2), ϕ3 =

i

2
f(1 + η2) (3.3)

are analytic in D and satisfy (3.1). Conversely every triple of analytic func-
tions in D satisfying (3.1) may be represented in the form (3.3), except for the
case of ϕ3 = 0, which would imply ϕ1 = iϕ2.

Then every simply connected minimal surface in R3 is represented in the
form

xk(ζ) = ck + ℜ
(∫ ζ

0

ϕk(z) dz
)

k = 1, 2, 3

where ϕk are defined by (3.3). The pair (f, η) is called the Weierstrass data of
x.

We write out for the sake of comparison the Weierstrass-Enneper represen-
tation explicitly:

x = c1 + ℜ
∫

fη dζ,

y = c2 + ℜ
∫

1

2
f(1− η2) dζ,

z = c3 + ℜ
∫

i

2
f(1 + η2) dζ,

Let us recall the Riemann representation formula

x = c1 − 2ℜ
(
i

∫ ( du

d log η

)2
d log η

)
,

y = c2 −ℜ
( i
2

∫ ( du

d log η

)2(
η − 1

η

)
d log η

)
,

z = c3 −ℜ
(∫ ( du

d log η

)2(
η +

1

η

)
d log η

)
.

We now relate the two representations, Riemann’s andWeierstrass-Enneper’s,
to each other. First of all, calculating the Gauss map of (x, y, z) and one ver-
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ifies that

ν = (
−2ℜη
1 + |η|2

,
2ℑη

1 + |η|2
,
1− |η|2

1 + |η|2
)

which is the inverse map of the stereographic projection PS : S2\{(−1, 0, 0)} →
yz-plane with PS = η. Hence η of the Weierstrass data (f, η) is the same as
η of Riemann’s. Furthermore, we have seen the equation ϕ2

1 + ϕ2
2 + ϕ2

3 = 0, in
the form of the equation (2.12)

dX ⊗ dX + dY ⊗ dY + dZ ⊗ dZ = 0

which would suggest the following correspondence:

dX = ϕ1dη, dY = ϕ2dη, dZ = ϕ3dη

after identifying the isothermal complex variable ζ with Riemann’s η. In other
words,

ϕ1(η) =
∂X

∂η
=

∂(x+ ix)

∂η
=

∂x

∂η
=

∂x

∂η1
− i

∂x

∂η2
,

for η = η1 + iη2. In this way, we recover the definition of the generalized
minimal surface we have seen above.

Lastly, by comparing the two set of representation formulas, the function
f of the Weierstrass data (f, η) can be identified with Riemann’s u as follows;

f = i
(du
dη

)2
.

4 Closing remarks

In the latter half of the 19th century (cf.[11]), the theory of minimal sur-
face developed rapidly with the Weierstrass-Enneper representation formula,
together with the theory of elliptic integrals, and hypergeometric functions.
Consequently Riemann’s representation was mostly pushed aside and left un-
acknowledged. In hindsight, the Weierstrass-Enneper is simpler, and though
both representations are local in nature, the Weierstrass-Enneper formula can
be modified so that one obtains a global formula for the minimal surface.
Furthermore the Weierstrass holomorphic data (f, η) is purely algebraic and
formal, while Riemann’s is dependent on the particular complex coordinate η,
which is the value of the Gauss map.

Geometrically both representations rely on the complex analytic method,
which is congenial to minimal surfaces with its boundary being lines and circles,
including the constructions of the Enneper surface, the catenoid, the helicoid
and the Schwarz surfaces. For general boundary sets, however, the procedure is
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not very useful, and consequently the complete solution of the Plateau problem
by Douglas and Rado was not obtained until the 1930s (cf, [2].)

However, it is clear, judging from the content of the manuscript Riemann
had left behind, that he had, as of 1860–61, ahead of Weierstrass, Schwarz and
Enneper, captured the theoretical essence of the Weistrass-Enneper formula,
the Schwarz reflection and the Schwarz-Christoffel transformation as well as
the wealth of examples that are much prized in the following years.
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