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Stability of polarizable materials against superradiant phase transition
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The possibility of the superradiant phase transition in polarizable materials described by the
minimal-coupling Hamiltonian with the longitudinal dipole-dipole interaction is examined. We try
to reduce the Hamiltonian into the Dicke one in homogeneous and infinite case, and discuss the
stability of normal ground state by the formalism of Green function in spatially inhomogeneous
case. The presence of the longitudinal dipole-dipole interaction does not enable the superradiant
phase transition, if the transverse and longitudinal fields are decoupled. Although the full dipole-
dipole interaction can be eliminated in the electric-dipole gauge in the absence of overlap between
individual atomic dipoles, we cannot reduce the Hamiltonian to the Dicke one, because the elimina-
tion is justified only if all the transverse and longitudinal fields remain. Even if the transverse and
longitudinal fields are mixed in spatially inhomogeneous systems, the normal ground state is still
stable if the system does not show the superradiant phase transition in the homogeneous case.

PACS numbers: 42.50.Pq,05.30.Rt,37.30.+i,42.50.Nn

I. INTRODUCTION

The light-matter interaction has been discussed by the
classical electrodynamics, in which the Maxwell equa-
tions describe the dynamics of the electromagnetic fields
in matters, and also by the quantum electrodynamics [1].
In the latter regime, an ensemble of atoms interacting
with the radiation field in a cavity has been supposed
as a standard model for discussing a variety of optical
phenomena, e.g., studying the laser [2], which are well
described by the Dicke Hamiltonian

ĤDicke = ~ωcâ
†â+

N
∑

λ=1

~ωa

2
σ̂z
λ +

N
∑

λ=1

i~g̃√
N

(â†σ̂λ − σ̂†
λâ).

(1)
Here, â is the annihilation operator of a photon in a cav-
ity mode with a frequency ωc. σ̂z

λ = |eλ〉〈eλ| − |gλ〉〈gλ|
and σ̂λ = |gλ〉〈eλ| are operators involving the λ-th atom
with ground state |gλ〉 and excited one |eλ〉, and ωa is the
frequency difference between them. N is the number of
atoms, and g̃ represents the strength of the light-matter
coupling. When the coupling strength goes into the ul-
trastrong regime (g̃ & ωa, ωc), it is known [3–5] that the
radiation field and the atomic polarization get non-zero
amplitudes even in the ground state of the system de-
scribed by the Dicke Hamiltonian (1). This is called the
superradiant phase transition (SPT). However, it is also
known that the SPT is prevented by the presence of the
A2 term [6–9]

ĤA2 =
~g̃2

ωa

(â+ â†)(â+ â†) (2)
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appearing in the Coulomb gauge [1], and also by the P 2

term

ĤP 2 =
∑

λ,λ′

~g̃2

Nωc

(σ̂λ + σ̂†
λ)(σ̂λ′ + σ̂†

λ′ ) (3)

appearing in the electric-dipole gauge [10, 11]. Fur-
ther, the SPT was also discussed from the viewpoint
of gauge-invariance [12–14]. Concerning the minimal-
coupling Hamiltonian with the Coulomb interaction [in
the Coulomb gauge and shown in Eq. (4)], the SPT is
forbidden at least under the dipole approximation (no-go
theorem) [14, 15], and is also denied beyond that approx-
imation but in the classical treatment of the radiation
field [16]. Due to the gauge-invariance, the SPT in the
same system is denied also in the electric-dipole gauge.

Although we do not yet find any real systems for ob-
taining the SPT in equilibrium situations, it is recently
recognized that the SPT can occur effectively at least in
non-equilibrium situations (driven-dissipative systems).
It was suggested theoretically that an analog of the Dicke
Hamiltonian (without A2 or P 2 term) can be constructed
in a system of multi-level atoms under coherent pumping
[17], and a phase transition corresponding to the SPT
has been observed experimentally in the system of cold
atoms [18]. Further, in recent years, the ultrastrong light-
matter coupling has also been realized in a variety of sys-
tems [19–28]. Now, the possibility of the SPT re-attracts
an attention [29–32] in the direction of how the Dicke
Hamiltonian is constructed and the SPT occurs in real
systems, although it is not yet observed in the equilib-
rium situations.

In order to investigate the systems with the ultrastrong
light-matter coupling quantitatively and qualitatively, it
is inevitable to understand precisely the Hamiltonian of
those systems, i.e., whether the A2 or P 2 term exists and
the SPT can occur even in the equilibrium situations. For
example, its possibility involving the magnetic-dipole in-
teraction involving electron spins [13] is not yet denied.
The gauge transformation under finite-level and finite-
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mode approximations, which are performed for deriving
the Dicke Hamiltonian (1) and destroy the gauge invari-
ance, is also recognized as a problem from the experi-
mental viewpoint in the ultrastrong light-matter coupling
regime [22, 33, 34].

Further, it was recently pointed out in Refs. [35, 36]
that the P 2 term seems to disappear in the electric-dipole
gauge thanks to the presence of the longitudinal dipole-
dipole interaction and the absence of overlap between
individual atomic dipoles (atoms are well separated from
each other), and the SPT seems to occur at first glance.
This indication does not violate the gauge invariance,
and avoid the no-go theorem [14, 15] by the modifica-
tion of the Hamiltonian, although the model itself seems
to be included in those discussed by the no-go theorem
[14, 15] in the Coulomb gauge under the dipole approx-
imation. In this paper, we discuss whether this elimi-
nation of the P 2 term is really justified for the system
consisting of atoms with radiative transition dipoles (po-
larizable atoms) not only in spatially homogeneous and
infinite case but also in inhomogeneous (finite) case. In
the latter case, we examine the stability of normal ground
state (with no field amplitude) in the inhomogeneous sys-
tems according to the formalism of Green function of the
electromagnetic fields in matters [37, 38]. From these
discussions, we can understand correctly the Hamilto-
nians under the finite-level and finite-mode approxima-
tions, which are desired for investigating realistic systems
with the ultrastrong light-matter coupling.

We first review the standard derivation of the Dicke-
like Hamiltonians in the Coulomb and electric-dipole
gauges in Sec. II. The elimination of the P 2 term pro-
posed in Refs. [35, 36] and its validity in homogeneous
systems are discussed in Sec. III. For inhomogeneous
cases, in Sec. IV, the stability of the normal ground state
is examined without the restriction of the dipole approx-
imation. The summary is shown in Sec. V. The detailed
derivation of the Dicke-like Hamiltonians is performed in
App. A, and transverse-longitudinal mixing in homoge-
neous systems is discussed in App. B.

II. STANDARD HAMILTONIANS IN

COULOMB AND ELECTRIC-DIPOLE GAUGES

For the system of charged particles in the presence of
the radiation field, the minimal-coupling Hamiltonian in
the Coulomb gauge is expressed as [1]

ĤCoulomb =
∑

α

1

2mα

[

p̂α − qαÂ(r̂α)
]2

+ V̂C({r̂α})

+
1

2ε0

∫

D

dr P̂‖(r)
2 + Ĥrad, (4)

where the last term represents the energy of the radiation
field:

Ĥrad =

∫

D

dr

{

Π̂(r)2

ε0
+

[∇× Â(r)]2

µ0

}

. (5)

Here, ε0 and µ0 are the vacuum permittivity and vac-
uum permeability, respectively. We in general suppose a
finite space, and the subscript D means the integral in
that space. Â(r) is the the vector potential, and Π̂(r)

is its conjugate momentum satisfying [Â(r), Π̂(r′)] =
i~δ⊥(r−r′). The dyadic transverse delta function δ⊥(r)
is defined as [1]

δ⊥(r) =

∫

dk

(2π)3

(

1− kk

k2

)

eik·r. (6)

In the Coulomb gauge, the vector potential is transverse
∇ · Â(r) = 0, and the conjugate momentum corresponds

to the transverse electric field Ê⊥(r) = −Π̂(r)/ε0. The
first term in Eq. (4) represents the kinetic energy of
charged particles. r̂α and p̂α are, respectively, the po-
sition and momentum of particle α with charge qα and
mass mα, and they satisfy [r̂α, p̂α′ ] = i~δα,α′1. Expand-
ing the kinetic term, we get the light-matter interaction
term [p̂α · Â(r̂α)] and also the A2 term, i.e., the square

of the vector potential. The second term V̂C({r̂α}) in
Eq. (4) represents the one-body potential (e.g., external
fields, core potential, etc.) and many-body interaction of
the particles excluding the interaction between the lon-
gitudinal polarizations P̂‖(r), the third term in Eq. (4),
which corresponds to the (longitudinal) dipole-dipole in-
teraction discussed in Ref. [35]. In the case of infinite
space, we define the atomic polarization as [1]

P̂ (r) =
∑

α

∫ 1

0

du qαr̂αδ(r − ur̂α), (7)

and its transverse and longitudinal components are ex-
pressed as

P̂⊥(r) =

∫

dr′ δ⊥(r − r′) · P̂ (r′), (8a)

P̂‖(r) =

∫

dr′ δ‖(r − r′) · P̂ (r′), (8b)

where the longitudinal delta function is defined as [39].

δ‖(r) = δ(r)1− δ⊥(r) =

∫

dk

(2π)3
kk

k2
eik·r. (9)

Since P̂‖(r) is defined only by the position operators
{r̂α}, the Hamiltonian (4) is included in those discussed
in the no-go theorem [14, 15], and does not show the SPT
under the dipole approximation in principle.

On the other hand, we can rewrite the Hamiltonian (4)
by performing the Power-Zienau-Woolley (PZW) trans-
formation, which is shown in Ref. [1] for infinite space and
is generalized to the finite case in Ref. [36]. According to
them, by neglecting the magnetic coupling between light
and matter, we get the multipolar-coupling Hamiltonian
(PZW gauge) as

ĤPZW =
∑

α

p̂α
2

2mα

+ V̂C({r̂α}) +
1

2ε0

∫

D

dr P̂ (r)2

− 1

ε0

∫

D

dr P̂⊥(r) · D̂⊥(r) + Ĥrad. (10)
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The energy Ĥrad of the radiation field is still expressed
as Eq. (5), while the conjugate momentum of the vec-

tor potential Â(r) is the transverse electric displacement

field D̂⊥(r) = −Π̂(r) in this gauge. The kinetic en-
ergy of the particles is simply expressed as the first term,
and the light-matter interaction is described as the fourth
term, the product of the transverse atomic polarization
P̂⊥(r) and the electric displacement D̂⊥(r). Instead of
the disappearance of the A2 term, we get the interaction
between the transverse polarizations

∫

D
dr P̂⊥(r)

2/2ε0,

which is called the P 2 term and also prevents the SPT
[10, 11]. Together with the interaction between longitu-
dinal polarizations in Eq. (4), which survives even after
the PZW transformation, the interaction between the full
polarizations appears as the third term in Eq. (10). Due
to the gauge-invariance, the Hamiltonian (10) does not
also show the SPT under the dipole approximation [1],
since it is denied in the Coulomb gauge by the no-go
theorem [14, 15].

Let us derive the Dicke-like Hamiltonians from Eqs. (4)
and (10). For simplicity, we first consider a spatially
infinite system, and the vector potential and its conjugate
momentum are expressed as [1]

Â(r) =
∑

k,η=1,2

ek,η

√

~

2ε0c|k|V
(

âk,η + â†−k,η

)

eik·r,

(11a)

Π̂(r) = −
∑

k,η=1,2

ek,ηi

√

~ε0c|k|
2V

(

âk,η − â†−k,η

)

eik·r.

(11b)

Here, c is the speed of light and V → ∞ is the volume
of the space. ek,η is the unit vector in the two direc-
tions (η = 1, 2) perpendicular to wavevector k. âk,η is
the annihilation operator of a photon with wavevector
k and polarization η. We also simply suppose that all
the atoms are identical, and they spread homogeneously
in the whole space. Further, each atom has an isotropic
transition from its ground state |g〉 to an excited state
|e〉 with transition frequency ωa.

Here, we assume that the system is near the normal
ground state, where the radiation and polarization fields
have no amplitude. In this situation, since the system is
infinite, homogeneous, and isotropic (IHI), we do not lose
the generality by focusing on one direction of wavevector
k. The two transverse fields and one longitudinal field are
defined in that direction. For discussing small deviations
from the normal ground state, the transverse and longi-
tudinal fields are all decoupled (see App. B). Then, we
can separately discuss one of the transverse fields (η = 1).
Further, we focus on only the two states |g〉 and |e〉 in
each atom (two-level approximation). The atomic part
of the Hamiltonian is then simplified as

Ĥatom =
∑

α

p̂α
2

2mα

+ V̂C({r̂α}) →
N
∑

λ=1

~ωa

2
σ̂z
λ, (12)

where σ̂z
λ is the Pauli matrix representing the popula-

tion of atom λ, and N is the number of atoms. Under
the dipole approximation (long-wavelength approxima-
tion; eik·r̂α ≃ eik·Rλ for the short distance |r̂α −Rλ| in
each atom placing at Rλ), the minimal-coupling Hamilto-
nian (4) and multipolar-coupling one (10) are rewritten,
respectively, as (see App. A)

Ĥ1D

Coulomb =
∑

k

~c|k|â†kâk +
N
∑

λ=1

~ωa

2
σ̂z
λ

+
∑

k

N
∑

λ=1

~ωagk√
N

σ̂y
λ

(

âk + â†−k

)

eikRλ

+
∑

k

~ωagk
2
(

âk + â†−k

)(

â−k + â†k

)

,

(13a)

Ĥ1D

PZW =
∑

k

~c|k|â†kâk +
N
∑

λ=1

~ωa

2
σ̂z
λ

−
∑

k

N
∑

λ=1

i~c|k|gk√
N

σ̂x
λ

(

âk − â†−k

)

eikRλ

+
∑

k

N
∑

λ=1

N
∑

λ′=1

~c|k|gk2
N

σ̂x
λσ̂

x
λ′eik(Rλ−R

λ′ ).

(13b)

Here, the Pauli matrices are defined as σ̂x
λ = σ̂λ+ σ̂†

λ and

σ̂y
λ = i(σ̂λ − σ̂†

λ) for the lowering operator σ̂λ of atom
λ. The non-dimensional light-matter coupling strength
is obtained as

gk =

√

N |d|2
2~ε0c|k|V

. (14)

The dipole moment d is defined as

d =
∑

α in an atom

〈e|qαr̂α|g〉 · ek,1, (15)

where the summation is over the charged particles {α}
localized in an atom. The PZW gauge is reduced to the
electric-dipole gauge under the dipole (long-wavelength)
approximation [1, 35, 36]. The last terms in Eqs. (13a)
and (13b) are derived from the A2 term in Eq. (4) and
(transverse) P 2 term in Eq. (10), respectively. When
we perform the single-mode approximation by supposing
a cavity of radiation field without mixing transverse and
longitudinal fields, the two Hamiltonians (13a) and (13b)
are reduced to the Dicke Hamiltonians (1) with the A2

term (2) and with the P 2 term (3), respectively, while the

counter-rotating terms âσ̂λ and â†σ̂†
λ also appear. Due to

the presence of the A2 or P 2 term, the SPT is prevented
in either gauge regardless of whether the radiation field
consists of single mode [6, 13, 14] or continuous ones [7–
11]. Since this result is consistent with the assumption
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of the normal ground state, it is then found to be stable
in the IHI systems. Whereas this logic does not deny the
possibility of another stable state with non-zero field am-
plitudes, it is known that the SPT accompanies with the
instability of the normal ground state in the IHI systems
[8–11] even with keeping all the transverse and longitudi-
nal fields [11]. Further, this result is consistent also with
the no-go theorem [14, 15].

III. ELIMINATION OF P 2 TERM IN

HOMOGENEOUS AND ISOTROPIC SYSTEMS

Although the SPT is prevented in the above scenario,
we can eliminate the P 2 term in the PZW gauge by the
treatment discussed in CIV of Ref. [1] and as pointed out
in Refs. [35, 36]. Obeying this scenario, the SPT seems to
occur at first glance. This treatment can be applied when
the polarization in each atom is well localized and they
have no overlap with neighboring atoms, i.e., when we
express the total polarization density P̂ (r) by individual

atomic polarization P̂λ(r) as

P̂ (r) =
∑

λ

P̂λ(r), (16)

P̂λ(r) =
∑

α in atom λ

∫ 1

0

du qαr̂αδ(r − ur̂α), (17)

the overlap between different atomic polarizations are
supposed to be zero as

∫

dr P̂λ(r) · P̂λ′(r) = 0 for λ 6= λ′. (18)

Under this assumption, we can eliminate the inter-atomic
interactions in the full P 2 term in Eq. (10) as

1

2ε0

∫

D

dr P̂ (r)2 =
N
∑

λ=1

1

2ε0

∫

D

dr P̂λ(r)
2. (19)

The remaining intra-atomic interaction (self energy) in

each atom can be renormalized to Ĥatom, and then the
full P 2 term in Eq. (10) can be eliminated. In this way,
the P 2 term in Eq. (13b) seems to disappear, and the
SPT seems to be enabled by this treatment at first glance.
Even in the Coulomb gauge, the longitudinal P 2 term in
Eq. (4) can be rewritten as

1

2ε0

∫

D

dr P̂‖(r)
2 =

1

2ε0

∫

D

dr

[

N
∑

λ=1

P̂λ(r)
2 − P̂⊥(r)

2

]

.

(20)
Due to the presence of the transverse P 2 term (the second
term on the right hand side) and the A2 term, the same
kind of phase transition occurs as pointed out in Ref. [35].
The SPT in a similar Hamiltonian with the transverse
dipole-dipole interaction was examined also in Ref. [13].

In contrast, as we derived Eqs. (13), after we extract
one of the transverse fields (truncating the other fields),
which can be justified in the IHI system (no transverse-
longitudinal mixing), the absence of the inter-atomic
overlap can modify the light-matter coupling strength gk,
but it never eliminates the A2 or transverse P 2 term in
Eqs. (13), which still prevent the SPT. In other words, we
can no longer eliminate the P 2 term in the PZW gauge
after extracting the transverse field.

In this way, concerning the possibility of the SPT, we
get inconsistent results depending on whether the elimi-
nation of (inter-atomic) full P 2 term is performed before
the extraction of a transverse field. This elimination is
the trick to avoid the no-go theorem [14, 15], and the
problem is whether it can be justified for deriving the
Dicke-like Hamiltonians (13) or not. At least for the IHI
system, since the assumption of no inter-atomic overlap
does not destroy the homogeneity or the isotropy of the
system, the transverse and longitudinal fields are still
decoupled near the normal ground state. Then, the ex-
traction of the transverse field itself can be justified even
under the no-overlap assumption.

In contrast, the elimination of the full P 2 term can be
justified only in the presence of all the transverse and
longitudinal fields for all k, because this treatment gives
the energy balance between the (inter-atomic) transverse
P 2 term and the longitudinal one as seen in Eq. (20).
Thanks to this energy-balance relation, this treatment ef-
fectively mixes the transverse and longitudinal fields (and
modifies the Hamiltonian from that discussed in the no-
go theorem [14, 15]), although they are decoupled in the
IHI systems even under the no-overlap assumption. If we
truncate a part of the fields that originally compose the
system, the energy balance can no longer be considered
properly.

From the mathematical viewpoint, the elimination by
the no-overlap assumption is justified only for the field
defined locally in space such as the full polarization P̂ (r).
Although the full P 2 term is reduced to the intra-atomic
interaction as P̂λ(r)

2 in Eq. (20), the P̂⊥(r)
2 and P̂‖(r)

2

terms keep their forms even under the no-overlap assump-
tion. As is also mentioned in Ref. [35], this is because the

transverse and longitudinal fields P̂⊥(r) and P̂‖(r) are
defined non-locally in space by the transverse and longi-
tudinal delta functions as Eqs. (8). If we finally want to
extract one of the transverse fields for deriving the Dicke-
like Hamiltonians (13), we should not eliminate the full
P 2 term, because this treatment is fragile against the
non-locality, which emerges by the extraction. Then, af-
ter the elimination of the full P 2 term, we must keep all
the transverse and longitudinal fields for discussing the
SPT as in Ref. [11].

In this way, at least in the IHI systems starting from
the minimal-coupling Hamiltonian (4) or the multipolar-
coupling one (10), the SPT is forbidden as proved by the
no-go theorem [14, 15], and the elimination of the P 2

term must be performed with an attention to its fragility
against the non-locality.
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IV. STABILITY OF NORMAL GROUND STATE

IN INHOMOGENEOUS SYSTEMS

As discussed in the previous section, the presence of
the longitudinal dipole-dipole interaction and the absence
of the inter-atomic overlap does not enable the SPT at
least when the transverse and longitudinal fields are de-
coupled in the IHI systems. However, there still remains
the possibility of the SPT in inhomogeneous (finite) sys-
tems such as cavity structures or anisotropic systems, in
which the transverse and longitudinal fields are generally
mixed. In the rest of this paper, we show that the inho-
mogeneity or system-finiteness does not destabilize the
normal ground state of the generally anisotropic polariz-
able materials.

In the case of the IHI systems, Refs. [8–11] calculated
the optical susceptibility for the normal ground state,
and examined the stability against small deviations of
the radiation and polarization amplitudes by calculating
the poles of the system. The authors found poles in the
upper half complex plane at the conditions that the su-
perradiant state appears, i.e., the normal ground state
becomes unstable at the same conditions as the SPT.

Extending their discussions, we examine the stabil-
ity of the normal ground state in inhomogeneous and
anisotropic systems. The following discussion is not re-
stricted by the dipole approximation used in the no-go
theorem [14, 15]. First of all, we suppose that the sys-
tem does not show the SPT at least for the homoge-
neous and infinite case, which should be checked by mi-
croscopic calculations. For the normal ground state of
the homogeneous and infinite system, we can calculate
the optical susceptibility χ(ω) and the dielectric func-
tion ε(ω) = 1 + χ(ω), which are in general dyadic for
anisotropic systems [40]. They connects the small de-
viations of the polarization and electric field from the
normal ground state [P (r) = E(r) = 0] in the classical
electrodynamics in the frequency domain as

P (r, ω) = ε0χ(ω) ·E(r, ω). (21)

Here, we suppose that such polarizable materials spread
inhomogeneously in finite or infinite space without mod-
ifying the optical susceptibility χ(ω) determined micro-
scopically without any microscopic surface effects. Then,
the polarizable materials can be characterized simply by
the position-dependent susceptibility χ(r, ω) or the di-
electric function ε(r, ω) = 1+χ(r, ω). The finite systems
such as in a cavity can also be considered by supposing
perfect mirrors through ε(r, ω). We try to examine the
stability of the normal ground state in such inhomoge-
neous polarizable systems.

The quantum electrodynamics of dispersive, absorp-
tive, inhomogeneous, and anisotropic materials can be
discussed in the framework of Ref. [37] including the lon-
gitudinal P 2 term. The atomic excitations discussed in
the Dicke Hamiltonian can be simplified to bosonic oscil-
lators supposed in Ref. [37] when we consider the small
deviations from the normal ground state [8–11]. As a

result in this framework and also discussed in Ref. [38],
the retarded Green function of the electric field in the
inhomogeneous and anisotropic system is obtained as
∫ ∞

0

dt eiωt〈[Ê(r, t), Ê(r′, 0)]〉 = −i~µ0ω
2
G(r, r′, ω),

(22)
where the dyadic function G(r, r′, ω) satisfies the follow-
ing wave equation characterized by ε(r, ω):

∇×∇×G(r, r′, ω)− ω2

c2
ε(r, ω) ·G(r, r′, ω) = δ(r−r′)1.

(23)
The expectation value on the left hand side in Eq. (22) is
taken for the normal ground state of the system as is used
for evaluating ε(r, ω). Then, we can examine the stabil-
ity of the normal ground state by the poles of the Green
function G(r, r′, ω). As discussed in Ref. [37], even in the
inhomogeneous system, the Green function has no pole
in the upper half plane if the dielectric function ε(r, ω)
satisfies the same condition. This is simply due to the
causality. Therefore, if the normal ground state is stable
(has no SPT) in the homogeneous case, the inhomogene-
ity itself does not destabilize the normal ground state,
although it connects macroscopically the transverse and
longitudinal fields, which were missing in the former dis-
cussion of this paper. Whereas this logic does not also
deny the possibility of another stable state, the SPT ac-
companies the instability of the normal ground state at
least for the homogeneous case.

V. SUMMARY

We examined the stability of the normal ground state
(having no field amplitude) of polarizable materials de-
scribed by Eq. (4) or (10) under focusing especially on
the longitudinal and transverse dipole-dipole interactions
and the validity of eliminating the full P 2 term, which
were pointed out in Refs. [35, 36]. We conclude that
the longitudinal dipole-dipole interaction in the absence
of the inter-atomic overlap does not enable the SPT for
the infinite, homogeneous, and isotropic systems. This is
because the elimination of the full P 2 term in the electric-
dipole gauge can be justified only when all the transverse
and longitudinal fields remain. If we want to eliminate
the full P 2 term, the possibility of the SPT should be
discussed with keeping all those fields. Once the SPT is
found to be forbidden in homogeneous systems by mi-
croscopic calculations, the stability of the normal ground
state in inhomogeneous cases can be examined by the
poles of the system. It is found without the restriction
of the dipole approximation that the macroscopic inho-
mogeneity itself does not destabilize the normal ground
state.

Then, when we investigate the systems with the ultra-
strong light-matter coupling, if they are proved not to
show the SPT in equilibrium situations, we should con-
sider the A2 or P 2 term in the Hamiltonian or it should
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be renormalized to the cavity frequency ωc or atomic ex-
citation one ωa, respectively. The shifted cavity or atomic
frequency also prevents the SPT. In the non-equilibrium
situations, we can obtain the analogues of the SPT even
in the presence of the A2 or P 2 term. In the equilibrium
situations, the possibility of the SPT should be discussed
in infinite and homogeneous systems from microscopic
calculations, or microscopic surface effects on the atomic
transitions must be introduced explicitly in inhomoge-
neous systems. Such microscopic effects must be the ones
beyond the model in the no-go theorem [14, 15], e.g., the
magnetic-dipole interaction involving electron spins [13],
which should be examined probably based on the Dirac
equation.
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Appendix A: Derivation of Dicke-like Hamiltonians

From the original Hamiltonians (4) and (10) in the
Coulomb and PZW gauges, here we derive the Dicke-like
Hamiltonians under the two-level and long-wavelength
(dipole) approximations. Whereas we finally reduce the
atomic states into the two levels (ground and excited
states), we suppose that the excited states actually have
the three-fold degeneracy in the three-dimensional and
isotropic systems. This is because the electric-dipole

transition is allowed only between two states with differ-
ent parities (e.g., between s- and p-orbitals). When we
suppose isotropic atoms and the ground state |g〉 is not
degenerated, the excited states |ξ〉 in each atom have a
degree of freedom of the orientation ξ = {1, 2, 3} orthog-
onal to each other. Here, we introduce extended Pauli
matrices σ̂x,y

λ,ξ and σ̂z
λ for each atom (identified by index

λ = 1 . . .N). Since the three excited states in each atom
share the same ground state, these states are expressed
by the following 4× 4 matrices for each atom as

σ̂ξ =







0 0 0 0
0 0 0 0
0 0 0 0

δξ,1 δξ,2 δξ,3 0






, (A1a)

σ̂x
ξ = σ̂ξ + σ̂†

ξ , (A1b)

σ̂y
ξ = i(σ̂ξ − σ̂†

ξ), (A1c)

σ̂z =







1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1






, (A1d)

where the basis of the matrices is {|1〉, |2〉, |3〉, |g〉}.
Using these operators, the atomic polarization is ex-

pressed under the two-level (but three-fold degeneracy
for excited states) and long-wavelength (dipole) approx-
imations as

∫

dr P̂ (r)eik·r =
∑

ξ=1,2,3

eξd

N
∑

λ=1

σ̂x
λ,ξe

ik·Rλ , (A2)

where eξ is the unit vector in the ξ orientation. In the

same manner, we can also rewrite p̂α in ĤCoulomb, and
then the Hamiltonians (4) and (10) are rewritten as

ĤCoulomb =
∑

k

∑

η=1,2

~c|k|â†
k,ηâk,η +

N
∑

λ=1

~ωa

2
σ̂z
λ

+
∑

k

∑

η=1,2

N
∑

λ=1

∑

ξ=1,2,3

eξ · ek,η
~ωagk√

N
σ̂y
λ,ξ

(

âk,η + â†−k,η

)

eik·Rλ

+
∑

k

∑

η=1,2

~ωagk
2
(

âk,η + â†−k,η

)(

â−k,η + â†
k,η

)

+
∑

k

N
∑

λ=1

∑

ξ=1,2,3

N
∑

λ′=1

∑

ξ′=1,2,3

eξ · ek,3eξ′ · ek,3
~c|k|gk2

N
σ̂x
λ,ξσ̂

x
λ′,ξ′e

ik·(Rλ−R
λ′ ), (A3a)
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ĤPZW =
∑

k

∑

η=1,2

~c|k|â†
k,ηâk,η +

N
∑

λ=1

~ωa

2
σ̂z
λ

−
∑

k

∑

η=1,2

N
∑

λ=1

∑

ξ=1,2,3

eξ · ek,η
i~c|k|gk√

N
σ̂x
λ,ξ

(

âk,η − â†−k,η

)

eik·Rλ

+
∑

k

∑

η=1,2,3

N
∑

λ=1

∑

ξ=1,2,3

N
∑

λ′=1

∑

ξ′=1,2,3

eξ · ek,ηeξ′ · ek,η
~c|k|gk2

N
σ̂x
λ,ξσ̂

x
λ′,ξ′e

ik·(Rλ−R
λ′), (A3b)

where ek,3 = k/|k| is the unit vector parallel to k. For
deriving the former equation in the Coulomb gauge, we
used the following relation

〈e|p̂α|g〉 =
mα

i~
〈e|[r̂α, Ĥatom]|g〉 = imαωa

qα
〈e|qαr̂α|g〉,

(A4)
and the sum rule of the oscillator strengths simplified
under the two-level approximation

2ωa|d|2
~

(

∑

α in an atom

mα

qα2

)−1

= 1, (A5)

which is derived from

mα

~2

[

r̂α,
[

Ĥatom, r̂α′

]]

= δα,α′1. (A6)

The last term in Eq. (A3b) is the full P 2 term, and it
is simply rewritten as

N
∑

λ=1

∑

ξ=1,2,3

N |d|2
2ε0V

σ̂x
λ,ξσ̂

x
λ,ξ. (A7)

Then, this term can be reduced to the intra-atomic inter-
action as discussed in Sec. III. However, the expression in
Eq. (A3b) is more useful in order to derive the Dicke-like
Hamiltonians. Thanks to the homogeneity and isotropy,
we can focus on one direction of k without losing the
generality, and determine two directions η = {1, 2} per-
pendicular to k. Along the two transverse directions η,
we can also define ξ = {1, 2} perpendicular to k and
ξ = 3 parallel to k. Focusing on one of the transverse

field in the fixed direction of k, Eqs. (A3) are reduced to

the Dicke-like Hamiltonians Ĥ1D

Coulomb
and Ĥ1D

PZW
shown

in Eqs. (13). The next problem is how we can justify
this extraction of the subsystem. In the next section, we
discuss the mixing of transverse and longitudinal fields
in the ensemble of atoms.

Appendix B: Mixing of transverse and longitudinal

fields

In fact, in the Hamiltonians (A3), all the transverse
and longitudinal fields are mixed in general, i.e., the
Dicke-like Hamiltonian Ĥ1D

Coulomb
(Ĥ1D

PZW
), Eqs. (13), is

not commutable with the rest of the Hamiltonian in ei-
ther gauge. However, for discussing small deviations from
the normal ground state (no field amplitude), we can ap-
proximately bosonize the two-level atomic system. First,
we introduce the following operator that annihilates an
excitation with wavevector k and polarization ξ:

b̂k,ξ =
1√
N

N
∑

λ=1

σ̂λ,ξe
−ik·Rλ . (B1)

The Hamiltonians (A3) are rewritten without any ap-
proximation as

ĤCoulomb =
∑

k

Ĥk

Coulomb, (B2a)

ĤPZW =
∑

k

Ĥk

PZW, (B2b)

where the subsystems characterized by wavevector k is
expressed as
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Ĥk

Coulomb =
∑

η=1,2

~c|k|â†
k,ηâk,η +

∑

ξ=1,2,3

~ωab̂
†
k,ξ b̂k,ξ + const.

+
∑

η=1,2

∑

ξ=1,2,3

eξ · ek,ηi~ωagk

(

âk,η + â†−k,η

)(

b̂−k,ξ − b̂†
k,ξ

)

+
∑

η=1,2

~ωagk
2
(

âk,η + â†−k,η

)(

â−k,η + â†
k,η

)

+
∑

ξ=1,2,3

∑

ξ′=1,2,3

eξ · ek,3eξ′ · ek,3~c|k|gk2
(

b̂k,ξ + b̂†−k,ξ

)(

b̂−k,ξ′ + b̂†
k,ξ′

)

, (B3a)

Ĥk

PZW =
∑

η=1,2

~c|k|â†
k,ηâk,η +

∑

ξ=1,2,3

~ωab̂
†
k,ξ b̂k,ξ + const.

−
∑

η=1,2

∑

ξ=1,2,3

eξ · ek,ηi~c|k|gk
(

âk,η − â†−k,η

)(

b̂−k,ξ + b̂†
k,ξ

)

+
∑

η=1,2,3

∑

ξ=1,2,3

∑

ξ′=1,2,3

eξ · ek,ηeξ′ · ek,η~c|k|gk2
(

b̂k,ξ + b̂†−k,ξ

)(

b̂−k,ξ′ + b̂†
k,ξ′

)

. (B3b)

Here, since the system is homogeneous, the commutator

of b̂k,ξ is derived as

[

b̂k,ξ, b̂
†
k′,ξ′

]

= δk,k′δξ,ξ′

− δξ,ξ′

N

N
∑

λ=1



2σ̂†
λ,ξσ̂λ,ξ +

∑

ξ′′ 6=ξ

σ̂†
λ,ξ′′ σ̂λ,ξ′′



 e−i(k−k
′)·Rλ .

(B4)

If the expectation number of excitations is quite smaller
than the number of atoms N , the first term is the major
contribution, and the others are negligible. Then, for
discussing the small deviations from the normal ground
state, we can bosonize the excitation operators as

[

b̂k,ξ, b̂
†
k′,ξ′

]

≃ δk,k′δξ,ξ′ . (B5)

Under this approximation, in either gauge, the Hamilto-
nians Ĥk

Coulomb
(Ĥk

PZW
) are commutable with each other

for different wavevector (except for −k, but it is in the
same direction).

We next decompose the subsystem of k into three sub-
systems: two transverse fields and one longitudinal field.
For the fixed k, we take the same orientations for the
radiation and polarization fields (ek,η · eξ = δη,ξ and
e3 = k/|k|). Then, the Hamiltonians are rewritten as

Ĥk

Coulomb =
∑

ξ=1,2,3

Ĥk,ξ
Coulomb

, (B6a)

Ĥk

PZW =
∑

ξ=1,2,3

Ĥk,ξ
PZW

, (B6b)

where

Ĥk,ξ=1,2
Coulomb

= ~c|k|â†
k,ξâk,ξ + ~ωab̂

†
k,ξ b̂k,ξ + const.

+ i~ωagk

(

âk,ξ + â†−k,ξ

)(

b̂−k,ξ − b̂†
k,ξ

)

+ ~ωagk
2
(

âk,ξ + â†−k,ξ

)(

â−k,ξ + â†
k,ξ

)

,

(B7a)

Ĥk,ξ=1,2
PZW

= ~c|k|â†
k,ξâk,ξ + ~ωab̂

†
k,ξ b̂k,ξ + const.

− i~c|k|gk
(

âk,ξ − â†−k,ξ

)(

b̂−k,ξ + b̂†
k,ξ

)

+ ~c|k|gk2
(

b̂k,ξ + b̂†−k,ξ

)(

b̂−k,ξ + b̂†
k,ξ

)

,

(B7b)

Ĥk,3
Coulomb

= Ĥk,3
PZW

= ~ωab̂
†
k,3b̂k,3 + const.

+ ~c|k|gk2
(

b̂k,3 + b̂†−k,3

)(

b̂−k,3 + b̂†
k,3

)

.

(B7c)

The last terms in Eqs. (B7a) and (B7b) are the A2 term
and the transverse P 2 one, respectively. The Hamilto-
nian (B7c) for the longitudinal field has the same form
in both gauges, and the last term is the longitudinal
P 2 term. Since the three orientations are orthogonal

to each other, the Hamiltonians Ĥk,ξ
Coulomb

(Ĥk,ξ
PZW

) are
commutable with each other for different wavevector (ex-
cept −k) or orientation. In this way, when we discuss
the small deviations from the normal ground state, the
transverse and longitudinal fields are not mixed in the
infinite, homogeneous, and isotropic systems, and then
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the extraction of the Hamiltonians Ĥ1D

Coulomb
and Ĥ1D

PZW
along one direction of k can be justified.
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