
physica status solidi, 19 August 2008

Radiative decay theory: What
suppresses exciton superradiance?
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We have theoretically studied the exciton superradiance which occurs under a phase-match between the exciton center-
of-mass motion and the radiation field in a film with thickness over a light wavelength. With continuously increasing
the film thickness, the radiative decay rates of excitons are calculated from extreme values of exciton correlation
functions renormalizing the exciton-photon interaction in the film with finite thickness. Due to a consideration of
intra- and inter-state retarded interactions, in the simplest system, we have derived the correct suppression thickness
of the exciton superradiance. The correctness is verified from the general suppression condition derived from the
polariton dispersion relation consisting of complex frequency and wavenumber for finite thickness.
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1 Introduction In order to obtain strong and coher-
ent responses from nonlinear optical processes in a con-
densed matter, the radiative decay of elementary excita-
tions should generally be rapid as compared to dephasing
processes at their resonance conditions. In particular, the
exciton superradiance, a size enhancement of the radiative
decay rate of excitons, has been studied theoretically and
experimentally [1–9]. In a crystal where the exciton center-
of-mass motion is confined, their radiative decay rate gets
larger with increasing the crystal size because of the ex-
pansion of interaction area between excitons and the ra-
diation field [1–6]. Fig. 1 shows a thickness dependence
of the radiative decay rate of excitons whose center-of-
mass motion is confined in a CuCl film. The decay rate
of the lowest exciton state increases with increasing thick-
ness until about 80 nm, a half light wavelength in CuCl, but
after that it reversely decreases. The origin of this superra-
diance suppression is the phase mismatch between the ex-
citon center-of-mass motion and the radiation field [5,6,8].
In this manner, the decay rate of the higher center-of-mass
motion state are maximized at their phase-matching thick-
nesses, and the maximum value increases with increasing
thickness [7,9,10] as seen in Fig. 1. This is also called
exciton superradiance, and should realize a rapid radia-
tive decay faster than various dephasing processes even at
the resonance conditions. In particular, a rapid decay rate

 0

 20

 40

 60

 80

 100

 120

 140

 160

 0  500  1000  1500  2000  2500  3000

R
ad

ia
tiv

e 
de

ca
y 

ra
te

 / 
(p

s)
-1

Thickness / nm

Lowest mode

Figure 1 Thickness dependence of radiative amplitude-decay
rates of excitons weakly confined in a CuCl film.

about 100 fs has recently been observed in the degener-
ate four-wave mixing in a CuCl film with thickness of a
few hundred nanometers [11], and it is considered as a ra-
diative decay enhanced by the exciton superradiance. Al-
though it is usually considered that the size enhancement
of the radiative decay rate is suppressed due to the dephas-
ing processes of excitons, there is a significant question:
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What suppresses the exciton superradiance if the radiative
decay rate is enhanced beyond any dephasing rates of ex-
citons?

As an answer for this question, Knoester predicted [5]
and Bj̈ork et al. theoretically demonstrated [7] that the su-
perradiance is suppressed over a particular thickness (about
2 µm in Fig. 1) without considering any dephasing pro-
cesses, and after that the decay rate of the phase-matching
excitons inversely proportional to the thickness as the same
manner of the polariton picture of radiative decay, where
the decay time is proportional to the time-of-flight (thick-
ness divided by group velocity). Further, Björk et al. also
showed that the superradiance suppression can be inter-
preted as a crossover of the exciton-photon coupled modes
from exciton-like (superradiant) and photon-like modes to
the upper and lower branch polaritons. However, their cal-
culation considered the retarded interaction between the
same exciton states but not between the different states.
Therefore, the crossover thickness may be different from
the correct one, because the inter-state retarded interaction
must be considered under the strong exciton-photon inter-
action at the superradiance. On the other hand, the inter-
state retarded interaction has been considered in Refs. [8–
10]. In particular, Ajiki discussed the crossover and showed
that the radiative decay rate decreases with increasing the
crystal size if the crystal becomes larger than a particu-
lar size [9]. However, since his calculation was performed
under a pole approximation, the physical picture of the
crossover was not clear. The purpose of the present paper
is to grasp a correct physical picture of the superradiance
suppression by means of a rigorous calculation method.

2 Calculation method We consider a material where
the translational symmetry is broken in thez direction, and
discuss the radiative decay of s-polarized excitons whose
center-of-mass is confined in a finite region. We suppose
a background system characterized by dielectric function
εbg(z, ω) and a resonant contribution from excitons induc-
ing a current densityJ(z, ω). The Maxwell wave equation
for the vector potentialA(z, ω) is represented as[

(∂2/∂z2) + q2(z, ω)
]
A(z, ω) = −µ0J(z, ω), (1)

whereq2(z, ω) = εbg(z, ω)ω2/c2 − k∥
2 andk∥ is the in-

plane wavenumber. We can rewrite this wave equation as

A(z, ω) = A0(z, ω)− µ0

∫
dz G(z, z′, ω) J(z′, ω), (2)

whereA0(z, ω) is the homogeneous solution of Eq. (1),
andG(z, z′, ω) is the Green function satisfying[

(∂2/∂z2) + q2(z, ω)
]
G(z, z′, ω) = δ(z − z′). (3)

On the other hand, supposing the exciton-photon interac-
tion as

Ĥint = −
∫

dz Â(z) J(z), (4)

the expectation valueA = ⟨Â⟩ of the vector potential is
given in the same form as Eq. (2) based on the linear re-
sponse theory. Therefore, the retarded correlation function
of Â in the background system identifies with the Green
function satisfying Eq. (3) as discussed in Ref. [12]:

G(z, z′, ω) =
−i
µ0h̄

∫ ∞

0

dt eiωt ⟨[Â(z, t), Â(z′, 0)]⟩ . (5)

Furthermore, it is also identical to the time-ordered correla-
tion function ofÂ under the rotating wave approximation
(RWA). Therefore, under the RWA, the correlation func-
tion of Â in the background system can be obtained by
finding the Green function satisfying Eq. (3), which has
already been known for general multilayer systems [13].

Next, we discuss the time-ordered correlation functions
of excitons. For simplicity, we consider only one relative
exciton motion with eigenfrequencyωT, and denote the
center-of-mass motion by indexm. The excitonic current
density is quantized aŝJ(z) = J

∑
m gm(z) b̂m + H.c.,

whereb̂m is the annihilation operator of an exciton in state
m, andgm(z) is its center-of-mass wavefunction. The ab-
solute value of the coefficientJ can be estimated by the
longitudinal-transverse (LT) splitting energy ash̄ωLT =
|J |2/εbgε0ωT

2. From the interaction Hamiltonian (4), we
obtain intra- and inter-state self-energies of excitons as

Σm,m′(ω) = εbgωLT(ωT/c)2

×
∫ ∞

−∞
dzdz′ g∗m(z) G(z, z′, ω) gm′(z′), (6)

and the time-ordered correlation function tensor of exci-
tons is derived as the inverse of the matrix whose elements
are given as(ω − Ωm)δm,m′ − Σm,m′(ω), whereΩm is
the bare exciton frequency including the center-of-mass
kinetic energy of statem. The resonance frequencyωres
and the radiative amplitude-decay rateγ of exciton-photon
coupled modes are respectively obtained from the real and
imaginary parts of extreme values{ωres − iγ} of the ex-
citon correlation function tensor. The calculation of these
extreme values is just identical to that of the self-sustaining
modes discussed under the microscopic nonlocal theory
[9–11,14].

Based on the above calculation method, we can con-
sider the intra- and inter-state retarded interactions through
the self-energies (6). Further, in the present paper, we nu-
merically calculate the extreme values without any pole
approximations in contrast to Ref. [9]. With regard to the
RWA, it can be considered as a good approximation, be-
cause neither the frequency shift nor the radiative decay
rate reaches only a few percents of the bare exciton fre-
quencyωT even at the maximum in the calculation of the
present paper.

In Fig. 1, we consider a CuCl film with thicknessd, and
suppose the background dielectric constantεbg = nbg

2 =
5.59 both inside and outside of the film. The wavefunctions
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Figure 2 Frequency dependence ofγd (thickness divided by ra-
diative amplitude-decay time). The dashed lines are the group ve-
locities of upper and lower branch polaritons in bulk CuCl.

of the exciton center-of-mass motion are sinusoidal func-
tions whose amplitudes are zero at the surfaces:gm(z) =√

2/d sin(kmz), km = mπ/d, m = 1, 2, . . . andk∥ = 0.
The exciton translational mass ismex = 2.3m0, wherem0

is the free electron mass. The bare exciton frequencies are
given as̄hωT = 3.2022 eV andΩm = ωT + h̄km

2/2mex.
The LT splitting energy is̄hωLT = 5.7 meV.

3 Calculation results In Fig. 1, we plot the radia-
tive amplitude-decay ratesγ with continuously changing
the thicknessd. Although any dephasing processes are not
considered in the calculation, we can find that the exci-
ton superradiance is suppressed at thickness over 2µm.
Further, the behavior becomes discontinuous at the peak,
and the peak value cannot be found in our numerical cal-
culation. For the analysis of this suppression, we introduce
a new valueγd (thickness divided by radiative-amplitude
decay time), and we find thatγd reaches the vacuum light
speedc at the crossover thickness, and after that the super-
radiance is suppressed with maintainingγd < c. Although
this behavior is just the same discussed in Ref. [7], due to
the correct consideration of the inter-state retarded inter-
action in the present paper, the crossover condition is ob-
tained asγd = c, i.e., an apparent propagation speed of the
polariton cannot exceed the vacuum light speed.

Fig. 2 shows the frequency dependence ofγd by solid
lines with continuously changing the thickness, and the
dashed lines represent the group velocitiesvg of the up-
per and lower branch polaritons in bulk CuCl. When we
focus on a particular mode,ωres shifts to the lower side
andγ gets larger with increasingd until its phase-matching
thickness, and around its thickness,ωres suddenly flips to
the higher side with maximizingγ. After that,ωres gradu-
ally decreases to the band edge of the upper branchωT +
ωLT , andγ monotonally decreases. Although the maximum
value ofγ gradually increases with increasingd due to the

exciton superradiance, it is suppressed whenγd reaches
the vacuum light speedc, and after thatγ of the phase-
matching modes decreases with maintainingγd < c. On
the other hand, we can find that eachγd has the same value
at the same frequency before and after the superradiance.
This indicates that in this phase-mismatching situation,γ
obeys the polariton picture of the radiative decay [8]:

γ = (vg/2d) ln(1/R), (7)

whereR is the reflectance from inside to outside of the
film. It is worth to note that, compared to Ref. [8], we must
consider the Pekar’s additional boundary condition (ABC)
[15] to reproduce our calculation results from Eq. (7), be-
cause we consider the exciton center-of-mass wavefunc-
tions whose amplitudes are zero at the surfaces. In the cal-
culation ofR, we use two complex wavenumbersk̃i deter-
mined by the dispersion relation

c2k̃2
i

(ωres− iγ)2
= εbg +

εbgωLT

Ω(k̃i) − (ωres− iγ)
, (8)

whereΩ(k̃) = ωT + h̄k̃2/2mex. Althoughγd depends al-
most only on the frequencyωres just before and after the
phase-matching thickness,γd of exciton-like modes with
large wavenumber depends also ond because of the thick-
ness dependence ofR due to the exciton center-of-mass
confinement.

4 Discussion We analyze the superradiance suppres-
sion based on the dispersion relation (8). For a givenk̃,
we can obtain threeωres− iγ satisfying Eq. (8). One solu-
tion is unphysical with a negative frequency, and the other
two correspond to the coupled modes in the exciton-photon
system, or the upper and lower branch polaritons for bulk
system. However, in contrast to the bulk calculation, there
is a task to determine the imaginary part ofk̃, the uncer-
tainty of the wavenumber in a film with finite thickness, as
discussed in Ref. [8]. From the exact calculation based on
the correlation function method, we verify that the complex
wavenumber is written as̃k = k − iα/d, andα obeys

α = (1/2) ln(1/R). (9)

This can be derived from a condition for a self-sustaining
mode in the film with considering the ABC. Further, when
the polariton picture is valid, we can derive a relationγ =
αvg/d from Eq. (8). Then, Eq. (9) is also obtained by a
comparison with Eq. (7), andd/α can be considered as an
effective thickness for the polariton. As a result, by using
Eq. (9), we can obtain two physical solutions of Eq. (8) for
a given real wavenumberk by a successive calculation.

As discussed in Ref. [7], we analyze the crossover of
the exciton-photon coupled modes. Fig. 3 shows the dis-
persion relation and frequency dependence ofγd for thick-
nesses 1.6, 2, and 3µm. The extreme values of the exciton
correlation functions are plotted with symbols and the two
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Figure 3 (a) Dispersion relation and (b) frequency dependence
of γd. The lines are solutions of Eq. (8) without the ABC for
a given real wavenumberk. The symbols are calculated as the
extreme values of the exciton correlation functions.

solutions of Eq. (8) for givenk are plotted with lines. How-
ever, in the latter calculation, we do not consider neither the
k-selection rule derived from the self-sustaining condition
nor the ABC in order to show the continuous behavior with
respect tok. For thickness of 1.6µm, where the exciton su-
perradiance is maintained, the two solutions of Eq. (8) re-
spectively correspond to an exciton-like mode withγd < c
and a photon-like one withγd > c, and only the former is
found by the correlation function method. This is because
ωres− iγ of the photon-like modes are divergent solutions
for finding the extreme values of exciton correlation func-
tions. On the other hand, increasing the thickness,γd of the
two modes close to each other reaching to the vacuum light
speedc. After that, as seen at 3µm, the two solutions split
to the upper and lower branches, and the exciton superra-
diance is suppressed as discussed in Ref. [7]. Even at this
bulk-like thickness, only the exciton-like modes are found
by the correlation function method, because the photon-
like solutions are divergent. The reason why we cannot find
the peak values in Fig. 1 is the same.

The crossover between the exciton/photon-like modes
and the polariton ones can be understood from Eq. (8). At
the superradiance situation, i.e.,k = nbgωT/c andωres ≃
ωT, the real part of Eq. (8) can be approximated as

γ2 − (cα/nbgd)γ + ωTωLT/2 = 0. (10)

When the film is thin enough compared to the crossover
thickness, we obtain two solutions of this equation:γ =
(nbgωTd/2cα)ωLT for the exciton-like (superradiant) mode,
andγ = cα/nbgd for the photon-like mode. Since the for-
mer is proportional tod and the latter is tod−1, these val-
ues gradually close to each other with increasing the thick-
ness and reach toγ = cα/2nbgd, which is the degener-
ate solution of Eq. (10). This crossover condition can be
rewritten as(d/α)/γ−1 = c/2nbg, and means that we ob-
tain the crossover when the effective thicknessd/α divided

by the radiative amplitude-decay timeγ−1 reachesc/2nbg,
the polariton group velocity at phase-matching wavenum-
berk = nbgωT/c. In the simplest caseεbg(z) = εbg con-
sidered in the present paper, we obtainα ≃ 2nbg for the
phase-matching modes at thickness over 2µm. Therefore,
we obtain the crossover condition asγd = c in the present
paper. In more general cases, the crossover speed becomes
smaller thanc because of the increment of the effective
thicknessd/α due to the enhancement of the multiple re-
flection inside of the film.

5 Summary We calculate the resonance frequency and
radiative decay rate of exciton-photon coupled modes in
a film with finite thickness. The calculation is based on
the exciton correlation function tensor renormalizing the
exciton-photon interaction. Even if we do not consider any
dephasing processes, the exciton superradiance is naturally
suppressed, and we find the suppression condition asγd =
c, which is correctly obtained under the consideration of
the inter-state retarded interaction. Further, we reproduce
the resonance frequency and radiative decay rate from sim-
ple equations (8) and (9), and discuss the crossover of the
exciton-photon coupled modes from these equations.
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