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We have constructed QED theory for excitons with mi-
croscopic nonlocality or nonlocal susceptibility originat-
ing from their center-of-mass motion. The nonlocality
must be properly considered in excitons’ weak (center-
of-mass) confinement regime where the long wavelength
approximation is breakdown. This theory keeps good
correspondences with its underlying theories, the QED
theory for dispersive and absorptive local dielectrics and

the microscopic nonlocal theory developed in the semi-
classical framework. Our theory provides correlation
functions of excitons, which renormalize radiative shift,
transition between exciton states via electromagnetic
fields, radiative and nonradiative relaxation processes.
By using these functions, we can systematically study
various nonlinear, dephasing, and emission processes of
excitons in weak-confinement to bulk-like systems.
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1 Introduction In the conventional theories of optical
processes in condensed matters, the light has been mainly
treated classically regardless whether the matter systems
are described in quantum mechanical terms (semiclassi-
cal theory) or in classical ones. These kinds of theories
have successfully explained a variety of optical phenom-
ena for the classical light or the coherent states of photons.
However, there is growing interest in the quantum electro-
dynamics (QED) of elementary excitations in condensed
matters both experimentally [1–3] and theoretically [4–8].

The quantization of the electromagnetic fields in dis-
persive and absorptive dielectrics has been systematically
carried out for homogeneous media by Huttner and Bar-
nett [4]. Their pioneering work stimulated various theoret-
ical studies associated with the QED in such materials [5].
On the other hand, Suttorp and Wubs (SW) have system-
atically discussed the one applicable to arbitrary 3D struc-
tures [6]. In this scheme, all the matter information is char-
acterized by a complex dielectric functionε(r, ω), which
depends on the spatial positionr of the medium as well
as the radiation frequencyω. However, in general as seen
in Eq. (12) of the present paper, the optical susceptibility
has a nonlocal form asχ(r, r′, ω), which characterizes the
polarizationP (r, ω) at positionr induced by the electric

fieldE(r′, ω) at the different positionr′. This microscopic
nonlocality originates from the spatial spreading of wave
functions of elementary excitations or, especially for exci-
tons in semiconductors, their center-of-mass motion with
a finite translational mass. The nonlocality must be prop-
erly considered in the excitons’ weak (center-of-mass) con-
finement regime where the excitons’ spatial spreading is
comparable to the wavelength of the self-consistently de-
termined electromagnetic fields (i.e. beyond the long wave-
length approximation). It is known that anomalous non-
linear optical phenomena appear in nano-structures where
excitons are weakly confined [9–13]. Savasta, Stefano, and
Girlanda (SSG) have introduced the nonlocality to the QED
theory for dispersive and absorptive dielectrics or excitonic
systems [7]. Their theory consists of the Maxwell wave
equation with the nonlocal susceptibility as seen in Eq. (14).
Although they have previously discussed the same kind of
systems with quantum-well structures [8], in the case of the
other structures, there remains a problem to derive a Green
function for the nonlocal wave equation. In the present pa-
per, based on the microscopic nonlocal theory developed
in the semiclassical framework [14] and the QED theory
for dispersive and absorptive local systems by SW [6], we
show a practical calculation method for the QED of exci-
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tons weakly confined in arbitrary-structured 3D dielectrics
with considering their microscopic nonlocality. The detailed
underlying calculation of our theory is given in the other
paper [15].

2 Hamiltonian We describe the matter systems with
resonant contributions from excitons with center-of-mass
motion, and non-resonant (background) ones with the local
dielectric functionεbg(r, ω). We explicitly discuss the opti-
cal and nonradiative relaxation processes of the former, and
the latter is treated in the same procedure of SW [6]. The
total Hamiltonian discussed in the present paper is written
asH = Hem+Hint +Hex. TheHem describes the radiation
field and background dielectric medium, and is just the to-
tal Hamiltonian discussed by SW. TheHex represents the
excitons with nonradiative relaxation, andHint is the inter-
action betweenHem andHex.

With regard to theHex, we suppose excitons whose
center-of-mass motion is confined in finite spaces, and con-
sider a reservoir of oscillators interacting with them in or-
der to describe their nonradiative relaxation process. The
excitonic Hamiltonian is written as

Hex =
∑

µ

h̄ωµb†µbµ +
∑

µ

∫ ∞

0

dΩ
{
h̄Ω d†µ(Ω)dµ(Ω)

+
[
bµ + b†µ

] [
gµ(Ω)dµ(Ω) + g∗µ(Ω)d†µ(Ω)

]}
. (1)

Here,bµ is the annihilation operator of excitons in the eigen-
stateµ with eigenfrequencyωµ, which do not include the
longitudinal-transverse (LT) splitting because the exchange
interaction between electrons and holes is included inHint
as explained below. The indexµ represents degrees of free-
dom of not only the excitons’ relative motion but also the
translational one. The exciton operator satisfies the bosonic
commutation relations as[bµ, b†µ′ ] = δµ,µ′ and[bµ, bµ′ ] =
0. On the other hand,dµ(Ω) is the annihilation operator of
reservoir oscillators with frequencyΩ interacting with ex-
citons in stateµ, andgµ(Ω) is the coupling coefficient. The
oscillators are independent of each other, and satisfy the
commutation relations as[dµ(Ω), d†µ′(Ω

′)] = δµ,µ′δ(Ω −
Ω′) and[dµ(Ω), dµ′(Ω′)] = 0.

With regard to theHint, although it is primarily repre-
sented as the interaction between excitonic current density
and vector potential, and the Coulomb interaction between
excitons and the background medium [15], we describe
Hint as the interaction between the electric fieldE(r) and
the excitonic polarizationPex(r) as

Hint = −
∫

dr Pex(r) ·E(r). (2)

This treatment is valid for the linear optical process un-
der the excitonic resonance. However, we must keep in
mind that Eq. (2) contains the exchange interaction be-
tween electrons and holes, the origin of the LT splitting of
excitons, then it is not included in the exciton eigenenergies

h̄ωµ appeared in Eq. (1). The excitonic polarization is ex-
panded by the exciton operators:Pex(r) =

∑
µ Pµ(r) bµ+

H.c., where the expansion coefficient is written asPµ(r) =
PµeµGµ(r). ThePµ is the transition dipole moment,eµ

is a unit vector in the polarization direction, andGµ(r) is
the center-of-mass wave function of exciton stateµ. In the
weak confinement regime, thePµ approximately depends
only on the relative motion of excitons, and is related with
the LT splitting as∆µ

LT = |Pµ|2/ε0εbg.

3 Motion equations By using the same quantization
technique of SW [6], we have derived motion equations of
the electric field and excitons, and commutation relations
of source operators. The equations are described in terms
of the Fourier transform of physical variables:Ω̂±(ω) ≡
1
2π

∫∞
−∞ dt e±iωt Ω(t), whereΩ̂+(ω) andΩ̂−(ω) are re-

spectively called positive- and negative-frequency Fourier
component of variableΩ(t) in Heisenberg picture.

The motion equation of the electric fieldE(r) is the
Maxwell wave equation:

∇×∇× Ê+(r, ω)− (ω/c)2εbg(r, ω)Ê+(r, ω)

= iµ0ωĴ0(r, ω) + µ0ω
2P̂ +

ex(r, ω), (3)

whereĴ0(r, ω) is called the noise current density, the source
of the background electromagnetic fields, and satisfies the
commutation relations as

[Ĵ0(r, ω), {Ĵ0(r′, ω′)}†]
= δ(ω − ω′)δ(r − r′)(ε0h̄ω2/π)Im[εbg(r, ω)]1, (4a)

[Ĵ0(r, ω), Ĵ0(r′, ω′)] = 0. (4b)

Eqs. (3) and (4) have the same forms of those in SW the-
ory [6] except the excitonic polarization̂P +

ex(r, ω) appear-
ing in the RHS of Eq. (3). Here, using a Green function
G0(r, r′, ω) satisfying

∇×∇× G0(r, r′, ω)

− (ω/c)2εbg(r, ω)G0(r, r′, ω) = δ(r − r′)1, (5)

we can rewrite the Maxwell wave equation (3) as

Ê+(r, ω) = Ê+
0 (r, ω)

+ µ0ω
2

∫
dr′ G0(r, r′, ω) · P̂ +

ex(r
′, ω), (6)

whereÊ+
0 (r, ω) is the background electric field defined as

Ê+
0 (r, ω) ≡ iµ0ω

∫
dr′ G0(r, r′, ω) · Ĵ0(r′, ω). (7)
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From the commutation relations (4) of̂J0(r, ω), we can
derive those forÊ+

0 (r, ω) as

[Ê+
0 (r, ω), Ê−

0 (r′, ω′)]

= δ(ω − ω′) (µ0h̄ω2/π) Im[G0(r, r′, ω)], (8a)

[Ê+
0 (r, ω), Ê+

0 (r′, ω′)] = 0. (8b)

These relations can be understood by the fact that the Green
function G0(r, r′, ω) for the Maxwell wave equation (3)
identifies with theω-Fourier transform of the retarded cor-
relation function for the electric field [16] in theHem sys-
tem. The spatial structure of the background medium is
characterized by the local dielectric functionεbg(r, ω) in
the Maxwell wave equation (3) and in the commutation re-
lations (4), or by the Green functionG0(r, r′, ω) satisfying
Eq. (5). The form of the Green function has already been
known for various structures with high symmetry [17] and
also can be numerically calculated for arbitrary 3D struc-
tures [18].

Next, we discuss the motion of the unknown variable
P̂ +

ex(r, ω) in the Maxwell wave equation (3). The motion
equation for the exciton operator is derived as

[h̄ωµ − h̄ω − iγµ(ω)/2] b̂µ(ω)

=
∫

dr P∗
µ(r) · Ê+(r, ω) + D̂µ(ω). (9)

Here,γµ(ω) is the nonradiative relaxation width defined
in terms of the coupling coefficientgµ(Ω). The operator
D̂µ(ω) represents the fluctuation by the reservoir, and sat-
isfies the commutation relations:

[D̂µ(ω), {D̂µ′(ω′)}†] = δµ,µ′δ(ω − ω′)
h̄

2π
γµ(ω), (10a)

[D̂µ(ω), D̂µ′(ω′)] = 0. (10b)

This is the another source operator of our system, and is
independent from the noise current densityĴ0(r, ω) as

[D̂µ(ω), Ĵ0(r, ω′)] = [D̂µ(ω), {Ĵ0(r, ω′)}†] = 0. (11)

Under the rotating wave approximation (RWA), the positive-
frequency Fourier transform of the excitonic polarization
can be written aŝP +

ex(r, ω) =
∑

µ Pµ(r)b̂µ(ω) for ω > 0.
Substituting Eq. (9) into this, we obtain the nonlocal form
in the electric-field contribution of the polarization:

P̂ +
ex(r, ω) = ε0

∫
dr′ χ(r, r′, ω)·Ê+(r′, ω)+· · · , (12)

where the nonlocal susceptibility tensor is defined as

χ(r, r′, ω) ≡ 1
ε0

∑
µ

Pµ(r)P∗
µ(r′)

h̄ωµ − h̄ω − iγµ(ω)/2
. (13)

We can treat any spatial spreading of the exciton states, the
origin of the nonlocality, through the polarization coeffi-
cientPµ(r) or the center-of-mass wave functionGµ(r).

In order to discuss the optical process of excitons, we
must simultaneously solve the Maxwell wave equation (3)
and the motion equation of the polarization (12) to de-
termine the unknown variableŝE+(r, ω) and P̂ +

ex(r, ω).
Substituting Eq. (12) into (3), we obtain the nonlocal wave
equation as

∇×∇× Ê+(r, ω)− ω2

c2

∫
dr′ ε(r, r′, ω) · Ê+(r′, ω)

= iµ0ωĴ0(r, ω) + · · · , (14)

whereε(r, r′, ω) = δ(r − r′)εbg(r, ω)1 + χ(r, r′, ω).
This has the same form of the one discussed in SSG theory
[7]. However, it seems very difficult to solve this nonlocal
equation, and in the discussion of SSG, there remains a
problem to derive the Green functionG(r, r′, ω) satisfying

∇×∇× G(r, r′, ω)

− ω2

c2

∫
ds ε(r, s, ω) · G(s, r′, ω) = δ(r − r′)1. (15)

In the next section, we solve this nonlocal problem in the
same procedure of the semiclassical nonlocal theory [14].

4 QED of excitons Substituting the representation of
the electric field (6) into the motion equation of excitons
(9) with the RWA, we obtain a linear equation set with re-
spect to the exciton amplitudes{b̂µ(ω)} as

∑

µ′
Sµ,µ′(ω)b̂µ′(ω) =

∫
dr P∗

µ(r) · Ê+
0 (r, ω) + D̂µ(ω),

(16)
where the coefficient is defined as

Sµ,µ′(ω) ≡ [h̄ωµ − h̄ω − iγµ(ω)/2] δµ,µ′

− µ0ω
2

∫
drdr′ P∗

µ(r) · G0(r, r′, ω) ·Pµ′(r′). (17)

These have the same forms of the self-consistent equation
set in the semiclassical microscopic nonlocal theory [14].
The first term in the RHS of Eq. (16) can be interpreted as
the exciton amplitude directly induced by the background
electric field. Here, we use the word “directly” to mean that
it does not include the diffusion of exciton amplitudes via
the electromagnetic fields. Such an effect is reflected in the
last term of Eq. (17), the correction terms of the exciton
eigenenergies{ωµ} describing the radiative shift, LT split-
ting, radiative relaxation, and the photon-assisted transition
between the exciton states.

Inverting the coefficient matrix of Eq. (16) asW(ω) ≡
S−1(ω), we can represent the exciton amplitudes{b̂µ(ω)}
in terms of the source operatorŝJ0(r, ω) andD̂µ(ω), then
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all the physical variables can also be represented by them.
On the other hand, from the commutation relations (8) of
Ê0(r, ω) and (10) ofD̂µ(ω), those of the exciton operators
can be calculated as

[b̂µ(ω), {b̂µ′(ω′)}†]
= δ(ω − ω′) (h̄/i2π)

[
Wµ,µ′(ω)−W ∗

µ′,µ(ω)
]
, (18a)

[b̂µ(ω), b̂µ′(ω′)] = 0. (18b)

This result indicates that the elements of the inverse ma-
trix W(ω) of the self-consistent equation set identify with
the Fourier transforms of the excitons’ retarded (and also
causal) correlation functions:

−h̄Wµ,µ′(ω) = −i
∫ ∞

t′
dt eiω(t−t′) 〈[bµ(t), b†µ′(t

′)]〉.
(19)

This renormalizes the exciton-photon and exciton-reservoir
interaction, i.e., the exciton-polariton effects with radiative
and nonradiative relaxation. In addition, we can obtain the
commutation relations of the electric field operators:

[Ê+(r, ω), Ê−(r′, ω′)] = δ(ω − ω′) (µ0h̄ω2/i2π)

× [
G(r, r′, ω)− {G(r′, r, ω)}t∗] , (20a)

[Ê+(r, ω), Ê+(r′, ω′)] = 0, (20b)

whereG(r, r′, ω) is defined as

G(r, r′, ω) ≡ G0(r, r′, ω)+µ0ω
2

∫
dsds′ G0(r, s, ω)

·
∑

µ,µ′
Pµ(s) Wµ,µ′(ω) P∗

µ′(s
′) · G0(s′, r′, ω). (21)

We can find that the functionG(r, r′, ω) satisfies the Eq.
(15), therefore it can be interpreted as the Green function
for the nonlocal Maxwell wave equation (14), and is just
the one required in SSG theory [7]. Furthermore, Eq. (20)
indicates thatG(r, r′, ω) identifies with the retarded cor-
relation function for the electric field:

− µ0h̄ω2G(r, r′, ω)

= −i
∫ ∞

t′
dt eiω(t−t′)〈[E(r, t), E(r′, t′)]〉. (22)

Eqs. (20) and (15) have the same forms of Eqs. (8) and (5)
respectively (there is a reciprocity relationG0(r, r′, ω) =
{G0(r′, r, ω)}t for isotropic media). This shows a good
correspondence between our QED theory and SW’s [6].

5 Summary We have constructed a QED theory for
excitons with microscopic nonlocality by using the semi-
classical microscopic nonlocal theory[14] and the QED the-
ory for dispersive and absorptive local dielectrics [6]. Our

theory keeps good correspondences with them. Although
only the linear process has been discussed in this paper,
we can phenomenologically extend our theory to describe
nonlinear processes, such as the entangled-photon genera-
tion via biexcitons in nano-structures [19]. In addition, our
theory has a potential to systematically investigate higher
order nonlinear processes of elementary excitations in con-
densed matters by using the Feynman diagram technique
with correlation functions derived in the present paper. We
are going to study various optical phenomena which can-
not be discussed in the semiclassical framework in future
works.
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