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Weakly Nonlinear Theory on Two Types of High-Speed and High-Frequency Pressure Waves

in Compressible Liquids Containing Many Microbubbles
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Abstract Two types of weakly nonlinear propagations of plane progressive pressure waves in
an initially quiescent compressible liquid uniformly containing many spherical gas bubbles are
theoretically investigated. The treatment of two types of propagations corresponds to an extension
of our previous result (Yoshimoto & Kanagawa, Jpn. J. Multiphase Flow, 33 (2019), 77) to a generic
form. The main assumptions are as follows: (i) The incident wave frequency is much larger than
an eigenfrequency of single bubble oscillations; (ii) The compressibility of the liquid phase, which
has long been neglected and induces the high speed propagation mode, is considered; (iii) The wave
propagates with a large phase velocity exceeding the speed of sound in pure water. From the method
of multiple scales with two types of appropriate choices of three nondimensional parameters, we
can systematically derive two types of nonlinear Schrodinger (NLS) equations with some correction
terms in a unified way. These two equations can describe high-speed propagation of pressure waves
in compressible bubbly liquids.
Keywords: Bubbly liquid, Weakly nonlinear wave, Nonlinear Schrodinger equation
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Fig. 2 Two types of NLS equations in Fast mode.
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Nomenclature

A : complex amplitude of bubble radius
cro : speed of sound

F : interfacial momentum transport

k : wavenumber of carrier wave

K : wavenumber of envelope wave

L : typical wavelength

n : material constant

p : pressure

RAHGE 34 %

P :surface averaged liquid pressure
q  : derivative of v, with respect to k
R : bubble radius

t : time

T  : typical period

u : fluid velocity

U  : typical group velocity

v, : group velocity

v, : phase velocity

: nondimensional constant of O(1) for speed

: space coordinate

1%
W : frequency of envelope wave
X
Greek letters

: void fraction

: virtual mass coefficient

: polytropic exponent

: nondimensional constant of O(1) for length
: nondimensional wave amplitude

: real constant

: phase function of carrier wave

a

B

Y

4

€

n

%

o : phase function of envelope wave

7 : liquid viscosity

v : coefficient

& : space coordinate of envelope wave

P : density

o : surface tension

T : time of envelope wave

w : angular frequency of carrier wave

wp : natural angular frequency of single bubble
oscillations

Q : nondimensional constant of O(1) for time
Superscripts and Subscripts

G,L : gas and liquid phases, respectively

0 : initial unperturbed state
* : dimensional quantity
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+k{00(515‘3+s3cl)_(1_CVO)VZ[S4C3+(C4+hx)S3]
+3V4(’l - 1)(1 — a0)ss3

2
n =,31~Q{(52—S3)(h5‘/2—61 —V2¢y)

+2(s514+V2s4)(c2—c3)

+ 3(1'0V2s15354} (104)
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+(52—S3) V25154—

Vi(n— l)si
=)

= Bikls2c2 — s3¢3 + 51 + VZisa(s3 — )]
+1329[231(52—53)—51(02—03)+V25134(S2—S1)]
= Baksis2(s2 = s3)

+B3QVH2¢4(s2 — 53) — sa(c2 — €3)

+54(52—53)[51 =54 V(= 1)} = B3k V? 5,54(5,— 53)
(105)

nyz = i+ 3ypeok (2s1co1 — ¢

3y+2
2

Ny = —Qoit + 3kS§[CX()Sl - (1 - (l’())VzS4]

+(37 + 1) 51— Co1 —

} (106)

— g Q(s1c3 + s3¢1) — 2(1 — ap)kszc;
+ a’ok(SIC4 + s4C1 + S]hs) + (1 - aO)st4c3.Q
_ 3yBy = Dpgoaok  3(n = D)(1 — ap)s 5V4Q
2 2
— 3051535402 + (1 - (10)53(64 + I’ZS)VZ.Q (107)
mis = |52k°(3 = 52) = c012* = 252(1 + 301 )2k | A

3ypao(3y - 1
+%(ZCO|+ZCOZVAQ+37+4)

+ [d4 + cop(342Q* — 2s4)] VAQ (108)

ny = Q[3co(s1—4)+d 1 +k[s2d,—dr(3—51)—352¢01]
(109)

ny = QVA[VA(n—1)(1-ap)ssdy+ao(s1ds+d; 54)]
+k[(1 — ag)V(s4ds + 53ds) — ao(s1d5 + s3d1)]

(110)
= —B1QI2(s) + V2s4)(dy — d3)
= (52 = $3)(dy + V?dy)] + Bik(s2d> — s53d3)
+ B2Q[s1(dy — d3) — 2d, (52 — 53)]
+ B2V [s4(dy — ds) — 2dy(s53 — 53)] (111)

ny3 = " = 3ypgok2sico, —di — By + Degp]  (112)
Ny = —(loﬁ/ + Q[S|d3 + S3d1 - (1 - ao)V2S4d3]
+ k[2(1 — ao)s3ds — ao(s1ds + 54d,)]

— (1 — ) s3dsV?Q (113)

VA3
> + VAQ(hg — c4)

nps = (652]( - Q)C()zAZQ -

Q
+37PGO(37—1)(602— )—VAS4(S2/<—2601.Q)

+(Q + 3k = 3¢01 Q2 — 35:k) VA Q?
3y+4

‘
(114)

k
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