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Derivation of Weakly Nonlinear Wave Equation for Focused Ultrasound

in Bubbly Liquids Incorporating a Thermal Effect
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Abstract Weakly nonlinear focusing of quasi-planar ultrasound in a liquid nonuniformly containing
many spherical microbubbles is theoretically investigated with a special focus on a thermal
conduction at the bubble—liquid interface toward medical applications such as tumor coagulation
by HIFU. Based on the previously derived Khokhlov—Zabolotskaya—Kuznetsov (KZK) equation
by our group (Kanagawa, J. Acoust. Soc. Am., 137 (2015), 2642), we derived a KZK equation
newly incorporating the viscosity of bubbly liquids and the thermal conduction at the bubble-liquid
interface by utilizing the energy equation inside bubble. As a result, two types of dissipation term
were discovered in the resultant KZK equation: one is the second-order partial derivative term
owing to the viscosity of bubbly liquids and the liquid compressibility and the other is a term
without differentiation owing to the thermal conductivity. We found that the thermal conduction

strongly contributes the dissipation effect.
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Nomenclature

C.V  :nondimensional constants [-]
i : speed of sound [m/s]
D’ : diameter of sound source [m]
Dy, : thermal diffusivity [m?/s]
iy : typical wavelength [m]
n : number density of bubbles [/m?]
n : material constant [-]
p : volume averaged pressure [Pa]
P : surface averaged liquid pressure [Pa]
r : radial distance from x"-axis [m]
i : radial distance from center of bubble [m)]
R : bubble radius [m]
¢ T time [s]
T2 : temperature [K]
T : typical period of wave [s]
', v" : fluid velocity in x* and #* directions [m/s]
U : typical propagation speed of wave [m/s]
Up : phase velocity [-1
x : space coordinate [m]
Greek letters
a : void fraction [-1
y : ratio of specific heats [-]
I', 4.2 : nondimensional constants [-]
0 : nonuniformity of bubble distribution [-]
€ : nondimensional wave amplitude [-]
A : thermal conductivity [W/(m - K)]
o : viscosity of bubbly liquid [Pa - 5]
E.T : transformed space coordinates [-]
o : density [kg/m?]
o’ : surface tension [N/m]
T : retarded time [-]
T 1 viscous stress tensor [Pa]
w’ : incident wave frequency [1/s]
Wy : eigenfrequency of single bubble  [1/s]
Superscripts and Subscripts
G,L : gas and liquid phases
0 : initial unperturbed state
* : dimensional quantity
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