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Owing to its potential for application in ultrasound-based diagnosis and therapy, the dynamics of a
microbubble encapsulated by shells has long been theoretically investigated. However, outside of our
research group, previous theories have been restricted to the case of single encapsulated bubble, whereas
in practical diagnostic scenarios, multiple encapsulated bubbles are used as ultrasound contrast agents.
In this study, the most recent theory for a single encapsulated bubble incorporating shell compressibility
was extended for multiple encapsulated bubbles. Using the method of multiple scales, weakly nonlinear
wave equation for one-dimensional ultrasound in liquids containing multiple encapsulated microbubbles
was derived from the set of volumetric averaged equations for bubbly flow. It was found that the shell
compressibility significantly increased the advection and dissipation effects of ultrasound. Further, five
types of dissipation effects were compared with each other, and showed that the dissipation effects cor-
responding to shell compressibility were the highest.
� 2022 The Authors. Published by Elsevier Ltd. This is an open access article under the CCBY license (http://

creativecommons.org/licenses/by/4.0/).
1. Introduction

In recent decades, medical applications of ultrasound have
received significant attention, leading to several developments in
this area (e.g., ter Haar, 1999; Yoshizawa et al., 2009; Bader
et al., 2016; Park et al., 2017; Kok et al., 2020; Uddin et al., 2021;
Fateh et al., 2021). The use of microbubbles as the ultrasound con-
trast agent (UCA) drastically improves image resolution (e.g., Qin
et al., 2009; Ignee et al., 2016; Chong et al., 2018; Zhu and
Tagawa, 2019; de Leon et al., 2019). UCAs are used not only for
echocardiography (Christiansen et al., 1994; Cohen et al., 1998)
but also for the detection of liver cancer (Postema and Gilja,
2011). Recently, in addition to their intended use as contrast
agents in medical imaging, the use of UCAs for therapeutic pur-
poses has been explored [e.g., for transportation in drug delivery
systems (DDS)] (Ferrara et al., 2007; Coussios and Roy, 2008;
Lentacker et al., 2009; Choi et al., 2011; Kooiman et al., 2014;
Roovers et al., 2019; Entzian and Aigner, 2021).

From a physical perspective, a precise understanding of the
interaction between ultrasound propagation and the UCA (i.e.,
encapsulated microbubble) oscillations is desirable. Subharmonics
and ultraharmonics as a nonlinear component of ultrasound,
induced by nonlinear oscillations of UCA in an ultrasound field,
are the basis of such medical technologies. In most UCAs, the gas
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inside the bubble is stabilized against dissolution via encapsulation
by a shell and membrane, among others (Sojahrood et al., 2021e).
UCAs, such as Albunex and Sonazoid, have been utilized in clinical
applications (Cosgrove and Harvey, 2009). The performance of the
UCA depends on the properties of the shell and the incident acous-
tic pressure (Hoff et al., 2000; Sarkar et al., 2005). Attenuation and
scattering experiments were performed using various types of
UCAs to understand their properties (de Jong et al., 1992;
Frinking and de Jong, 1998; Gorce et al., 2000; Morgan et al.,
2000; Andersen and Jensen, 2009; Tu et al., 2009; Renaud et al.,
2012; Tran et al., 2016; Yoshida et al., 2016). Molecular dynamics
simulations have also been performed to determine the properties
of the shell (Boek et al., 2005; van Opheusden and Molenaar, 2011).
In addition, attempts have been made to model shell parameters
based on molecular interactions (Stride, 2008; Borden, 2019). The
group of Sojahrood extensively investigated the dynamics of
encapsulated bubbles (including the free bubble case) through var-
ious aspects such as bifurcation structure (Sojahrood et al., 2015,
2021c, 2021f; Sojahrood and Kolios, 2012), sub- and super-
harmonic behaviors (Sojahrood et al., 2019, 2020a, 2021a,
2021d), and the mechanics of nonlinear power dissipation
(Sojahrood et al., 2020b, 2020c, 2021b).

From the viewpoint of the equation of motion for UCA, many
types of physico-mathematical models have been derived by
modifying the equation of motion of a single free bubble (i.e.,
a single bubble without a shell) as follows (Chabouh et al.,
2021; Chatterjee and Sarkar, 2003; Church, 1995; de Jong
et al., 1992; Doinikov et al., 2009; Doinikov and Dayton, 2007;
Gubaidullin et al., 2021a,b; Hoff et al., 2000; Lajoinie et al.,
2017; Marmottant et al., 2005; Morgan et al., 2000; Paul et al.,
2010; Raymond et al., 2014; Sarkar et al., 2005; Segers et al.,
2016; Tsiglifis and Pelekasis, 2008; Sojahrood et al., 2018). The
first attempt at modeling the encapsulation of the UCA was
made by de Jong et al. (1992). Church (1995) provided a more
rigorous theoretical model by treating the encapsulating shell
as an incompressible Kelvin–Voigt model. Hoff et al. (2000) then
reformulated on the assumption that the shell thickness is small
enough compared to the bubble radius. Sarkar et al. (2005)
developed a visco-elastic interface model for the encapsulation
of a thin-shelled UCA. Marmottant et al. (2005) developed a
model applicable to UCAs that considers the physical properties
of a lipid monolayer coating on a gas microbubble. Following the
latter study, other nonlinear models have been proposed with
more complex rheological behaviors, such as strain softening
and hardening (Tsiglifis and Pelekasis, 2008; Paul et al., 2010)
or shear thinning (Doinikov et al., 2009). The most recent model,
utilized in this paper, developed by Chabouh et al. (2021), con-
sidered shell compressibility, and showed that neglecting com-
pressibility leads to underestimation of the shear modulus.
Meanwhile, double encapsulated bubbles were treated by Liu
et al. (2016) who formulated their interaction. However, these
studies (Chabouh et al., 2021; Chatterjee and Sarkar, 2003;
Church, 1995; de Jong et al., 1992; Doinikov et al., 2009;
Doinikov and Dayton, 2007; Gubaidullin et al., 2021a,b; Hoff
et al., 2000; Lajoinie et al., 2017; Liu et al., 2016; Marmottant
et al., 2005; Morgan et al., 2000; Paul et al., 2010; Raymond
et al., 2014; Sarkar et al., 2005; Segers et al., 2016; Tsiglifis
and Pelekasis, 2008; Sojahrood et al., 2018) were restricted to
single or low numbers of encapsulated bubbles. Thus, a basic
theory for non-limited (i.e., high numbers of) encapsulated bub-
bles in relation to ultrasound propagation should be established
in light of their general use in diagnostic applications of UCAs.
Although Ma et al. (2004) reported one case of deriving a nonlin-
ear evolution equation for ultrasound in liquids containing mul-
tiple encapsulated bubbles and estimated equivalent acoustic
2

nonlinearity parameters from the perspective of nonlinear acous-
tics, several propagation properties of nonlinear ultrasound such
as advection and dissipation effects have remained ambiguous in
the field of fluid mechanics of two-phase mediums (i.e., bubbly
liquid). Our previous work (Kikuchi and Kanagawa, 2021) was
the first attempt to extend a previously established theory
(Kanagawa et al., 2010; Yano et al., 2013), which studied ultra-
sound propagation in liquids containing multiple microbubbles
without shells, to include shells.

The aim of the present study is to incorporate previously
neglected a compressibility of the shell into our previous theory
(Kikuchi and Kanagawa, 2021) for ultrasound propagation in liq-
uids containing multiple encapsulated microbubbles. Instead of
Hoff et al. (2000)’s model [or Church (1995)’s model], we used
Chabouh et al. (2021)’s model that incorporated the shell com-
pressibility for the first time, as an equation for the bubble oscil-
lation of a single encapsulated bubble. Combining Chabouh et al.
(2021)’s model and volumetric averaged equations for bubbly
liquids, we have successfully derived the Korteweg–de Vries–
Burgers (KdVB) equation as a physico-mathematical model for
acoustic properties of multiple encapsulated bubbles. Based on
the derived KdVB equation, the effect of certain properties of
shell encapsulating bubble (e.g., compressiblity, shear modulus,
viscosity) on the acoustic properties, such as advection, nonlin-
earity, and dissipation, were clarified. We then considered the
significant influence of shell compressibility, which should not
be neglected. Typical UCAs (Albunex, SonoVue, Levovist, and
Optison) were evaluated by comparing the coefficients in the
KdVB equation. This is the first study on the effects of both mul-
tiple encapsulated bubbles and shell compressibility on ultra-
sound propagation.

The remainder of this paper is organized as follows. Section 2
introduces the basic equations for bubbly flow based on volumetric
averaged equations (Ishii, 1977; Kataoka, 1991), and encapsulated
bubble dynamics, including shell compressibility (Chabouh et al.,
2021). Section 3 presents the derivation of the KdVB equation and
explores the effect of shell compressibility ondissipation. The signif-
icant influence of shell compressibility on The propagation proper-
ties of ultrasound is then discussed. Finally, Section 4 concludes
the paper.
2. Formulation of the problem

2.1. Problem statement

Consider a weakly nonlinear [i.e., finite but small amplitude
(e.g., Jeffrey and Kawahara, 1982)] propagation of plane (one-
dimensional), progressive pressure (or ultrasonic) waves radiated
from a sound source placed in flowing liquids containing a uniform
quantity of multiple spherical encapsulated bubbles. The number
of encapsulated bubbles is sufficiently high to use the continuum
model shown in Eqs. (4) and (5) below. For simplicity, the follow-
ing assumptions are made:

(i) The compressibility of shell is newly incorporated.
Although the shell compressibility changes the thickness
of shell, the shell thickness is assumed to be a constant
d�
0, for simplicity.

(ii) The shell of the bubble is assumed to be a visco-elastic body
(Kelvin–Voigt model).

(iii) The liquid is compressible.
(iv) Initially, the gas and liquid phases flow with a constant uni-

form velocity, and nonuniform velocity distribution of each
phase (Maeda and Kanagawa, 2020) is not considered.



Fig. 2. Conceptual illustration of an encapsulated bubble; R� is the bubble radius, d�
0

is the initial shell thickness, and r�
1 and r�

2 are the respective surface tensions at the
internal and external boundaries of the shell.
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(v) The bubbles do not coalesce, break up (Lau et al., 2014),
appear, or disappear, and bubble–bubble interaction
(Fuster et al., 2014; Guédra et al., 2017; Haghi et al., 2019;
Ma et al., 2015; Sojahrood et al., 2021a) is neglected.

(vi) The bubble oscillations are spherically symmetric.
(vii) The thermal conductivity (e.g., Prosperetti, 1991; Kamei et

al., 2021; Kanagawa and Kamei, 2021; Kagami and
Kanagawa, 2022) and phase change (e.g., Zhang and Li,
2014; Tryggvason and Lu, 2015; Kerboua et al., 2021) are
neglected because the role of the thermal effect may not
be essential in diagnostic applications.

(viii) The mass transport across the bubble–liquid interface
(Hissanaga et al., 2020) is neglected (see Figs. 1 and 2).

(ix) The dissipation due to lift (Sankaranarayanan and
Sundaresan, 2002; Dijkhuizen et al., 2010) and drag force
(Arai et al., 2022; Kanagawa et al., 2021a; Yatabe et al.,
2021) acting bubble is neglected.

(x) Multi-dimensionality (e.g., Kanagawa, 2015; Kanagawa
et al., 2011) is not considered.

With the exception of (i), (iiI), and (iv), these assumptions are
identical to those in our previous work (Kikuchi and Kanagawa,
2021).

The shell of each encapsulated bubble is assumed to be a visco-
elastic (Kelvin–Voigt model) body. Chabouh et al. (2021)’s model
for bubble oscillations for a single encapsulated bubble [Eq. (1)
below] is then installed for the equation of motion instead of
Hoff et al. (2000)’s model.

2.2. Basic equations

Rather than the Hoff et al. (2000) or Church (1995) model,
Chabouh et al. (2021)’s model was utilized as the equation of
motion for spherically symmetric oscillations of an encapsulated
bubble. This model incorporates the effect of a visco-elastic shell
as a Kelvin–Voigt model and considers shell compressibility:
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Fig. 1. Ultrasound propagation in liquid containing multiple sp
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with the balance relation of normal stresses,
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Here, the material derivative operator D=Dt� is

D
Dt�

¼ @

@t�
þ u� @

@x�
; ð3Þ
herical microbubbles encapsulated by a visco-elastic shell.
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where t� is the time and x� is the space coordinate normal to the
wave front; R� is the bubble radius, p�

G and p�
L are the respective

volumetric averaged pressures of gas and liquid phases, and P� is
a surface averaged liquid pressure; the superscript � denotes
dimensional quantity, the subscript 0 denotes the initial unper-
turbed state (e.g., R�

0 is the initial bubble radius), and G and L denote
the respective gas and liquid phases; as constants, c�L0 is sound
speed in the unperturbed liquid, G� is the shear modulus of shell,
K� is the bulk modulus of shell, l�

S is the shear viscosity of shell,
l�

K is the viscosity describing the friction losses due to volume
change of shell, qL0 is the initial liquid density, p�

G0 is the initial
gas pressure, l�

L is the liquid viscosity, and d�
0 is the (initial) shell

thickness. Here, r�
1 and r�

2 are the respective surface tensions at
the internal and external boundaries of the shell. Eq. (1) was
extended from a single bubble to the case of multiple bubbles; that
is, R� ¼ R� x�; t�ð Þ is treated as a field variable. In the case without a
shell, Eq. (1) coincides with the Keller–Miksis equation for an
uncoated bubble.

There are three unknown variables, i.e., R�, p�
L, and P� in Eq.

(1). The following equations for a flow field are then used to
close the set of equations. The following conservation equations
of mass and momentum for bubbly liquids based on the mix-
ture model are used as volumetric averaged equations, which
assumed the presence of multiple bubbles (Ishii, 1977;
Kataoka, 1991):
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where u� is the fluid velocity. Here, it is assumed that the pressure
of the bubbly liquid is equivalent to the average pressure of the
liquid (Akhatov et al., 1994; Yano et al., 2013). The bubbly liquid
is assumed to be a Newtonian fluid, and the viscosity of bulk liquid
is ignored based on the Stokes assumption. As has been derived in
several prior works (Schowalter et al., 1968; Choi and Schowalter,
1975), the viscosity of the bubbly liquid as a physical property,
l�, is expressed as follows:

l� ¼ 1þ a0ð Þl�
L; ð6Þ

where a0 is the initial void fraction. Here, l� is higher than l�
L

because the mechanical work acting on the water and the velocity
of the flow field are reduced owing to the containing bubbles
(Einstein, 1906). Note that Eq. (6) is applicable if a0 < 0:05 (Murai
et al., 2015). The volume-averaged density of the bubbly liquid q�

is defined as follows:

q� ¼ 1� að Þq�
L; ð7Þ

where a is the void fraction (i.e., volumetric fraction of gas phase;
0 < a < 1) and the density of the gas is neglected. The void fraction,
a, is related to the number density of the bubbles, N�, using the fol-
lowing equation:

a ¼ 4
3
pR�3N�; ð8Þ
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Eq. (8) defines a and Eq. (9) represents the conservation of N�.
Substituting the following conservation equation of mass inside

the bubble,
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and Eq. (8) into Eq. (9), we obtain
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Furthermore, substituting Eqs. (6) and (7) into Eqs. (4) and (5), we
obtain
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The set of Eqs. (1) and (11)–(13) is closed by the Tait equation of
state for the liquid phase and the polytropic equation of state for
the gas phase, as follows:

p�
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L

q�
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p�
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¼ q�
G

q�
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� �c
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where n is the material constant (e.g., n ¼ 7:15 for water).

2.3. Multiple scale analysis

Independent variables are first nondimensionalized as

t ¼ t�

T� ; x ¼ x�

L�
; ð16Þ

where T� and L� represent a typical period and wavelength of the
concerned wave, respectively. Based on the method of multiple
scales (e.g., Jeffrey and Kawahara, 1982), by the use of the nondi-
mensionalized independent variables t and x, a near-field [i.e., the
temporal and spatial scales of O 1ð Þ] is described by

t0 ¼ t; x0 ¼ x; ð17Þ
and a far-field [i.e., the temporal and spatial scales of O 1=�ð Þ] is
described by

t1 ¼ �t; x1 ¼ �x; ð18Þ
where � is a nondimensional wave amplitude that is sufficiently
small compared to unity (0 < �� 1, i.e., a weakly nonlinear prob-
lem). Dependent variables are regarded as functions of the extended
independent-variables in Eqs. (17) and (18). Thus, the differential
operators are expanded as the manner of derivative expansion
method (e.g., Jeffrey and Kawahara, 1982):

@

@t
¼ @

@t0
þ �

@

@t1
;

@

@x
¼ @

@x0
þ �

@

@x1
: ð19Þ

All the dependent variables are nondimensionalized and expanded
in the power series of � (Kanagawa et al., 2010):

a
a0

¼ 1þ �a1 þ �2a2 þ � � � ; ð20Þ
u�

U� ¼ u0 þ �u1 þ �2u2 þ � � � ; ð21Þ
R�

R�
0
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q�
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p�
L

q�
L0U

�2 ¼ pL0 þ �pL1 þ �2pL2 þ � � � ; ð24Þ

where U� � L�=T�ð Þ is the typical propagation speed of the con-
cerned wave. It should be noted that the expansion of q�

G and p�
G

were determined from Eqs. (23) and (24). The effect of initial poly-
dispersity (e.g., Kanagawa et al., 2021b; Segers et al., 2018) is
neglected in this paper, for simplicity.
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The target considered herein is a low-frequency long wave. To
focus this band, the set of three nondimensional ratios among
the physical parameters was determined as in Kanagawa et al.
(2010):

U�
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ffiffiffi
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; ð25Þ
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where V , D, and X are constants of O 1ð Þ and are calculated by the
values of other symbols, x� is a typical angular frequency, and x�

B

is a natural angular frequency of linear spherical symmetric oscilla-
tions of a single encapsulated bubble obtained from Eq. (1)
(Chabouh et al., 2021):
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The incident frequency x� 	 11MHz and phase velocity
U� 	 618m s�1 for the case of a micrometer bubble (i.e.,
R�
0 ¼ 1lm) are examples of the order estimation of scale using

Albunex (see Table 1). In this paper, we do not discuss the effect
of dual frequency (Zhang and Li, 2017; Zhang, 2018), chaotic oscil-
lations (Hegedüs and Klapcsik, 2015), and many complex aspects of
bubble dynamics.

Furthermore, the nondimensional liquid viscosity, shell shear
viscosity , viscosity describing the friction losses due to volume
change, shell shear modulus, shell bulk modulus, and shell thick-
ness are defined using � (Chabouh et al., 2021; Kikuchi and
Kanagawa, 2021):
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where lL, lS, lK, G, K, and d0 are constants of O 1ð Þ.

3. Derivation of KdVB equation

3.1. Leading order of approximation

Substituting Eqs. (19)–(29) into Eqs. (1) and (10)–(15) and
equating the coefficients of like powers of � in the resultant equa-
tions, the following set of linearized equations are obtained as first-
order equations:
Table 1
Physical properties of the shell (i.e., the shear modulus G�

S [MPa], shell viscosity l�
S [Pa s],

SonoVue (Tu et al., 2009), and Optison (Chatterjee and Sarkar, 2003). Levovist (Andersen
tensions in Church (1995), r1 ¼ 0:04 N=m and r2 ¼ 0:05 N=m are used. These values are u

UCA G�
S [MPa] l�

S [Pa s]

Albunex 15 0.05
SonoVue 20 0.6
Levovist 80 1.3
Optison 20.7 1.7

5

(i) The mass conservation equation for the gas phase,
and shel
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(ii) The mass conservation equation for the liquid phase,
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(iii) The momentum conservation equation for the gas phase,
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(iv) The equation of motion for spherically symmetric oscilla-
tions of an encapsulated bubble,
D2

X2 R1 þ pL1 ¼ C: ð33Þ
Here, the constant term C appears on the right-hand side of Eq. (33)
in the present study, although this term did not appear in Kikuchi
and Kanagawa (2021), is given by

C ¼ 3d0
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Eliminating a1, u1, and pL1 from Eqs. (30)–(33), the single linear
wave equation for first-order perturbation of bubble radius, R1, is
obtained:

D2R1

Dt20
� v2

p
@2R1

@x20
¼ 0; ð36Þ

with the phase velocity vp,

vp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D2=X2

3a0 1� a0ð Þ

s
: ð37Þ

Thus, the viscosity and elasticity of the shell do not contribute ultra-
sound propagation in the leading order of approximation. Setting
vp ¼ 1 gives the explicit form of U� as

U� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R�2
0 x�2

B

3a0 1� a0ð Þ

s
: ð38Þ

Focusing on the right-running wave alone, a phase function u0 is
introduced as

u0 � x0 � vp þ u0
� �

t0: ð39Þ
The other first-order perturbations are obtained from Eqs. (30)–(33)
using u0:

a1 ¼ s1R1 ¼ 3 1� a0ð ÞR1; ð40Þ
u1 ¼ s2R1 ¼ �3a0vpR1; ð41Þ
l thickness d�
S0 [nm]) for four major contrast agents: Albunex (Church, 1995),

sen, 2009), and Optison (Chatterjee and Sarkar, 2003). According to surface
igs. 3–7.

d�S0 [nm] References

15 Church (1995)
4 Tu et al. (2009)
6 Andersen and Jensen (2009)
7.5 Chatterjee and Sarkar (2003)
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pL1 ¼ s3R1 þ C ¼ �3a0 1� a0ð Þv2
pR1 þ C: ð42Þ

The main difference to our previous study can be observed in Eqs.
(33) and (42). The explicit form of U� (or vp) coincides with the
counterpart in our previous study for free bubbles; noting that U�

is implicitly affected the shell properties, since the eigenfrequency
of bubble x�

B in U� depends on the shell properties [see Eq. (28)].
Thus, the second order of approximation is considered. Therefore,
if the shell is incompressible (i.e., K ! 1) and there is an absence
of initial flow velocity (i.e., u0 ¼ 0), D=Dt0 becomes @=@t0, and the
present result is almost identical to Kikuchi and Kanagawa (2021).

3.2. Second order of approximation and the resultant equation

Similar to the case of the leading order of approximation, the
following single inhomogeneous equation for R2 is derived as the
second-order equation:

D2R2
Dt20

� v2
p
@2R2
@x2

0
¼ � 1

3
DK1
Dt0

þ 1
3a0

DK2
Dt0

þ u0
3a0 1�a0ð Þ

@K2
@x0

þ 1
3a0 1�a0ð Þ

@K3
@x0

� D2

3a0 1�a0ð ÞX2
@2K4
@x20

¼ K R1;u0; t1; x1ð Þ;
ð43Þ

with the inhomogeneous terms Ki ði ¼ 1;2;3;4Þ:

K1 ¼�@u1

@x1
þ3

DR1

Dt1
�Da1

Dt1
þ3

DR1a1

Dt0
�6

DR2
1

Dt0
þ3

oR1u1

@x0
�@a1u1

@x0
; ð44Þ

K2 ¼ 1�a0ð Þ@u1

@x1
�a0

Da1

Dt1
�a0

@a1u1

@x0
þ 1�a0ð ÞDqL1

Dt0
; ð45Þ

K3¼ �u0 1�a0ð Þ@u1
@x1

� @pL1
@x1

� 1�a0ð ÞDu1Dt1
þa0u0

Da1
Dt1

� 1�a0ð Þ@u21
@x0

þa0u0
@a1u1
@x0

þa0
Da1u1
Dt0

� 1�a0ð Þu0
DqL1
Dt0

þ 4
3 1þa0ð ÞlL

@2u1
@x20

;

ð46Þ

K4 ¼ 1þ 3c 3c�1ð ÞX2pG0
2D2

h i
R2
1�X2 D2R1

Dt20
�DV DR1

Dt0
þ4lLX

2

D2
DR1
Dt0

þ4X2d0
D2 lS 1� 4G

3Kþ4G

� �
þ2lK

3G
3Kþ4G

h i
DR1
Dt0

�X2d0R1
D2

12GpG0
3Kþ4Gþ 1� 12G

3Kþ4G

� �
r1� 3

3Kþ4G 3cpG0�r1ð Þ2�3K 3cpG0�r1ð Þ
h in o

þX2

D2 C2:

ð47Þ

From the solvability condition of the inhomogeneous equation in
Eq. (43), K ¼ 0 is imposed (Kanagawa et al., 2010). By using
Eq. (19), the independent variables u0; t1, and x1 in Eq. (43) are
restored into t and x:

@R1

@t
þ vp þ u0
� � @R1

@x

þ � P0
@R1

@x
þP1R1

@R1

@x
þP2

@2R1

@x2
þP3

@3R1

@x3

 !

¼ 0; ð48Þ
via the variables transform

s � �t; n � x� vp þ u0 þ �P0
� �

t: ð49Þ
The KdVB equation is finally obtained in the following format:

@f
@s

þP1f
@f
@n

�P2
@2f

@n2
þP3

@3f

@n3
¼ 0: ð50Þ

Here, constant coefficients are given by

P0 ¼ � vp 1�a0ð ÞD2V2

6a0X2 � d0
6a0 1�a0ð Þvp

12G
3Kþ4G pG0 þ 1� 12G

3Kþ4G

� �
r1

n
� 3

3Kþ4G 3cpG0 � r1ð Þ2 � 3K 3cpG0 � r1ð Þ
h io ð51Þ

P1 ¼ 1
6

k1 � k2
a0

þ k3
a0 1� a0ð Þ � 6vpk4


 �
; ð52Þ

P2 ¼ P21 þP22 þP23 þP24 þP25;9

P3 ¼ vpD
2

6a0 1� a0ð Þ ¼
x�2

2�x�2
B

; ð54Þ
6

where P1 is composed of

k1 ¼ 6vp 2� s1ð Þ þ 2s2 3� s1ð Þ; ð55Þ
k2 ¼ �2a0s1s2; ð56Þ
k3 ¼ 0; ð57Þ

k4 ¼ 1þ c 3c� 1ð ÞpG0

2a0 1� a0ð Þv2
p
; ð58Þ

and P2 is composed of

P21 ¼ 2ð1þ a0Þ
3ð1� a0ÞlL; ð59Þ

P22 ¼ 2
3a0 1� a0ð ÞlL; ð60Þ

P23 ¼ 2
3a0 1� a0ð ÞlS 1� 4G

3K þ 4G

� �
d0; ð61Þ

P24 ¼ 4
3a0 1� a0ð ÞlK

3G
3K þ 4G

d0; ð62Þ

P25 ¼ 1
6a0 1� a0ð Þ

D3V

X2 : ð63Þ

Here, the absolute values of P0, P1, P2, and P3 represent the mag-
nitude of advection, nonlinear, dissipation (i.e., attenuation), and
dispersion effects, respectively. In P2, P21 describes dissipation
due to viscosity of the bulk liquid, P22 describes dissipation due
to liquid viscosity at the interface, P23 describes dissipation due
to shell viscosity, P24 describes dissipation due to shell compressi-
bility, and P25 term describes dissipation due to liquid compressi-
bility. Here, P2 and P3 are positive, while P0 and P1 are
negative. It should be noted that the analytical expression of the
signs of P0 and P1 is challenging. The present coefficient
Pi i ¼ 0;1;2;3ð Þ does not depend on the initial void fraction a0.

Although the present advection, nonlinear, and dissipation coef-
ficients differ from our previous coefficients for free bubbles
(Kanagawa et al., 2010), the dispersion coefficient P3 is identical
to that in our previous coefficient (Kanagawa et al., 2010). As in
the case of vp or U

�, noting that the presence of shell does not affect
explicitly the dispersion coefficient P3 (i.e., dispersion effect) of
ultrasound; P3 implicitly depends on the presence of shell since
x�

B in P3 depends on the shell [see Eqs. (28) and (54)]. If the shell
is incompressible, Eq. (50) is almost identical to that in Kikuchi and
Kanagawa (2021).

The shell compressibility, shell shear modulus, surface tension,
and shell viscosity affect the advection, nonlinear, and dissipation
terms (i.e., advection, nonlinear, and dissipation effects of ultra-
sound). A quantitative discussion is presented in the next section.
4. Discussion

Here, the advection, nonlinear, and dissipation coefficients of
KdVB equation are quantitatively discussed based on the physical
properties of four well-known UCAs: Albunex, SonoVue, Levovist,
and Optison, summarized in Table 1. Noting that the shell thick-
ness d�

0 is constant.
Figs. 3–5 show the advection, nonlinear, and dissipation coeffi-

cients P0, P1, and P2 versus the initial bubble radius R�
0, respec-

tively. The present coefficients for the case with shell
compressibility are then compared to the previous coefficients
for the cases without shells (Kanagawa et al., 2010) and without
shell compressibility. Here, we defined without shell case as
r�

1 ¼ 0:072 N/m, r�
2 ¼ 0, and d�

0 ¼ 0. Figs. 3(a)–5(a) represent the
case of Albunex as an example; the tendency was qualitatively
identical for the case of the other UCAs.
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4.1. Comparison amoung UCAs

From Fig. 3(b), the advection effect (i.e., absolute value of P0) of
SonoVue is the smallest. Especially, R�

0 ¼ 1lm for a medical use,
the maximum value (i.e., Albunex) is approximately twice the min-
imum value (i.e., SonoVue). For the nonlinear coefficient P1, the
difference between all UCAs increases with increasing R�

0. The
absolute value of SonoVue is the largest of all UCAs with shell com-
pressibility [Fig. 4(b)]. Meanwhile, for the dissipation coefficient
P2, the difference between all UCAs relatively increases with
decreasing R�

0; in particular, Optison has the largest difference of
all UCAs with shell compressibility [Fig. 5(b)]. However, the order
of sizes of four UCAs changes in the region of R�

0 6 1lm.
4.2. Five dissipation factors

Fig. 6 represents the components of P2 as follows: (i) Brown
curve: Component of the viscosity of bulk liquid (i.e., P21); (ii)
Orange curve: Component of the liquid viscosity at the interface
(i.e., P22); (iii) Green curve: Component of the shell shear viscosity
lS (i.e., P23); (iv) Red curve: Component of the shell viscosity
describing the friction losses due to volume change lK (i.e., P24);
and (v) Purple curve: Component of liquid compressibility (i.e.,
Fig. 4. Nonlinear coefficient P1 versus the bubble radius R�
0 [m]: (a) Albunex with and w

Levovist with shell compressibility.

Fig. 3. Advection coefficient P0 versus the initial bubble radius R�
0 [m] for Optison, A

X ¼ 1;
ffiffiffi
�

p ¼ 0:15;p�
L0 ¼ 101325Pa;q�

L0 ¼ 1000kg=m3; c�L0 ¼ 1500m=s;l�
L ¼ 1� 10�3 Pa � s;

These values are also used in Figs. 4–6. (a) Albunex with and without shell compress
compressibility.
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P25). It should be noted that the order of sizes of four UCAs
changes in the region of R�

0 6 1lm.
In order of size, there are two types in R�

0 ¼ 1lm: Type A (Albu-
nex, Levovist, and Optison) has the highest shell compressibility,
followed by the shell viscosity, liquid viscosity at the interface, liq-
uid compressibility, and viscosity of bulk liquid, in that order; Type
B (SonoVue) has the highest shell compressibility, followed in
order by the liquid viscosity at interface, shell viscosity, liquid
compressibility, and viscosity of bulk liquid. In both types, the dis-
sipation due to the viscosity of bulk liquids is almost 2% that of the
second lowest component of dissipation, even at R�

0 ¼ 10lm.

4.3. Effect of shell

As can be observed in the absolute values in Figs. 3–5, the pres-
ence of the shell increases the advection and dissipation effects but
decrease the nonlinear effect (i.e., absolute value of coefficients) as
in our previous study for free bubbles (Kanagawa et al., 2010).

For the advection coefficient P0, the difference between the
case considering shell compressibility and the case without the
shell is almost constant regardless of changes in R�

0 [see blue and
green curves in Fig. 3(a)]. For the nonlinear coefficient jP1j, the
case of without shell is greater than the case of with shell case.
Note that the present model ignored buckling and rupture, which
ithout shell compressibility and without shell; (b) Optison, Albunex, SonoVue, and

lbunex, SonoVue, and Levovist, without shell compressibility and without shell:
l�

K ¼ 0:7l�
S;K

� ¼ 0:7G� ;a0 ¼ 0:005. The other values are summarized in Table 1.
ibility and without shell. (b) Optison, Albunex, SonoVue, and Levovist with shell



Fig. 5. Dissipation coefficientP2 versus the initial bubble radius R�
0 [m]: (a) Albunex with and without shell compressibility and without shell; (b) Optison, Albunex, SonoVue,

and Levovist with shell compressibility. Note that the difference between SonoVue and Albunex is quite small.

Fig. 6. Components of dissipation coefficient P2 of viscosity of bulk liquid (i.e., P21), liquid viscosity at the interface (i.e., P22), shell viscosity (i.e., P23), shell compressibility
(i.e., P24), and liquid compressibility (i.e., P25): (a) Type A (Albunex) and (b) Type B (SonoVue).
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increase the nonlinearity (Marmottant et al., 2005; Sojahrood et al.,
2021c, 2021f) [see blue and green curves in Fig. 4(a)]. It is implied
that the absolute value of the previously obtained nonlinear coef-
ficient (Kikuchi and Kanagawa, 2021) neglecting shell compressi-
bility will produce an overestimated value.

Meanwhile, for the dissipation coefficient P2, the difference
between the two cases increases with decreasing R�

0 [see blue
and green curves in Fig. 5(a)].
8

4.4. Effect of shell compressibility

In this study, an understanding of the effect of shell compress-
ibility has been obtained for the first time. The following results
show the importance of considering shell compressibility.

A greater advection coefficient P0 is observed in the case with
shell compressibility than in the case without, and the difference
between the two cases decreases with increasing R�

0.



Fig. 7. Temporal evolution of the numerical solutions of the KdVB equation. The black and red curves represent the waveforms with shell compressibility case and, without
shell case, respectively. The initial void fraction is a0 ¼ 0:01 and the initial bubble radius is R�

0 ¼ 0:001mm. The nondimensional times are (a) s ¼ 0, (b) s ¼ 0:5, and (c)
s ¼ 5:0.
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In 0:1lm 6 R�
0 6 7lm, the dissipation coefficient P2 is greater

in the case with shell compressibility than in the case without,
and the difference decreases with increasing R�

0 [see red and green
curves in Fig. 5(a)]. Note that the shell thickness, d�

0 is constant, the
nondimensional number d0 ¼ d�

0=R
�
0

� �
decreases as increase R�

0. This
decreasing tendency of the overall shell effect with a decreasing d0

agrees with the case of a single encapsulated bubble (Chabouh et
al., 2021). The nonlinear coefficient P1 is lower in the case without
shell compressibility than the case with [see red and green curves
in Fig. 4(a)]. In summary, the consideration of shell compressibility
(Chabouh et al., 2021) is important.
4.5. Limitation of present model

The present KdVB equation [Eq. (50)] was derived by the pertur-
bation analysis up to second-order approximation. The present dis-
sipation coefficient is composed as linear combination of each
factor, and cannot describe nonlinear dissipation effect
(Louisnard, 2012; Sojahrood et al., 2020b, 2020c, 2021b). For the
case that the pressure amplitude becomes higher, nonlinear dissi-
pation effect (Sojahrood et al., 2020b, 2020c, 2021b), is important.
In a forthcoming paper, we will derive nonlinear dissipation coef-
ficient (term) via a perturbation analysis with over third-order
approximation.

Although the buckling and rupture will be occur (Marmottant
et al., 2005; Sojahrood et al., 2021a, 2021c) when the pressure
amplitude become higher, they are ignored in the present study.
The effect of buckling and rupture will also be incorporated in a
forthcoming paper. In light of the importance of bubble dynamics
inside blood vessels, the interaction of encapsulated bubbles with
vessels will also be analyzed (Hosseinkhah et al., 2013, 2014;
Sassaroli and Hynynen, 2005; Vlachomitrou and Pelekasis, 2021a,
2021b).
4.6. Numerical example

Finally, we numerically solve the KdVB equation [Eq. (50)] to
discuss the temporal- and spatial-evolutions of the waveform.
The numerical scheme is a split-step Fourier method [the detail
was shown in Appendix in our previous report (Kamei et al.,
2021)]. The initial waveform is the sine pulse wave in Fig. 7(a).
Here we depict the variation of liquid pressure, pL1 via the use of
Eq. (42).

Fig. 7 shows the example of numerical solution. The solid red
curve and dashed black curve represent the cases with and without
the shell, respectively. The solid red curve was more attenuated
than the dashed black curve because the dissipation effect is signif-
icant in the case of with shell [Eq. (50)]. The dashed black curve
9

was distorted at n 	 10 due to the dispersion effect, while the solid
red curve was smooth due to the significant dissipation effect
[Fig. 7(c)].
5. Conclusions

In this study, the weakly nonlinear propagation of one-
dimensional ultrasound waves in a compressible liquid uniformly
containing multiple encapsulated microbubbles was theoretically
studied. The shell of the bubble is assumed to be a visco-elastic
body (Kelvin–Voigt model). Furthermore, for the first time shell
compressibility has been considered by utilizing a recently pro-
posed equation of motion (Chabouh et al., 2021). The purpose of
the study was to extend the acoustic theory of a single encapsu-
lated bubble (Chabouh et al., 2021) to multiple encapsulated bub-
bles. To this end, our previous theory (Kikuchi and Kanagawa,
2021) was successfully extended to incorporate the viscosity of
bulk liquid, shell compressibility, and liquid compressibility
neglected in Kikuchi and Kanagawa (2021). The shell compressibil-
ity affected the advection, nonlinear, and dissipation terms, but did
not contribute the dispersion term in the KdVB equation.

Focusing on the coefficients of advection, nonlinear, and dissi-
pation terms, the following results were obtained: (i) The shell
compressibility significantly increases the advection and dissipa-
tion effect, but slightly increases the nonlinear effect. The shell
compressibility describes the friction losses due to volume change
[the fourth term in Eq. (53)] increased the effects of the dissipation
of ultrasound waves; (ii) From the comparison among four typical
UCAs (i.e., Albunex, SonoVue, Levovist, and Optison), the different
tendencies of the dissipation coefficient components were clari-
fied; (iii) For the case of SonoVue, and Levovist, the dissipation
coefficient due to shell compressibility was greater than that due
to other factors at R�

0 ¼ 1lm for medical use. In contrast, the dissi-
pation coefficient due to the viscosity of bulk liquid was smaller
than that due to other factors.

From these results, a basic understanding of the effect of the
shell of encapsulated bubbles on nonlinear propagation of ultra-
sound waves was successfully obtained. We discover that the
effect of shell compressibility, which has long been neglected, is
absolutely necessary and requires discussion. A detailed compar-
ison of the present model and the experimental results will be pre-
sented in a forthcoming paper.
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