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ABSTRACT

In this study, the weakly nonlinear propagation of plane progressive pressure waves in an initially quiescent liquid was theoretically
investigated. This liquid contains several small uniformly distributed spherical polydisperse gas bubbles. The polydispersity considered here
represents various types of initial bubble radii, and the liquid contains multiple bubbles, each with an initial radius. Using the method of
multiple scales, we first derived the Korteweg—de Vries—Burgers (KdVB) equation with a correction term as a nonlinear wave equation. This
equation describes the long-range wave propagation with weak nonlinearity, low frequency, and long wavelength in the polydisperse bubbly
liquid using the basic equations in a two-fluid model. The utilization of the two-fluid model incorporates the dependence of an initial void
fraction on each coefficient in the nonlinear, dissipation, and dispersion terms in the KdVB equation. Furthermore, unlike previous studies
on waves in polydisperse bubbly liquids, we achieved the formulation without assuming an explicit form of the polydispersity function.
Consequently, we discovered the contribution of polydispersity to the various effects of wave propagation, that is, the nonlinear, dissipation,
and dispersion effects. In particular, the dispersion effect of the waves was found to be strongly influenced by polydispersity.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0099282

I. INTRODUCTION

Pressure waves in liquid containing several microbubbles (ie.,

theoretically derive a weakly nonlinear wave equation, which describes
the spatiotemporal evolution through a competition of the three prop-

bubbly liquid) convert either into shock waves or into an acoustic soli-
ton' through competition between the nonlinear effects of waves and
the dispersion effect owing to bubble oscillations in the medium.
Because shock waves and solitons have different properties than waves,
it is necessary to evaluate them (i.e., nonlinearity, dissipation, and dis-
persion) to predict their development. Several studies have been con-
ducted on pressure waves in bubbly liquids by both experimental
measurements” '~ and numerical simulations.” "> ** Although it is
difficult to directly evaluate the magnitude of the three properties with
these methods, few theoretical approaches have facilitated it. Several
theoretical studies on pressure wave propagation in bubbly liquids
have been conducted to investigate waveforms by deriving a nonlinear
wave equation.”” *’ For weakly nonlinear pressure waves, we can

erties. Using this equation, we can evaluate the balance between the
three properties. Korteweg—de Vries—Burgers (KdVB) equation, in
particular, is one of the most prominent weakly nonlinear wave equa-
tions that describes low-frequency long-wave pressure waves in bubbly
liquids. It has been derived in several theoretical studies' ' > and
agrees with a few experimental results.’

Recently, our group has been improving and re-deriving the
KdVB equation, and evaluating the effects of previously ignored
viewpoints on wave propagation and the three properties. Some
additional wave propagation properties being considered are the ini-
tial nonuniform distribution of velocities in gas and liquid phases,”
drag force acting on the bubbles, and bubble translation,””*® and
quasi-one-dimensional propagation as a focused ultrasound.”’
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Moreover, we re-considered previously incorporated viewpoints such
as thermal conduction under monodispersity’’ and polydispersity”’
assumptions. In particular, our group’”’”” clarified the incorporation
of the initial void fraction dependence on the three properties for the
utilization of the two-fluid model equations in the case of monodis-
perse bubbly liquids.

The KdVB equation describing pressure wave propagation in
bubbly liquids was first derived by van Wijngaarden.”” Since then, sev-
eral theoretical studies have proposed new and improved KdVB equa-
tions.”*" ®* Although the KdVB equation predicts the theoretical
evolution of pressure waves in bubbly liquids well, few papers have
reported its disagreement with experimental results. Watanabe and
Prosperetti”* compared the numerical solution of the model by
Caflisch et al.”” based on Wijngaarden’s model with the experimental
results”® and found significant differences in some results. They con-
cluded that a few flaws existed in Wijngaarden’s model and other
models (i.e., basic equations and approximation methods). However,
they could not clarify the physical reasons for these differences.
Beylich and Giilhan™® claimed the validity of the theoretical model,
but this result challenges it. Kameda et al.”’” found that the cause of
this discrepancy was the initial nonuniformity of bubble size (i.e., ini-
tial polydispersity). They compared the results of shock wave tube
experiments using bubbly liquids with the numerical solutions of a
mathematical model®” and found close quantitative agreement. These
results suggest that polydispersity is a non-negligible factor in the
accurate prediction of pressure wave propagation in bubbly liquid.

In the last few decades, pressure wave propagation in
bubbly liquids has been actively studied with a focus on
polydispersity.”">”* ' In particular, Ando et al.'>** numerically ana-
lyzed shock waves propagating in a polydisperse bubbly liquid and
clarified the phenomenon of phase cancellation, which is caused by
the independent oscillation of bubbles with different initial sizes and
does not occur in the monodisperse case. It is understood that most
bubbly liquids have polydispersity, and it is therefore a factor that can-
not be ignored when considering pressure waves in bubbly liquids.
Nevertheless, few studies””" have considered polydispersity in the
weakly nonlinear wave equation, which enables qualitative evaluation
of pressure waves in bubbly liquids. However, the three properties
have not been considered in the evaluation. This is a significant prob-
lem for the global understanding of pressure waves in bubbly liquids.

Gumerov first derived the KdVB equation considering initial
polydispersity by using mixture model equations.”” However, the
dependence of the three properties on the initial void fraction could
not be reflected in the resultant KdVB equation. Later, using two-fluid
model equations, our group”" also derived the KdVB equation consid-
ering initial polydispersity, but the size of the polydispersity was signif-
icantly small. Surprisingly, the previous studies’’' assumed that
bubbles obey only one type of eigenfrequency for a representative bub-
ble with multiple bubbles.

In this paper, we propose introducing multiple eigenfrequencies
for each bubble in polydisperse bubbly liquids with a discrete distribu-
tion of initial bubble radii. This assumption results in the incorpora-
tion of acoustic properties, such as phase cancellation, caused by
interactions between the various bubble oscillations of each initial size.
The purpose of this study was to theoretically elucidate the effects of a
discrete distribution of the initial bubble radius on weakly nonlinear
propagation of pressure waves in polydisperse bubbly liquids. This
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was based on deriving the KdVB equation, where the polydispersity is
non-negligible, and the dependence of the initial void fraction is incor-
porated using basic equations by the two-fluid model.

The remainder of the paper is organized as follows. In Sec. 11, we
describe a problem in which several bubbles with a discrete distribution
of initial radii are represented as N types of bubbles oscillating indepen-
dently. To incorporate the effect of the independent motion of bubbles,
for the polydisperse case, the oscillations of several bubbles in bubbly
liquids are described by the Keller equation (7), for multiple, instead of
single, initial radii. In this study, “polydispersity” represents a discrete
distribution of bubble radii. In Sec. III, we derive the KdVB equation
with polydispersity using the method of multiple scales for basic equa-
tions in the two-fluid model, and discuss the effects of polydispersity on
the three properties (i.e., nonlinearity, dissipation, and dispersion) under
the assumption that the bubble radius follows a lognormal distribution,
which is often adopted as the distribution of polydisperse bubbly liquids.
Finally, Sec. IV presents the conclusions of this study.

Il. PROBLEM FORMULATION
A. Assumption

In this study, the weakly nonlinear (i.e., finite but small ampli-
tude) propagation of a plane (one-dimensional) progressive pressure
wave in a compressible liquid that contains a large number of uni-
formly distributed small spherical gas bubbles was theoretically con-
sidered, as shown in Fig. 1. We focused on examining the effects of
polydispersity of the initial radius of bubble on wave propagation. The
bubbly liquid was initially assumed to be quiescent. The coalescence,
breakup, appearance, and extinction of bubbles were not considered.
The following factors were not considered for simplicity: gas
viscosity, thermal conductivities of the liquid,”"”"”*”*"* bubble inter-
action,” " *? phase change, and mass transport across the bubble wall
(ie., gas-liquid interface).'” As clarified by our previous papers,”””
initial nonuniformity of bubble distribution (i.e., number density of
bubbles) contributes to an advection effect of waves (i.e., propagation
speed of waves), but we here assume the initially uniform bubble dis-
tribution for simplicity. The pressure and density of gas were assumed
to be uniform inside each bubble.

Polydispersity was considered; that is, it was assumed that the ini-
tial bubble radius has N types”’ at any position, as shown in Fig. 1.
These bubble groups move independently from each other. It should
be noted that the content rate of each bubbly liquid bubble type is ini-
tially uniform.

B. Basic equations

The utilization of basic equations based on a two-fluid model'”*
enables us to describe the dependence of the initial void fraction on
the weakly nonlinear wave equations. Therefore, mass and momen-
tum conservation equations for the gas and liquid phases in the two-
fluid model were initially used

9. 9 L
o (2pg) + O (2pgug) =0, 1)
a * a * %
o [(1 - O()pd +% [(1 - OC)IDL’"L} =0, (2)
0 * % d * % Ipc *
T (xpgug) + I (apus?) + ‘X% =F, (3)
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FIG. 1. Conceptual diagram of problem statement: (a) propagation of pressure waves in a polydisperse bubbly liquid and (b) the model for the elements of a polydisperse bub-

bly liquid.
a * ok a ko %
T [(1 - “)pL”L} + O [(1 - O‘)PL”LZ]
opr | e O
—|—(1—oc)ax*+P o F*, (4)

where t* is time, x* is the space coordinate, o is the void fraction (vol-
ume fraction of the gas phase), u* is the fluid velocity, p* is the
volume-averaged density, p* is the volume-averaged pressure, and P*
is the liquid pressure averaged at the bubble-liquid interface. The
subscripts G and L represent volume-averaged variables in the gas and
liquid phases, respectively, and the superscript * represents a dimen-
sional quantity. As an interfacial momentum transportation model,
the model for virtual mass force F* was employed'’*'"”

. . (Dgug  Drup <« Do
F'=- ﬁlapL( Dr  Dr ) Bapr(ug — uy) Dt
* % DGP;
— pio(us —u 5
ﬂ3 ( G L) Dt ) ( )

where coefficients f3; (j = 1,2, 3) are set to 1/2 for the case of spherical
bubbles. Lagrange derivatives Dg/Dt* and Dy /Dt* are defined as
follows:
Do_09 .0 Du_0 .0
D~ or Cox’ Dt or hoxt
The spherically symmetric bubble oscillations in a compressible
liquid are governed by the Keller equation'”* (i = 1,2, ..., N)

L L DGR\ .DgRi 3¢ 1 DGR; (DGR;? ?
¢, Dt )7 Dtz 2 3¢, Dt* Dt*

1 DGR\ P; R: D
= (1 ) e R D i P, @)
cfo Dt Plo  Plocio Dt

(6)

where ¢}, is the speed of sound in pure water and R} (x*,t*) is the
bubble radius when the initial type is ith. We introduce polydispersity
with a different initial condition of oscillations for each i type.

Equation for thermal conduction at the gas-liquid interface® is
described as

where T, is the temperature of the gas phase for the ith bubble,  is
the ratio of the specific heats, r* is the radial distance from the center
of the bubble, and Ag is the thermal conductivity of the gas phase. For
the temperature gradient expressed in the first term on the right-hand
side of (8), we used the following model:'"”

or,
or*

rR! Lol wilL,[* D

where T, is the initial temperature (note isothermal as the initial con-
dition) and w}, is the natural angular frequency of the spherically sym-
metric oscillations of a single bubble, for which we use

(JJ* _ 3yepé}0 — 20*/R(r)ef* _ 2“:0 : (10)
B — p* Rref*Z * Rref*Z )
Lot Proko

I'n

'))EZRC(?)7 (11)
L PGl N

Moo = 1"+ Im( 42% ; (12)

302K
I'y = N , 13
N7 o2 +3(c — 1) (o coth o — 1) (13)

K p* Rref*Z )

o = BPGol (14]), (14)

2(x — 1) Tgolg

where 7, is the effective polytropic exponent, 1, is the initial effective
viscosity, I'y and oy are complex numbers, and j denotes the imagi-
nary unit. Further, i; is the complex number with the length
dimension

Pt R (02, — 3oy coth oy + 3)

15
P o, (ax coth oy — 1) (15)

To close the set of (1)—(8), we introduce (i) the equation of an
ideal gas state; (i) Tait, equation of liquid state; (iii) the conservation
law of mass inside the bubble; and (iv) the balance of normal stresses
across the gas—liquid interface

Dopt, 3 LTS, DGR . . .
L I G (1) (1) »
i =Ry Paio PGio) \Téo
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* & PLO 1o PL
pL =Pt " [<PL0> }
p* ) R* 3
ﬁ=(f), (18)
Paio R;
. . W 20°  4u*DGR!
PGi_(pL—’—Pi):R;k_'—R? Dt*t’ (19)

where p¢,; is the gas density inside the bubbles of the ith type, p¢;; is
the gas pressure inside the bubbles of the ith type, P; is the pressure
on the bubbles of the ith type, n is the material constant, ¢* is the sur-
face tension, and u* is the liquid viscosity. The physical quantities in
the initial unperturbed state are constants and are denoted by the sub-
script 0. Equations (16), (18), and (19) are used for i =1, ..., N, as in
(7). Note that our previous monodisperse cases® "*’>'*'"” consid-
ered R; as R, and our previous polydisperse case’' also regarded R; as
R, because the previous study’' defined the initial polydispersity in
perturbation expansions. These extensions are justified by the assump-
tion that the bubbles do not directly affect each other. Essentially, the
motion of a single bubble is the same as that of a bubble in a bubbly
liquid.

In addition, we can close these equations explicitly by introducing
the relations between averaged quantities and quantities of each bubble

type
N N
P = Z (XiR*pG:) / Z(XiR?3), (20)
(XiR"pE,) /Z X;R), 1)
(X;R:2PY) /Z (X;R:?), (22)

where X; are the content rates of the ith bubble type and are constants.

We emphasize that the present problem incorporates the effect of
gas—liquid interface (i.e., bubble wall); that is, the dynamics of bubble
wall is described by (7), the balance of normal stresses is by (19), and
the surface averaged liquid pressure P focuses on the gas-liquid
interface.

I\
—_

Mz

pé,:

I
-

p*

Mz

C. Analysis by multiple scales
The relationship U* = L*w* exists, where U*, L*, and T* are
the typical propagation speed of waves, wavelength, and period of
waves, respectively [w* (= 1/T*) is the typical incident frequency of
waves]. We determine the magnitudes of the set of three ratios””
U*

=0(Ve) = Ve, (23)

refx
RO

U= 0(Ve) = AVE, (24)
"~ 0(Ve) = v, (25)

Wy

where € (\I1) is a typical nondimensional amplitude of weakly
nonlinear waves and is used as a perturbation; the constants V, A,
and Q are of O(1); and R{ff* is the representative initial bubble
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radius. The physical meaning of (23) is as follows: the speed of
sound in bubbly liquids is significantly low compared with that in
pure water, the representative bubble radius is considerably short
compared with the wavelength, and the incident frequency of
waves is significantly low compared with the natural frequency of
bubble oscillations.

The magnitude of nondimensional ratio with regard to thermal
conduction is also determined”””’

3(k — 1) Re(L3)T5,

- éilev (26)
PGow* Rig |L1>|
3(k —1)A; 0" Im T
( ) G ( ) GO _ Ci2€27 (27)
PGow* Rig wB|LP|

where {;; and (;, are constants of O(1).
Furthermore, we determine the magnitude of polydispersity (i.e.,
the distribution of initial size of each bubble) as follows:
Rio
R{)ef *

=0(1)=Ry (i=1,2,...N). (28)
Equation (28) indicates that the initial radius of each type is compara-
ble to the representative radius. This equation expresses the magnitude
of the polydispersity allowed in this study, and we considered
and incorporated polydispersity that is not small (i.e., not on the order
of €).

The nondimensionalization results of time #* and space coordi-
nates x* are t = t*/T* and x = x* /L, respectively. Subsequently, we
introduce four independent variables for near field denoted by the sub-
script 0 and far field denoted by the subscript 1'*

to =1t Xo=2x; 1 =¢€t, X = €x. (29)

Dependent variables are expanded in power series of € after non-
dimensionalization. For example, perturbation expansions of p;, o, R;,
and pj are given by

Pi/(PioU™) = pro + epr1 + €pra + O(€), (30)
afog = 1+ ey + 2oy + O(€%), (31)

R /R;, =1+ €Ry + Ry + O(€), (32)
pi/pig =1+ €pyy + O(€). (33)

Notably, all the perturbation expansions begin with O(e') except
for p;.”

The initial nondimensional pressures for the gas and liquid
phases are pg,, and pj,, respectively, and liquid viscosity p* is intro-
duced as

pgfg*z = 0(1) = peo, (34)
Po_ — (1) = py, (35)
pioU™
w = O(e) = pe, (36)
P L

where pgo, pro» and u are constants of the order of unity. In this study,
an effect of liquid viscosity acting on only the gas-liquid interface was
incorporated.
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Ill. THEORETICAL ANALYSIS
A. First-order approximation

By substituting (23)-(34) into (1)-(22) and equating each coeffi-
cient of the like powers of € in the resultant equations, the set of linear-
ized equations is obtained as follows:

(1) Mass conservation in the gas phase
80(1 N 8R11 6uGl
—33 Xy -0, 37
81’0 ;( Vitot, 8x0 ( )
(ii) Mass conservation in the hquid phase
(90(1 (?uLl
—— (1= =0 38
o a t() ( OCO) 8x0 ) ( )

(iii)  Momentum conservation in the gas phase
8uG1 8uL1

PRSP Zx@i
Vo, U on PO MV oy

0Tai
+ pGoZ(XM, aGol) =0, (39)

(iv)  Momentum conservation in the liquid phase

19 19 0
(1 — Op + ﬂloﬁo) s ﬂl o uGl (1 — 0(0) 8PLI = 07 (40)
X0
) Keller equation for bubbles of the ith type (i = 1,2, ..., N)
3(y. — )Ry
Ry + (e — 1) .

2% Q% + 3[(37, — 1)Rio — 27Jpro
N/ +[(37. — 1)Rig — 37eJpro

2A% Q% 4 3[(37, — 1)Rio — 27p1o
(vi)  Equation of thermal conduction for bubbles of the ith type

0Tgi ORy
=0. 42
1, +3(k = 1) Dt 0 (42)

Note that the N Keller equation (41) includes Rjy. This implies that N
types of bubbles with different initial bubble radii follow N different
equations.

By eliminating oy, ug1, 4r1, and pr; from (37)-(42), as a single
equation, the linear wave equation for a first-order variation of the lig-
uid pressure py; is derived as follows:

Ten =0, (41)

82PL1 5 82PL1 -
22 o2 O (43)
with the phase velocity Vps
_ [3o0(1l —a+ Bi)paoD + Bi (1 — %) (44)
P 3B100(1 — %) C 7

where

N N

Z Xvisgi), Z{ [Xvi+ (k= 1)Xpi] sri }

i=1 i=1
N

Xvi=XiR} / D (XiR3y), X =XipcioRyy / > (XipcioRy), (43)
i=1

i=1
(37— DRy
(31— 1)A? /O +3p1o[(3y. — 1)Rig — 7. (3 — 1)]

SRi = —
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In the first order of approximation, the second- and first-order deriva-
tives of the original Keller equation (7) are dropped, and the bubble
dynamics are regarded as static (not dynamic) in (44). Furthermore,
because v, includes a, only static bubbles were observed. This result is
correctly reflected by the long-wave approximation in (44).

By focusing only on the right-running wave py;, a phase function
@, is introduced’” as

Py = Xo — to. (46)

On rewriting (37)-(41) using ¢,, we have the expressions of the other
variations ugi, ur1, %, Ri1, and Tgi, in terms of the liquid pressure
variation f (= pr1),

Ugr = S1pr1, ULl = S2PL1, %1 = S3pL1, (47)
Riy = spipr1,  Tein = stipu1
with
1 —op+ po o
51:1+3PG07( o+ b O)D, s2 =1+ 3pgo———D,
ﬁl (1 - O(()) 1-— oh)
(48)
1— o
S3 = —o(—Sz7 STi = —3(K — I)SRi.
0

Notably, from the boundary conditions at x, — oo where the bubbly
liquid is quiescent, constants of integration are dropped. That is, wave
propagation does not have the three properties in the first-order
approximation, as in our monodisperse case.”

B. Second-order approximation and resultant KdVB
equation

In this subsection, the approximation of second order is done
and the system of equations is derived

(1) Mass conservation law in gas phase
0o, a ORp\ | Ougy
— =3 Xvi— =K, 49
. z( o)y G, (49)
(ii) Mass conservation law in liquid phase
80(2 (9uL2
— (1 - — =K 50
%o Ity ( o) oo 25 (50)

(iii) ~ Momentum conservation law in gas phase

N OR;
— 3pco Z; Xvi + (1 — 1) Xwmi] %, =K,

(9 uG 8uL2

bia P

(iv)  Momentum conservation law in liquid phase

8uL2 8uGz

(1—O<0+ﬁ1°<0) —prog——+ (1 — o 0)3pL2 Ky, (52)

Oxo
) Keller equation for bubbles of the ith type
3(ye — DRio
3 Juw)
207 /Q* + 3[(3y, — 1)Rio — 27.]pro
A/ +[(37. — DRio — 3710
20° | + 3[(3y, — 1)Rig — 27]pLo

Ri, +

TG = Kkgi, (53)
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(vi)  Equation of thermal conduction for bubbles of the ith type

0Tgn ORj
1) ==
Oty +3(—1) oty

with inhomogeneous terms K,,, (m = 1,2, 3,4, Ri, Ti); they are explic-
itly presented in Appendix A. In the second-order approximation, the
second-order and first-order derivatives in the original Keller equation
(7) remain unlike the first-order approximation. Therefore, N kinds of
bubbles with different initial bubble radii follow N oscillation equa-
tions describing different dynamics (e.g., inertia, damping, and eigen-
frequency). Equations (49)—(54) are combined into
Ppra 1—a+ B Ppra
o {”G" Bii—a0) " 3w 0
= K(p1; @9, t1, x1)

10K 10K 1w fOK 1 0K,

T 300, 30009, 3B,(1—a0)0p,  3oe(1— o) Doy

_ i ZAZ/QZ + 3[(3ye — I)Rio - 2ye]pL0

(3% — D)AZ/Q + 3[K(37, — DR — 7.(3% — Dlpn
X {le' — PCO(

(1 — oo + f81) }82KR1‘
PGOA2 — %0 T Pl iy b (e — 1)Xwi] b S
o+ (6= 1] | 2

= KTi7 (54)

-C

Bi(1 — %)

+ i AZ/Q2 + [(3ye — I)Rio - 3ye]pL0
—\ 3k — 1A?/Q% + 3[k(3y, — 1)Rio — 7.(3x — 1)]pro

I

_ poo(l —ao + 1) } OKr;
X — | Xvi + (k = 1)Xmi| p m—
PP P s ol
Peo(l — oo + ) 8KT1':|
—X i— . 55
Z:{ 3B1(1 — ) Ma(f’o (55)
From the solvability condition’” of (55), which is equivalent to
the nonsecular condition for expansion in (30)—(33), we have
0 (Op. = Opu 3PL1 Jpu1
K=-2C—(—= I, IT
90, (81‘1 T T g, TP B,
82PL1 & pL1
*H21T¢%+ M —— 903 + HZZPLI) =0. (56)
Subsequently, we get the KdVB equation
Opr1 Op11 ? pr1 & Pr1
I1 — 11 IT IT =0, (57
o +1hpu —+ BE a.,2 + 113 e + 1pn , (57)
via a variable transformation
t=et, ¢=x—(1+¢€lly)t, (58)

where I1; is the nonlinear coefficient (constant coefficient of nonlinear
term), I1,; and Il,, are the dissipation coefficients (constant coeffi-
cients of dissipation terms), IT; is the dispersion coefficient (constant
coefficient of dispersion term), and Il is the advection coefficient
related to phase velocity (advection). It is a linear sum of terms that
represent each of the three properties. They are constant coefficients
given by
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The form of IT; is explicitly shown in Appendix B because its explicit
form is significantly complex.

As dissipation coefficients, Iy, is attributed to the viscosity and
acoustic radiation owing to the compressibility of liquids, and ITy, is
attributed to thermal conduction.”’ Two types of coefficients repre-
senting dissipation exist, which implies that the dissipation mechanism
owing to viscosity and acoustic radiation is different from that owing
to thermal conduction. The effects of polydispersity are observed in all
nonlinear coefficients IT;, dissipation coefficients I1,; and Iy, and
dispersion coefficients IT5.

C. Effect of polydispersity on three properties

In this discussion, as an example of the bubble radius distribution
for bubbly liquid, we incorporate the commonly used lognormal distri-

bution.””'"” The lognormal distribution for bubble radius is given by
10" ————rr ——
E G'RZO.O] E
: op=01 ]
0 | or=0.3 ]
10°F op=05 3
S| '
=10 F =
107 3 =
_3 1 L ) - llu Lol Ll
10 =
107 10’ 10’
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FIG. 2. Lognormal distribution (63) for dimensionless equilibrium bubble radius
Ro = R§/RE"", where R; is the equilibrium bubble radius and R¥" is the repre-
sentative initial bubble radius for four cases of og = 0.01,0.1,0.3, and 0.5.
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f(Ro) =

2

1
€X]
V2morRy P |: O'%g

where Ry = R} /R is the dimensionless equilibrium bubble radius,
or represents the magnitude of polydispersity, and gg — 0 leads
f(Ry) to the Dirac delta function (i.e., the monodisperse case) as
shown in Fig. 2.

Figures 3 and 4 show the nonlinear coefficient IT;, dissipation
coefficients Iy, and Iy, and dispersion coefficient IT; vs the initial
void fraction o for X, satisfying f(Ry)dR, with N=1000 for micro-
meter bubble scale and millimeter bubble scale, respectively.

The dissipation coefficient owing to viscosity and acoustic radia-
tion IT,; and the dispersion coefficient IT; in all polydisperse cases are
larger than those in the monodisperse case. However, the dissipation
coefficient owing to thermal conductivity I, is reduced by polydis-
persity from the monodisperse case. Iy, Ily,, and I were signifi-
cantly affected when o was large. Since the effect of polydispersity on
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the two types of dissipation coefficients is opposite, the effect on the
total dissipation is discussed later with regard to the waveform. Figure
3 shows that I, is reduced by polydispersity, but the change is rela-
tively small. In Figs. 3 and 4, we observe that the effect of polydisper-
sity on each coefficient is similar even if the scale of R is different.
The focus of these results is that the change in IT; is significantly larger
than the change in other coefficients. Originally, wave dispersion was
caused by bubble oscillations' and was affected by bubble size (i.e.,
polydispersity). This result implies a strong connection between poly-
dispersity and wave dispersion, which is strongly affected by bubble
size.

D. Numerical example

As an example of the waveform, we numerically solve the KdVB
equation (57) using the split-step Fourier—Galerkin method (see also
the detailed scheme in Refs. 110 and 111). We assume the initial wave-
form as

100 : : —
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2 80f .
G
(] | p
3 - ]
£ 70F 3
= [ ]
= [ ]
£ of ® _'
5oL =3 — — = --2
5x10 6x10 7x10° 8x10°9x10° 10
Initial void fraction
na — =05 ]
T —— =03 |
= F — op=0.1
8 3f — 5 =001 7
s [ ]
2 [ ]
(] - n
< [ ]
g 2F -1
g 1
Z [ @ ]
s [ ]
a Ir 7]
ok 3 — — —— _-2
5x10 6x10 7x10° 8x10°9x10° 10

initial void fraction

FIG. 3. (a) Dissipation coefficient owing to viscosity and acoustic radiation ITy, (b) dissipation coefficient owing to thermal conductivity TTz, ® (c) nonlinear coefficient IT4,
and (d) dispersion coefficient T3 as a function of the initial void fraction oo when X; follows lognormal distribution (63). A representative initial bubble radius
R[)ef* = 10um, /e = 0.15, p;, = 101325Pa, p;;, = 1000 kg/m®, ¢* = 0.0728N/m, Clp = 1500m/s, " =1 x 10°Pa-s. ag = 0.01 corresponds to the monodis-
perse case. Note that Ty, Iy, and I3 depend weakly on og. Iy decreases slightly to the extent that it is difficult to see it in the graph.
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FIG. 4. (a) Iy, (b) Iy, (c) Iy, and (d) I3 for millimeter case (i.e., R{)ef’:1 mm) as counterpart of Fig. 3 (i.e., the micrometer case). These values, except for R{)ef’, are

used in Fig. 3.

where pp; is the first-order perturbation of nondimensional liquid

P =

L [—Z(x— 10)2}
Lo |22 =100
1P 9 ’

0.5 (i.e., polydisperse), respectively. There is a clear difference between
(64) monodisperse and polydisperse cases.

IV. CONCLUSIONS

pressure. The temporal evolution of the wave (64) is investigated. The weakly nonlinear propagation process of plane progressive
Figures 5 and 6 show the cases of ag = 0.01 (i.e., monodispersity) and pressure waves in liquids containing several spherical gas bubbles was
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FIG. 5. Polydisperse case of temporal evolution of the initial waveform (64) by KdVB equation (57) for oy = 0.005, R = 10 um, gridsteps Nyig = 1024, duration of numer-
ical integration Az = 0.001, and size of the computational domain W= 40 and gz = 0.01.
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FIG. 6. Polydisperse case of temporal evolution of the initial waveform (64) by KdVB equation (57) for og = 0.005, R{ff‘ = 10 um, gridsteps Nyig = 1024, duration of numer-
ical integration At = 0.001, and size of the computational domain W= 40 and og = 0.5.

analytically investigated. Our special focus was polydispersity (i.e., dis-
crete distribution of initial bubble radius), where a bubbly liquid con-
tains multiple bubbles of different sizes and the content rate is
uniform and optional.

Subsequently, we derived the KdVB equation with a correction
term, describing pressure waves in polydisperse bubbly liquids, where
all the coefficients of the nonlinear, dissipation, and dispersion terms
are influenced by polydispersity. In particular, the dispersion effect in
the present polydisperse case increased significantly compared with
that in our previous monodisperse case. Furthermore, in the case of
the dispersion coefficient, polydispersity contributes more significantly
compared with the cases of the nonlinear and dissipation coefficients.
This implies a strong relationship between wave dispersion and the
polydispersity of bubble size.

Although the present results discussed dissipation as a linear
combination, we will incorporate a nonlinear dissipation effect''* """
in a forthcoming paper.
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APPENDIX A: INHOMOGENEOUS TERMS
The inhomogeneous terms K,,, (m = 1, 2, 3, 4, Ri, Ti) are given by
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APPENDIX B: THE NONLINEAR COEFFICIENT

We shall present the explicit forms of the nonlinear coefficient
of the KdVB equation, I1;,
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