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Herein, the weak, nonlinear propagation of pressure waves in an initially quiescent liquid containing many
small spherical gas bubbles is theoretically studied. We focus on the initial, polydispersity features of the bubble
radius and bubble number density. Our analysis was not based on any assumptions about explicit polydispersity
forms. Using equations based on a two-fluid model and the method of multiple scales with perturbation
expansions, the Korteweg—de Vries—Burgers equation for a low-frequency long wave and nonlinear Schrédinger
equation for a high-frequency short wave were derived. In both cases, the polydispersity contributes to the
advection and dissipation effects of waves, and every coefficient in both equations includes the initial void

fraction as one of the most important parameters, owing to the use of the two-fluid model.

1. Introduction

The propagation properties of pressure (acoustic) waves in liquids
containing microbubbles are considerably different from those in pure
liquids (see, e.g., van Wijngaarden, 1972). In the case of pure liquids,
the pressure wave generally evolves into a shock wave owing to the
balance between the nonlinear effect of waves and the dissipation
effect of the medium. However, in the case of bubbly liquids, volu-
metric oscillations of bubbles induce a dispersion effect of waves (van
Wijngaarden, 1968), which then evolves into (acoustic) soliton as a
result of the balance between the nonlinear and dispersion effects for a
nondissipative medium (van Wijngaarden, 1968). Because the physical
properties of shock waves and solitons are considerably different, the
correct prediction of the evolved waveform is considerably important.
Hence, the estimation of the magnitude of the three effects (i.e., non-
linear, dissipation, and dispersion effects) is effective for predicting the
evolved waveform. Propagation properties of pressure waves in bubbly
liquids have long been theoretically (e.g., van Wijngaarden, 1968,
1972; Noordzij and van Wijngaarden, 1974; Kuznetsov et al., 1978;
Biesheuvel and van Wijngaarden, 1984; Caflisch et al., 1985; Com-
mander and Prosperetti, 1989; Nigmatulin, 1991; Prosperetti, 1991;
Gumerov, 1992a,b; Nakoryakov et al., 1993; Akhatov et al., 1994,
1996; Jamshidi and Brenner, 2013; Gubaidullin and Fedorov, 2013;
Gubaidullin et al., 2013, 2022; Kudryashov and Sinelshchikov, 2014;
Gubaidullin and Fedorov, 2015, 2016; Gumerov and Akhatov, 2017),
numerically (e.g., Nigmatulin, 1991; Nakoryakov et al., 1993; Kameda
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and Matsumoto, 1996; Kameda et al., 1998; Vanhille and Campos-
Pozuelo, 2009; Ando et al., 2011; Frolov et al., 2017), and experi-
mentally (e.g., Kuznetsov et al., 1978; Nigmatulin, 1991; Nakoryakov
et al., 1993; Kameda and Matsumoto, 1996; Kameda et al., 1998; Frolov
et al., 2017) studied. However, we cannot obtain the magnitude of the
three effects through experiments and direct numerical simulations of
the governing equations. The key role in obtaining the three effects
is a theoretical derivation of the weakly nonlinear wave equation as
a linear combination of the three effects. By deriving nonlinear wave
equations via theoretical analysis and estimating the magnitude of the
three effects, experiments and numerical calculations are supported.
Various studies on nonlinear wave equations in bubbly liquids
have been published (van Wijngaarden, 1968, 1972; Noordzij and
van Wijngaarden, 1974; Kuznetsov et al., 1978; Nigmatulin, 1991;
Prosperetti, 1991; Gumerov, 1992a,b; Nakoryakov et al., 1993; Akhatov
et al., 1994, 1996; Gubaidullin and Fedorov, 2013; Gubaidullin et al.,
2013, 2022; Kudryashov and Sinelshchikov, 2014; Gubaidullin and Fe-
dorov, 2015, 2016). In particular, the derivation of Korteweg—de Vries
(KdV) and KdV-Burgers (KdVB) equations by van Wijngaarden (van
Wijngaarden, 1968, 1972) is the most famous work. Recently, our
group (Kanagawa et al., 2010, 2021a; Yano et al., 2013; Kanagawa,
2015) derived two equations, that is, the KdVB equation for low
frequency long waves (Kanagawa et al., 2010, 2021a; Yano et al., 2013;
Kanagawa, 2015) and the nonlinear Schrodinger (NLS) equation for
high frequency short waves (Kanagawa et al., 2010, 2021a; Yano et al.,
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Fig. 1. The linear dispersion relation for pressure waves in bubbly liquids, and
a decomposition into two frequency bands, that is, the low frequency band and
the high frequency band described by the KdVB equation and the NLS equation,
respectively (Kanagawa et al., 2010, 2021a; Yano et al., 2013).

2013; Kanagawa, 2015), based on a systematic decomposition of two
frequency bands, as illustrated in Fig. 1 (Kanagawa et al., 2010). In this
study, only one set of basic equations is used throughout this paper, but
the equations for scaling (see (13) below) are switched to derive two
types of equations (KdVB and NLS) corresponding to the two bands in
Fig. 1.

Nonlinear wave equations are derived from model (or basic) equa-
tions for bubbly flows (or bubbly liquids). Although numerous model
equations have been proposed, volumetric averaged models (Biesheuvel
and van Wijngaarden, 1984; Caflisch et al., 1985; Jones and Prosperetti,
1985; Nigmatulin, 1991; Egashira et al., 2004) have been generally
used. All the researchers except for our group (Kanagawa et al., 2010,
2021a; Yano et al., 2013; Kanagawa, 2015) have long been utilizing
mixtures or homogeneous models (see, e.g., van Wijngaarden, 1968,
1972; Noordzij and van Wijngaarden, 1974; Kuznetsov et al., 1978;
Biesheuvel and van Wijngaarden, 1984; Nigmatulin, 1991; Prosperetti,
1991; Nakoryakov et al., 1993; Akhatov et al., 1994, 1996; Kudryashov
and Sinelshchikov, 2014). Our recent study (Yano et al., 2013) revealed
that the use of a mixture model cannot express the dependence of
coefficients in nonlinear, dissipation, and dispersion terms of non-
linear wave equations on the initial void fraction, which is a fatal
disadvantage from the perspective of engineering or industrial appli-
cations; in contrast, the use of two-fluid model equations (Biesheuvel
and van Wijngaarden, 1984; Egashira et al., 2004; Kanagawa et al.,
2010; Yano et al, 2013; Kanagawa et al.,, 2021a) can reflect the
dependence of each coefficient on the initial void fraction (Kana-
gawa et al., 2010; Yano et al., 2013). However, our previous studies
(e.g., Kanagawa et al., 2010; Yano et al., 2013) except for Kanagawa
et al. (2021a) and Kanagawa et al. (2022) assumed initial monodis-
persity of a bubbly liquid. In the real situation, the bubbly liquid has
polydispersity (i.e., nonuniformity of the bubble radius and spatial
distribution). Although some studies (Gumerov, 1992a,b; Gubaidullin
and Fedorov, 2013; Gubaidullin et al., 2013, 2022; Gubaidullin and
Fedorov, 2015, 2016) incorporated the initial polydispersity, no study
using the two-fluid model incorporated the initial polydispersity de-
spite the independence of using the two-fluid model and incorporating
polydispersity. Although our previous study (Kanagawa et al., 2021a)
succeeded in incorporating the initial small polydispersity into our
original monodisperse case (Kanagawa et al., 2010), Kanagawa et al.
(2021a) contains a critical restriction of polydispersity. In Kanagawa
et al. (2021a), when the field was divided into several regions, an
assumption was made that polydispersity appeared only in specific
regions. Thus, the purpose of this study is to incorporate general initial
small polydispersity in all regions using nonlinear wave equations from
two-fluid model equations that model the initial polydispersity (see
Fig. 2).

The contents of the present paper are as follows: Section 2 intro-
duces the basic equations and perturbation expansions based on the
multiple-scale method, with a special focus on the formulation of the
initial polydispersity. Section 3 derives the resultant KdVB equation
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Fig. 2. Difference between (a) our previous study (Kanagawa et al., 2021a) and (b)
this study for KdVB equation. Although the polydispersity of bubble radius (not bubble
number density) does not appear in near field, the polydispersity of bubble radius
appears in this figure.

and Section 4 derives the resultant NLS equation including new terms.
Section 5 discusses the physical meanings of the terms of the resultant
equations and compares the new equations with those in previous
studies. Section 6 is devoted to the summary of this study.

2. Formulation of the problem
2.1. Problem statement

The propagation of nonlinear pressure waves in initially quiescent
compressible liquids containing a number of small spherical gas bub-
bles is theoretically studied. We focus on the one-dimensional propaga-
tion because bubble oscillations are assumed as spherically symmetric,
and then the phenomenon can be regarded as a one-directional depen-
dency. Initially, the bubbly liquid has a small (see (28) and (29) below)
polydispersity (i.e., nonuniformity of bubble radius, bubble number
density, and void fraction). The amplitude of the pressure wave is finite
but is sufficiently small (i.e., a weakly nonlinear wave (e.g., Jeffrey and
Kawahara, 1982)) The bubbles do not coalesce, break up, appear, and
disappear. For simplicity, the gas viscosity, thermal conduction (e.g.,
Prosperetti, 1991; Kameda and Matsumoto, 1996; Preston et al., 2007;
Stricker et al., 2011; Kanagawa and Kamei, 2021; Kamei et al., 2021),
and mass transport across the bubble-liquid interface are ignored.
We consider the liquid viscosity at the bubble-liquid interface. The
drag (Yatabe et al., 2021; Kanagawa et al., 2021b; Arai et al., 2022)
and lift forces acting on the bubbles, Reynolds stress, and gravitation
are not considered.

2.2. Basic equations

The basic equations are composed of nine equations: four con-
servation equations, bubble dynamics equations, and four constitu-
tive equations. As volumetric-averaged equations based on a two-
fluid model (Egashira et al., 2004; Yano et al., 2006) to describe
the dependence of the initial void fraction (Kanagawa et al., 2010),
conservation laws of mass and momentum for gas and liquid phases
are first introduced as follows:

I (apg) + S (apgug) =0, o)
2 [0 =] + 55 [0 - @] =o. @
a%(apéué) + %(aﬁéuéz) + a(;ié’ = F*, 3)
% [ = apfu] + (% [(1 - a)piuiz] +(1-a) fo; + P*a% = _F*,
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where ¢* is time, x* is the space coordinate, « is the void fraction, p*
is the density, u* is the fluid velocity, p* is the pressure, and P* is the
surface-averaged pressure (Jones and Prosperetti, 1985); the subscripts
G and L denote the gas and liquid phases, respectively.

As the interfacial transport term of momentum F*, we use the
virtual mass force model (Yano et al., 2006; Eames and Hunt, 2004):

Dgu’.  Dpu’ D, Dg o

* G LYL G* ‘ «y _GFL

F* = —pap] (W - W)—ﬂzﬂﬁ(“é—“i>§—ﬁz"("é—“i)w=
%)

where §,, f,, and p; are the virtual mass coefficients and are 1/2
for the case of spherical bubbles. Furthermore, Dg;/Dr* and Dy /Dr*
are material derivatives for the gas and liquid phases, respectively, as
follows:

Dg [Z} « 0

D “or TG ©

DL _ 0 w0

Dr* ot Lox*
For bubble dynamics, the Keller equation (Keller and Kolodner,

1956; Keller and Miksis, 1980) for spherically symmetric volume os-

cillations of bubbles in a compressible liquid is utilized, as follows:
L DGR DZR* L3(,_ 1L DR (DGR 2
c;io Dr* Dr+2 2 3c;i0 Dr* Dr*

1 DGR*\ p* R* Dg
=1+ = Dp* —t = *D*(pl*‘-'-P*)’ ®
Co I PLo ProLo Pf

@)

where R* is the bubble radius, ¢; is the speed of sound in the pure
liquid, and the subscript 0 denotes the initial quantity.
The following constitutive equations close (1)-(8):

(i) Tait equation of state for liquid

p* o* 2 p* n

LOLO L

pz:pzo-'rT |:<pT> —1] s (©)]
Lo

where n is material constant; e.g., n = 7.15 for water, (ii) polytropic
equation of state for gas,

Y
P _ (”_G> 10)
Py PGo

where y is polytropic exponent, (iii) the conservation law of mass inside
bubble,

. .\ 3
e R*

=== an
PGo R
(iv) the balance of normal stress across the bubble-liquid interface,

. «  pey _ 20%  4u* DGR*
pG_(pL+P)=R*+R* Dr* ’ (12)

where ¢* is the surface tension and u* is the liquid viscosity.
2.3. Parameter scaling

The scaling relations of nondimensional ratios among the physi-
cal parameters appropriate to the low-frequency and long-wavelength
band (i.e., weak dispersion band) and the high-frequency and short-
wavelength band (i.e., strong dispersion band) shown in Fig. 1 are
defined as follows (Kanagawa et al., 2010).

N PR
<L@a>z = (4ve.QVeVye), (KavB),

(0(),0(1),0(e?)) = (4,2,Ve?), (NLS),

13)
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where ¢ is a nondimensional wave amplitude (0 < e <« 1); 4, 2, and V
are parameters of O (1), RSO is the initial radius of a single bubble, L* is
a typical wavelength, »* is an angular frequency of incident waves, and
oy, is the natural angular frequency of the linear spherical symmetric
oscillation of a typical bubble given by

. _ 3y (pf, +207/Ry,) —20* /R,
wB - R* 2
00

, (14)

PLo
and U* is a phase velocity of the incident wave. This study derives
the KdVB and NLS equations. Here and hereafter, the labels (KdVB)
and (NLS) at the end of equations signify the KAVB and NLS equations,
respectively.

The ratio for length scale R(*jo /L* (or 4) in (13) signifies the mag-
nitude of the dispersion effect of waves in bubbly liquid, caused by
bubble oscillations (van Wijngaarden, 1968). The long wavelength case
(the KdVB equation) is relatively weakly dispersive compared with the
short wavelength case (the NLS equation), because the dispersion effect
is owing to bubble oscillations. Bubble oscillations can be clearly ob-
served in the short wavelength case compared with the low frequency
case. This explains the right-hand side of (13).

Furthermore, the scaling relation of the liquid viscosity u* is

u* _ J O(e) = pe, (KdVB), as)
P UL~ | O (€?) = ue?, (NLS),

where u is a constant of O(1). By changing the right-hand side of (13)
and (15), two types of nonlinear wave equations are derived without
changing the basic equations (i.e., (1)—-(12)).

2.4. Perturbation expansions and multiple scales analysis

First, independent variables t* and x* are nondimensionalized:

t* x*

=1, x=2X, 16
= T a6
where T* is a typical period of the waves and satisfies the following:
*,  (KdVB),
1 _Jen ) a”n
T* | e (NLS).

Using ¢ and x, the near-field, far-field I, and far-field II are described
by extended independent variables in the method of multiple scales
(e.g., Jeffrey and Kawahara, 1982):

g = e, Xo = V%, (near field), (18)
1= e, x| = e'x, (far field D), 19
1, =€, x,=¢€x, (far field IT). (20)

In the case of the KdVB equation, far field II is not used (see Section 3),
and far field [ is called far field for simplicity. The differential operators
are then expanded as follows:

J J
a9 ;
. 2. , 21
£ ox 2 @b

1 i=0 1

where j = 1 for the KdVB equation and j = 2 for the NLS equation.
Dependent variables are now regarded as functions of the extended

independent variables in (18)-(20). The expansions of dependent vari-

ables except for bubble radius R* and void fraction a are as fol-

lows (Kanagawa et al., 2010, 2021a)

e U = {eluGl +ugy + O(3),  (KAVB), 22

GIMGI + 621,402 + €3MG3 + 0(64), (NLS) N
e'ug | + €2up 5 + O(e?), (KAVB),

ui/U* — . L1 , L2 ; .\ (23)
e'up +€“u, + €’up 3+ 0(€”), (NLS),

+elp +€2p, + 0, (KdVB),
pi/ (”ioU*z) = 1le 2pL2 3( o 4 : @9
protep e py+eps+O0E”), (NLS),
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(KdVB),
(NLS),

1+ €%p + €3p, + O(eY),
PLlPLy = { - = (25)

L+ €p, +€0pp, + O,

where (25) is determined by (9) and (13) (Kanagawa et al., 2010).
Equation (25) expresses the difference of compressibility between gas
and liquid (i.e., gas is more compressible than liquid). We assume an
initially quiescent bubbly liquid, and the effect of the initial flow of
velocity is neglected, and the terms of O(1) do not appear in the right
hand sides of (22) and (23). As constants, the nondimensional pressures
for the gas and liquid phases in the unperturbed state pg, and p; are

given as
Py Py
Poo = = = 0(),  pro = —— = O(1), (26)
PLoY PV

where pf, is the initial gas pressure in a single bubble. The ratio of
the initial densities of the gas and liquid phases is

Pow _ g (¢%) @7)
. ,
PLo

where pf, is the initial gas density of a single bubble.

2.5. Formulation of initial polydispersity

We incorporate a small initial polydispersity of the bubble radius
R* and bubble number density »* (Kanagawa, 2015) by expanding R*
and void fraction « as

R*/R:, = { 1+¢€[Ry + 85 (x0.%))] + €2 Ry + O(e?), (KdVB),
1+eR, +¢€ [R2 + 6o (X, xl,xz)] +eRy +0(eh), (NLS),
(28)
_ J 1 Hea 6, (. x)] + €0, + 0, (KAVB),
afay = {1 +ea; + € [a2 + 50,2(x0,x1,x2)] +a; +0(h, (NLS),
(29

where 6z, 6go, 641, and 6,, are initially given variables representing
small initial nonuniformities of R* and «a, respectively, and «, is the
initial typical void fraction. For the monodisperse case (Kanagawa
et al., 2010), 6gy, Sra»> 6,41, and 8,, are equal to zero. The important
difference between our previous polydisperse (Kanagawa et al., 2021a)
and the present cases is that 6z; and §,; do not depend on x, in
the KdVB equation, and 65, and §,, do not depend on x, and x, in
the NLS equation in our previous polydisperse case (Kanagawa et al.,
2021a). From a practical viewpoint, a process of bubble production
may cause manufacturing errors. Then, the polydispersity defined in
(28) and (29) can be applied to express manufacturing errors, and
various applications using microbubbles for medical use will also be
expected.

The following relation among R*, «, and n* is imposed:

a= %nR*3n*. (30)
We also express the polydispersity of the bubble number density, 6,
and §,,, by substituting (28) and (29) into (30) as follows:

3agy (1+€6,)

nt (14+€d, +€*8,,) = , (KdVB),

00 ( " nZ) 47rR303 (1 + €5R1)3
3 1+¢€28

ng, (1+€25,,) = 0l T Oa) (L +¢00) s

4xR: 3 (1+ €25’

(31
(NLS).

From now on, 65; and §,; (i = 1,2) are explicitly used, and 6,,, and 6,, do
not appear. Furthermore, substituting (28) into (10) and (11) gives the
expansions of gas pressure and gas density with initial nonuniformity,
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respectively,
rs/ (PLOU - )

6,1 (%)
PGo + € [PGl + 5p1(x)] +¢? Pcr + sz(x) + PGi I[J)

+0(e%), (KdVB),
Pco + €pG1 + €% [pay + 8,0(0)] + €3 pg3 + O(eh),  (NLS),

(32)
where
81 =76,, (KdVB), (33)
A2
Sy = — <E - 33/1)00) 82, (KdVB), (34)
8,0 =76, (NLS), (35)
L+ € [pg + 6,1 ()]
PG P00 = +€% [pgy + 8,0(X) + pG16,1 ()] + O(e?),  (KdVB),
1+ epgy + €% [pga + 8,0(x)] + €2pg3 + O(e*),  (NLS),
(36)
where
1 [ A%
61 == = —3rpco ) 6p1» (KdVB), 37
Yy \ Q2
1 [ A y—1 /(42 N
6 = ; <E —3717(;()) [7 (E =3vpgo | = 1| 6%y, (KdVB), (38)
A2 —3yp
bp= ———bm. (LS. (39)

3. Derivation of KdVB equation for long waves
3.1. Linear propagation at near field

Substituting (13), (15) and (21)-(29), (32) and (36) into basic
eqations (1)-(12) and equating each coefficient of like powers of ¢ in
the set of resultant equations, we have a set of linear equations as the
first-order equations:

0 OR; 0
M _ 500 Y6

9y _ =0, 40
oty oty | oxg “40
Jda du
0’00?(:—(1—“00) 0;01 =0, (41)
dug) duy OR, 95
_ -3 — + =0, 42
B a1, B T YPGo %, T axg (42)
Juy Jugy opLi
(1 —a00+ﬁ1a00)a —ﬂlaoom +(1—a00)% =0, (43)
92
R + FPL] =0. (44)

Removing a;, ug;, uy |, and p;; from (40)-(44), we have the linear
wave equation for unknown R;:

0’R 9’R 1—ag +p, 9°6
. Lk )

ot 0x; 36 (1 - 0‘00) 0x;

where the phase velocity v, is given by

o = 3agy(1 = agy + B1)ypgo + (1 — app)4% /22 (46)
P 3prago(1 — ) ’

and the explicit form of U* is then determined as follows:

U = | 300l = a0 + Bre /ol + AL @) R oy’ @

3y a00(1 = ago)vy ’

note that L* = U*T* = U* /w* is simultaneously determined. Now, we
assume v, = 1 for simplicity.
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Hereafter, we focus on only the right-running wave R, = f(¢y;
11,x,), and the phase function ¢, is then defined as

@ (19, X%0) = xo — 1. (48)

The independent variables in (40)-(44) are rewritten using ¢,; all
the first-order variables, i.e., a, ug, uy;, and p;, are expressed via

f(=Ry):

ay=sif, ugr=s2f, upi=s3f, pLi =541, (49)
with
.- ra . = (1= ao) [Bagohs = (1= ago) s4]
4= 1= ,
o ago (1 = agy + 1)
o051
32:S1—3, S3I—m. (50)

The constants of integration are omitted because the boundary condi-
tions at x, — oo (where the bubbly liquid is at rest) and 95, /dx, are
equal to zero because the conditions at 7, — oo (When ay, ug;, uy |, and
pr1) should not be co.

The results of the leading order of approximation coincide with
those of our monodisperse case (Kanagawa et al., 2010), and the initial
polydispersity appears in the following order.

3.2. Nonlinear propagation at far field

We proceed with the approximation of O(e?), and the second-order
set of equations is derived as

[é] JR i) N
M 370 Jae g (51)
o, on ()xo

Jda, \

agp—— —(1— 0’00)— =K, (52)
oty o

Oug, 0uL2 oR,

B a1, b= T YPGo 5 oy =K, (53)
0 oy _
(1 —apg + ﬂlaOO) - B ooa— +(1- 00)— =Ky, (54)
Xo
QZ

Ry+ =py =Ks, (55)

A2
where the forms of inhomogeneous terms 1%,. (i=1,2,3,4,5) are explic-
itly presented in Appendix B, and new terms including polydispersity,
g, and &,,, appear in K,. Excluding the second-order variables except
for R, from (51)-(55), we have the inhomogeneous wave equation as
counterpart of (45):

’R, 0°R,

2 2
()to ()xo

=I€(Rl;(p0,tl,x1)

10K, L 0K, 1 —ag+ p; 0K,
301y 3agy 0fg 3B (1 — agg) 0xg
1 6K4 A2 0%Ks

— (56)
B2 ox?

3a00(1 —ay) 0x0

Rewriting K; using ¢, and substituting the first-order variables, which
are proportional to R; (see (49)), into K yields

k=2-2 {& +aﬁ+ [Ty + 114 (xg, %) Ry
0@y | o1y 0x; 09
+171Rl&+172ﬂ nga3R1
on 0(,02 ) 0(p3

+ 175 (xo,xl) R, -

1—ag+p 9y } 7

68; (1 —agy) 9%1

Now, we impose the solvability (i.e., non-secular) condition for (56)
(Kanagawa et al., 2010; Jeffrey and Kawahara, 1982) to discuss the
uniformly valid approximate solution R, (Kanagawa et al., 2010). From
(21) and (48), the independent variables ¢, t;, and x; in (57) are

International Journal of Multiphase Flow 164 (2023) 104369

expressed by the transformed independent variables = and ¢ (see (59)
below), and we have the KdVB equation with a correction term:

oR, oR, 0°R, R, 1 1—ag +p 9y
—L R, — IR - — 2L =0,
Tor o¢ 02 ag3 €6p (1—ay) ot
(58)
T =et, fEx—{1+e[H0+ﬁ4(x)]}t, (59)

where II; (i = 0,1,2,3) is the constant coefficient, and I ;U =45) is
the variable coefficient containing 6z, and 6,,. Here, II,, 1, II,, and
I1; in (58) and (59) are the same as those in our previous monodisperse
results (Kanagawa et al., 2010), and explicit forms are omitted from this
paper.

The coefficients IT, and [T in (58) and (59) do not appear in our
previous monodisperse result (Kanagawa et al., 2010) and are given as

1y = M4 8p) + M3y, (60
where
PI 50 l—ag+p (6
Sy 9p1 pl 53 9pl ) 1 rl
Hy =1+ ——-——-=-— —Y<—-PGO>
36p O 30r1 By (l—ag) \Ori
! 3 3y—-2)(3 4 (61)
~ 3a Ypgo + By —2) rPco~ o7 |
N 1—agy+ P Sy — S
Hy=-1+ LN YPgo + = R (62)
By (1= agp) 3(1-ap)
1y =l 2 (63)
s =150 5%,
where
A 1| 1=ayp+5 S4— 53
Isy= 5 | ————=rPeo+ 77— (64)
2 [ﬁl(l—a00> 3 (1 - ag)
where I1,,, II,,, and I, are constants, and s; (i = 1,2,3,4) are

presented in Appendix A. The coefficients 11, and 15 include &5, and
and they are due to the polydispersity.

al E]
4. Derivation of NLS equation for short waves
4.1. Linear propagation of carrier waves at a near field

As in the previous case of (40)—(44), we have the following set of
linear equations:

0 oR Jdu,
M 500 Ya

9a =0, 65
dt ot dx (65)
day duyp ¢
0’00? -(1- aoo)—axo =0, (66)
oug 0uL1 JR,
B oty -h o, YPGo 9%, =0, (67)
0 op
(I —ag + 5 “00) - Prag—— ot Lya- oo)_Ll =0, (68)
X0
ale Pri
+ = =0. 69
37 1t (69)

0
The difference between the KdVB and NLS cases is the form of the
linearized Keller equation (i.e., (44) and (69)). In the NLS case, the
dispersion effect is stronger than that in the KdVB case, and the
dispersion effect appears in the leading order of approximation (i.e.,
the second-order derivative of R)).

By combining five equations (65)-(69) into a single equation, the
five unknown variables in (65)-(69) are reduced to only R;:

02 A?

s (I —ay+ Bypce | 92 A2 9t
61‘% 3ag

(1 —ay) 6x% 3agy 61‘(2)6)((2)‘

(70)

Ly [R]=0, £,=
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The fourth order derivative of (70) represents the dispersion term
owing to the second-order derivative (i.e., acceleration of the bubble
wall) in (69), which did not appear in the near field in the KdVB
case (see (44)). We now assume the form of the solution of (70) as
a quasi-monochromatic wave train evolving into a slowly modulated
wave packet:

Ry = A(t},15, x4, xz)ei‘9 +c.c., (71)
where
0 = kxy — Q(k)ty, (72)

where A is the slowly varying complex amplitude depending only
on slow-scale variables (i.e., ¢, t, x;, and x,) and i represents the
imaginary unit, c.c. represents the complex conjugate. A is clearly
constant in the near field denoted by fast scale variables (i.e., ¢, and
x(). Substituting (71) into (65)-(69) gives

ay =b Ry, ugy =byRy, up =b3Ry, ppy=byRy, (73)

with
(1 = ag)[3h1agy = (1 = ag)bsk* /2°]

by=A*(Q*-1), b = .
4 ! a (1 =agy + fy)

Q o0b1 L2
by=(b —3)=, by=-——21" 74
2= =9 b (1 = ago)k 79
where 2 depends on k through a linear dispersion relation
21201 — O 1—am +
S AKA-Q) (a0t frPo,s o 75)
3ago B = ago)

or

3ago(1 = agy + A1)¥PGo
B (1 — ago)Gagg + A42k2)

A2
Q==+k + 76
\/3(100 + A%k? 76
The positive 2 in (76) corresponds to the right-running carrier wave.
The nondimensional phase velocity v, and group velocity v, are imme-
diately obtained as follows:

Q dQ 3 L2
vy= =, py=oZ= W 77
PTKT R T dk T k(Bagg + A2K2) “n
Imposing v, = 1 under 2 = 1, the explicit form of U* is determined

as (Kanagawa et al., 2010)

(1= ago + A1) 7P
By (1= ag) pf,
Note that L = U*T* = U* /w; is simultaneously determined (see (17)).

The initial polydispersity does not affect the results of the approxima-
tion in near field.

U* = (78)

4.2. Linear propagation of envelopes at a far field I

The set of equations as the second-order equations is derived as
follows:
Jda, 3(3R2 dug,

—< =M,, 79
oty oty 0xg ! 79
da, duy
%0 57 a- 0’00)0—X0 =My, (80)
dugy 0"L2 OR, 9y
- =My- -2, 81
B a1, ﬁl 3rpGo=— 9% 37 Gx, (81)
0 op
(1 —ag + By 0’00) — Pragg =2 + (1 — ag) == = M, (82)
ot 0x0
0’R, P2
+ R+ —= =Ms;, 83
or 2+ 5 (83)

where M; (i = 1,2,3,4,5) are in the same form in our original monodis-
perse case (Kanagawa et al.,, 2010). The reduction of (79)-(83) to a
single equation for R, is performed as follows:

10M, 1 0M, 1—oag+p 0M;

£, [rR]=--—L 0"
1[Re] 3 o1y 36,(1 — agy) 0%

3ayy 0ty
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1 oM, 4 PMs 1 —ag+p; 9,
3agy(1 — agy) 0xg  3agy oxt 3Py (1—agy) 9%
oD\ (04 04\
—IA2%0 4 ( ) 94 ., elf
752/ o, T ox,
1 —ag+p; 9
fec— 22t th T (84)

36 (1 —agy) %0
where I is the same form in our original monodisperse case (Kanagawa
et al., 2010). From the solvability condition for (84), the coefficient of
¢’ on the right-hand side of (84) must be zero. Thus, we have
oA, oA
or,  fox,
Using (85) to (84), R, is considered such that the coefficients other

than the term of e*? on the right-hand side are zero, a uniformly valid
solution up to the far field of (86) is obtained:

=0. (85)

R, = cOAem +c.c.. (86)
Substituting (86) into (79)-(83) yields the following:

a ¢ dy O

u c d 0 A2 4 cc.

Gl=("2 "2 i(0A /o)) +c.c.|, 87)
Uro g dy 0 |A2|
PL2 ey dy ¢

where the explicit forms of ¢, ¢;, d; (i = 1,2,3,4,5), and ¢, are the same
as those in our monodisperse case (Kanagawa et al., 2010).

As in the leading order of approximation in 4.1, the forms of in-
dependent valuables of the second-order approximation in this section
coincides with our original monodisperse case (Kanagawa et al., 2010).
The effect of initial polydispersity appears next order of approximation.

4.3. Nonlinear propagation of envelope waves at a far field IT

The third-order of approximation gives

da JR du, N
3 _ 590 Olas . (88)
oty ot, axo

day

0’00? (- 0‘00) o —Nz, (89)
B aglm -h a(;ltm - 371’00% = Na’ (90)
a —a00+ﬁ1a00)a— —ﬁlaooag—c'; +( —aoo)?—;j =N, 91)
6253 s+ T = R, (92)

where the explicit forms of the inhomogeneous terms N, ;1 (=1,2,3,4,5)
are quite complex, as presented in Appendix B. The initial polydisper-
sity (i.e., 8z, and &,,) appears in N;.

The single inhomogeneous equation for R; is
l—ay+p; 9,
38 (1—ag) 0x1°
where A; (i = 1,2,3) are the complex variables composed of A. Here,

A, and A, are not shown because they are not essential to derive the
NLS equation; /f3 is given as

Ay=(-22) L3 (24 400 14
3 0Q o, Foxy) 2 dk gx2

+ i[v2+04 (xo,xl,xz)]A+\73 (xg,Xx1.x5) A}, 94)

Ly [Rs] = A1e% + 4,60 + Aze? +cc. - (93)

vilAPA

where D is shown in (75), and should be zero under the non-secular
condition for (93). Using (21) and (70), we rewrite (94) as the following
NLS equation with a correction term:

0A | 190 924

10—+5Ea—§2+ ||A|2A+i(v2+\74)A=O, (95)
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via a variable transformation

_ 2 - 2 V3
T=et, Eze(x—v ) +e e (96)

where K is the non-dimensional wave number of the envelope wave,
v, and v, are the constant coefficients, and 9; and ¥, are the variable
coefficients, including 6z, and 6,,. Here, v; and v, in (95) are the same
as those in our previous monodisperse results (Kanagawa et al., 2010),
and explicit forms are omitted in this paper.

The coefficients ¥; and 9, in (95) and (96) do not appear in our
previous monodisperse result (Kanagawa et al., 2010) and are given as

2
1)
U3 = 0316y + V32040 + V33 22» 97)
%0
where
5 b 68 5
(_0_D>031: 2 e _Qz+lb2k_QL2
09/ 5 3 6py 3 5ro
(1—ag +By) vk? <5p2 ) >
(1 —ay) OR2 o0
k2
+ 3= [37pco By = 1) = By —2) 4% + A°27], (98)
oo
D\ . 1—ag+p b2 — byk
e L P ©9)
0Q Bi(1 — o) 3(1 = )
oD A2 Q2
_9DN, o A4 100
(m)v” 31— agy) (100)
N ~ 96, 2
Vg = Vg 650 ) (101)
where
aD> ) 1= gy + By APk + byk — b3 Q
—— ) Uy = k+ s (102)
( 02 ) 0T (T —agg) Pa0 3(1— ag)

where ¥3; (i = 1,2,3) and ¥4, are constants. The coefficients ¥; and ¥,
include 6, and 6,,, and they are due to the polydispersity as in I1,
and ﬁs in (58).

5. Effect of polydispersity

Again, let us show the resultant equations derived in the previous
sections: KdVB equation,

JoR JR 0’R PR, 1—ay+p 96
Ry r Ry, R g TR g L et A P
ot o0& 02 a3 €6p; (1-ay) 9

(58)
r=et, E=x—{l+e[ly+IT,x)]}t, (59)
and NLS equation,
0A 190 924 ) N
IE‘F556—52+V1|A|2A+1(V2+\/4)A:0, (95)
_2 _ 293
T =€t §=e(x—vgt)+e < (96)

Both the KdVB equation (58) and NLS equation (95) describe the
weakly nonlinear propagation of waves. They are composed of a linear
combination of terms representing the three effects (i.e., nonlinear,
dissipation, and dispersion effects), and the sixth term of (58) is the
inhomogeneous term.

In the following, we discuss the physical meaning of each term in
detail. The second term of (58) and the third term of (95) are nonlinear
terms and represent the size of the nonlinear effect. Deriving the linear
dispersion relation of (58) and (95) reveals the physical meanings of
other terms. The third and fifth terms of (58) and the fourth term of
(95) represent the dissipation effect. Here, 7, and v, are related to the
liquid viscosity, and II5 and ¥, the polydispersity; II5 and 9, did not
appear in our previous polydisperse result (Kanagawa et al., 2021a).

International Journal of Multiphase Flow 164 (2023) 104369
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Fig. 3. Dependence of the constant dissipation coefficient ITs, in (64) on the initial
void fraction «a, for the case of 2 =1, \f =0.15, y = 1.4, p; =05, Ry =10 pm, and
the normal condition of the air-water system.

The fourth term of (58) and the second term of (95) represent the
dispersion effect. The coefficients I7, and ?; in the moving coordinate
& in (59) and (96) represent the advection effect of waves due to the
polydispersity. Hence, polydispersity contributes I1, and I15 in (58) and
v; and ¥, in (95) and affects the dissipation and advection effects of
waves.

The advection effect only moves the wave and does not essentially
affect the waveform (see (59) and (96)). The dissipation coefficients
15 and ¥, are expressed by using 96,/dx,, where &, represents the
polydispersity of the void fraction.

N . 06
I = i, 0;01’ (63)
N 1| 1=ayp+5 54— 83
5o = > YPgo + , (64)
2 [ﬁ1(1‘0‘00) 3 (1 - ag)
a6,
Uy = Vg 6;02’ (101)

k+

( 0D)A _ [1—0‘00+ﬂ1 (102)

35 ) V40 = 14
40 ﬂl(l _ aOO) GO

Q% + byk — b3 Q2
20

3(1 — agyg)

The dependences of each coefficient in (64) and (102) on the initial
void fraction «y, and the wavenumber k are shown in Figs. 3 and 4,
respectively. Here, Il5, and ¥,, are always positive. Importantly, the
positive and/or negative of fIS and ¥, depends on the value of the slope
056,/0x,. As can be seen in the dissipation terms in (58) and (95), the
larger the coefficients I15 and ¥,, the stronger the dissipation effect.
The dissipation effect is strong where the polydispersity of the void
fraction is larger and is weak where it is smaller. Hence, the magnitude
of the dissipation effect can be controlled by the value of the initial void
fraction.

6. Conclusions

We theoretically investigated the propagation of nonlinear pressure
waves in a liquid containing numerous gas bubbles and particularly
focused on the initial small polydispersity of bubble size and bubble
number density. Polydispersity exists in all of the regions; it is intro-
duced into the expansion of the void fraction and the bubble radius
without determining the explicit form and appears in the expansions
of the gas density and pressure. Thus, we derived two nonlinear wave
equations (i.e., KdVB (58) and NLS (95)), including terms to represent
the polydispersity using the basic equations based on the two-fluid
model.
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— Qoo = 0.01
Qoo = 0.001
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Fig. 4. Dependence of the constant dissipation coefficient 7,, on (a) the wavenumber
k, and dependence of ¥,, on (b) the initial void fraction a, for the case of ¢ = 0.07,

y=14, f; =05, Ry =10 pm, and the normal condition of the air-water system.

First, we clarified that the polydispersity contributes to the dissipa-
tion and advection effects of waves and accordingly induces variable
coefficients in the KdVB and NLS equations; the dissipation terms
owing to the polydispersity do not appear in our previous polydisperse
study (Kanagawa et al., 2021a). Since the dissipation effect becomes
smaller in a field such that the void fraction decreases, the dissipation
effect can be artificially changed by controlling the value of the void
fraction. Second, we successfully incorporated the dependence of the
initial void fraction on every coefficient in the KdVB and NLS equations
owing to the use of the two-fluid model. These results highlight the
effect of the initial polydispersity on weakly nonlinear waves in bubbly
liquid.

In a forthcoming paper, we will apply the present theory to physico-
mathematical modelling of potential applications such as a medical
ultrasound enhanced by microbubbles. Especially, ultrasound-contrast-
agent as microbubbles coated by a visco-elastic shell (e.g., Kanagawa
et al., 2023; Kikuchi et al., 2023) and thermal ablation of tumor
by using microbubble enhanced focused ultrasound (e.g., Kagami and
Kanagawa, 2022) will be developed based on the present model for
polydisperse bubbly liquids.
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Appendix A. Explicit forms of 12,.

Explicit forms of the inhomogeneous terms 13,- (i =1,2,3,4,5) in
(51)—(55) are given by

R R,
Ry = Ky + (384 — 365, — 5,8,1 +35,,) Y

OR, a5,

— (641 +6,1) 2 5m T2 o Ry, (A1)
Ky = Ky — agy556 ﬂ —agps 90u) R (A.2)
1 3% 0053 Gy 1
Ry=Ks—p; (s5,-53) 8 ﬂ+3y(5 — PGoORr1 + PGod )ﬂ—aé—’”
“ 5t pl = PGOORL T PG0%a1) 5ot~ 5
(A.3)
N OR,
Ky=Ky+ay [ (52— 53) + 53] 601 e + 0S40 T (A.4)
0 X0
5 Q2 A2
Ks = Ks + e [37Pc;0 +Gr-2) (3}’1700 - E)] ISTIIE (A.5)

where K; (i = 1,2,3,4,5) is the original inhomogeneous term for the
monodisperse case (Kanagawa et al., 2010).

Appendix B. Explicit forms of N,

Explicit forms of the inhomogeneous terms 1\7,. (i = 1,2,3,4,5) in
(88)—(92) are given by

. IR,
Ni=Nj+ (364 +36, —36gy = b15,0) N
OR, 05,
—by (842 +6,2) 2 ox Ry, (B.1)
A R, 98,
Ny =N, - a00b35a2m — agob3 ﬁRh (B.2)
. IR,
N3y =Ny =B (by—b3) 5,,2?
0
OR, 05,
+3y (6, + 6,0 — 8 _———, B.3
¥ (8,2 + PGodaz — Pco r2) oxg 9%, (B.3)

oR,

Ny = Ny +ag [ (by = b3) + b3 6’”%
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oR, s 206,
byby = + ag 2222 R, B.4
T 0004042 % + a0 axg L (B.4)

) 37pgo Gy — 1
N5 = N5+ % ~ Gy -2+ 2| Ry, (B.5)

where N; (i = 1,2,3,4,5) is the original inhomogeneous term for the
monodisperse case (Kanagawa et al., 2010).
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