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Abstract  

One of the most commonly used conditions for examining fiscal stability is the Domar 

condition. It compares the interest rate with the economic growth rate under balanced budget 

(excluding interest payments), and if the former is greater than the latter, public finances will 

become unstable, and the outstanding government debt will continue to grow. In this note we 

consider a problem of the debt to GDP ratio when not all savings of consumers of a 

generation is not used for consumption by consumers of the next generation using a simple 

macroeconomic model without complicated microeconomic foundation. If not all savings of 

consumers is not used for consumption, demand is insufficient, and we need larger budget 

deficit to maintain full employment in a growing economy. However, we show that fiscal 

instability or un-sustainability do not occur even if not all savings is used for consumption, 

and the interest rate exceeds the growth rate. 
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1. Introduction 

One of the most commonly used conditions for examining fiscal stability is the Domar 

condition (Domar (1944)). We refer to Yoshino and Miyamoto (2020). The Domar condition 

compares the interest rate with the economic growth rate under balanced budget (excluding 

interest payments on the government bonds), and if the former is greater than the latter, 

public finance will become unstable, and the outstanding government debt will continue to 

grow.  

Yoshino and Miyamoto (2020) try to modify the Domar condition by focusing not only on the 

supply side of government bonds but also on the demand side, while keeping the idea of 

fiscal instability indicated by the Domar condition. However, our interest is different from 

that. We consider a problem of the debt to GDP ratio when not all savings by consumers of a 

generation is not used for consumption by consumers of the next generation using a simple 

macroeconomic model without complicated microeconomic foundation. If not all savings is 

used for consumption, demand is insufficient, and we need larger budget deficit to achieve 

and maintain full employment in a growing economy. However, we show that fiscal 

instability or un-sustainability do not occur even if not all savings is used for consumption, 

and the interest rate exceeds the growth rate (Note 1). 

Let 

𝛿: proportion of savings that is used for consumption, 0 < 𝛿 ≦ 1, 

r: interest rate of government bond. 

We define 

𝜌: effective interest rate, 𝜌 = (1 + 𝑟)𝛿 − 1, 

We will show the following results. 

1). In order to maintain full employment under economic growth with constant price, the 

budget deficit, including interest payments on government bonds, must be positive. 

(Proposition 1)  

2). If the effective interest rate is larger than the growth rate, in order to maintain full 

employment under economic growth with constant price, the budget deficit, excluding 

interest payments on government bonds, must be negative (budget surplus). (Proposition 2)   

3). Under full employment with constant price the debt to GDP ratio converges to a finite 

value so long as the growth rate is positive. (Proposition 3) 

4). The excessive budget deficit causes inflation. (Proposition 4) 

5). When inflation is predicted, we need positive budget deficit (excluding interest payments) 

to maintain full employment under economic growth even if the effective interest rate is 

larger than the real growth rate, so long as it is smaller than the nominal growth rate. 

(Proposition 5) 
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6). Under full employment with continued inflation the debt to GDP ratio converges to a 

finite value so long as the nominal growth rate is positive. (Proposition 6) 

7). Under the balanced budget with inflation the effective interest rate equals the nominal 

growth rate, and the debt to GDP ratio does not increase even if the effective interest rate is 

larger than the real growth rate. (Proposition 7) 

8). The budget deficit, including interest payments on government bonds, equals the 

difference between the savings of consumers in a period and the effective savings, which will 

be defined in Section 2.1, in the previous period. (Proposition 8) 

9). The result in Proposition 8 holds whether we have full employment or not, whether we 

have inflation or not.  

In Appendix we consider the debt-to-GDP ratio about budget deficit due to unused savings 

and the role of inheritance tax to prevent the debt-to-GDP ratio from diverging indefinitely. 

Since we consider a long-run problem of the debt to GDP ratio, full employment is assumed. 

2. Economic Growth under Full Employment With Constant Price and the Debt to GDP 

Ratio 

2.1 Economic Growth under Full Employment with Constant Price 

We consider a simple macroeconomic model without microeconomic foundation of 

consumers and firms (Note 2). We assume that the economy grows between periods (or 

generations) at the rate of 𝛾 − 1 > 0. Let 𝑌𝑓 be the full employment real national income in 

Period 1. The full employment real national income increases from a period to the next period 

at the rate of 𝛾 − 1>0. The price of goods in Period 1 is one. The issue of inflation will be 

considered in the next section. The consumption function in this period under full 

employment is  

 𝐶 = 𝐶0 + 𝛼(𝑌𝑓 − 𝑇). 

𝐶 is the real consumption. 𝐶0 is the constant part of 𝐶. 𝑇 is the tax. 𝛼 is the marginal 

propensity to consume. 0 < 𝛼 < 1. The national income in this period satisfies the following 

equation.  

 𝑌𝑓 = 𝐶 + 𝐼 + 𝐺 = 𝐶0 + 𝛼(𝑌𝑓 − 𝑇) + 𝐼 + 𝐺.                 (1) 

𝐺 is the real government expenditure. 𝐼 is an investment of firms. No detailed analysis of 

investment is given. The savings of the consumers in this period is  

 (1 − 𝛼)(𝑌𝑓 − 𝑇) − 𝐼. 

We suppose that the savings is made not in money but in government bonds, which generate 

interest at the rate of r. We write  
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 𝐵 = (1 − 𝛼)(𝑌𝑓 − 𝑇) − 𝐼. 

We assume that 𝐶0  is financed by the savings by the previous generation consumers. 

However, not all savings is used for consumption. Thus, there will be a shortage of demand 

and a larger budget deficit will be needed to achieve full employment. We will denote by 𝛿 

(0 < 𝛿 ≦1) the proportion of savings that is used for consumption. The rest is simply left 

unused. If interest continues to be paid on savings that are not used for consumption, the ratio 

of their sum to GDP may diverge to infinity. In such a case, it shall be offset by an inheritance 

tax. Please see Appendix. 

Define the effective interest rate by 

𝜌 = (1 + 𝑟)𝛿 − 1, 

and the effective savings by 

(1 + 𝜌 − 𝑟)[(1 − 𝛼)(𝑌𝑓 − 𝑇) − 𝐼] = (1 + 𝜌 − 𝑟)𝐵. 

Then,  

 𝐶0 =
1+𝑟

𝛾
𝛿[(1 − 𝛼)(𝑌𝑓 − 𝑇) − 𝐼] =

1+𝜌

𝛾
[(1 − 𝛼)(𝑌𝑓 − 𝑇) − 𝐼] =

1+𝜌

𝛾
𝐵. 

Investment and tax also increase at the rate of 𝛾 − 1. If 𝛿 < 1, we have 𝜌 < 𝑟. From (1)  

 𝐺 − 𝑇 =
𝛾−(1+𝑟)𝛿

𝛾
[(1 − 𝛼)(𝑌𝑓 − 𝑇) − 𝐼] =

𝛾−1−𝜌

𝛾
𝐵.             (2) 

Since 𝛾 − 1 > 0, 𝑟 − 𝜌 > 0, and 

𝛾 − 1 + 𝑟 − 𝜌 > 0, 

(2) is rewritten as  

 𝐺 − 𝑇 +
𝑟

𝛾
𝐵 =

𝛾−1+𝑟−𝜌

𝛾
𝐵 > 0. 

The left-hand side is the budget deficit, including interest payments on government bonds. If 

the budget deficit is smaller than this level, full employment is not achieved. Therefore, we 

get the following result. 

Proposition 1: In order to maintain full employment under economic growth with constant 

price, the budget deficit, including interest payments on government bonds, must be positive.  

In fact, we need budget deficit even if 𝛾 =1 (zero growth rate) when 𝛿 < 1. 

2.2 When the Effective Interest Rate Is Larger than the Growth Rate 

If the effective interest rate 𝜌 is larger than the growth rate 𝛾 − 1, then (2) is negative. This 

means that if the effective interest rate is larger than 𝛾 − 1, the budget deficit, excluding 
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interest payments on government bonds, must be negative, that is, we need budget surplus 

(excluding interest payments). 

Proposition 2: If the effective interest rate is larger than the growth rate, 𝜌 > 𝛾 − 1, in 

order to maintain full employment under economic growth with constant price, the budget 

deficit, excluding interest payments on government bonds, must be negative (budget surplus).  

This proposition implies that the balanced budget (excluding interest payments on 

government bonds) does not satisfy (2) if 𝜌 > 𝛾 − 1. For details, please see Section 2.4. 

Note that if 𝛿 = 1, that is, all savings is used for consumption, 𝜌 = 𝑟. 

2.3 Debt to GDP Ratio under Constant Price 

Now consider the long-run value of the debt to GDP ratio. We assume that full employment 

continues to be maintained under constant price. The economy begins in Period 0. In that 

period, we have 𝐶0 = 0, and the budget deficit is  

 
1

𝛾
(𝐺 − 𝑇) =

1

𝛾
[(1 − 𝛼)(𝑌𝑓 − 𝑇) − 𝐼] =

1

𝛾
𝐵. 

Note that 𝐵 is the government debt in Period 1. In Period 1  

 𝐺 − 𝑇 +
𝑟

𝛾
𝐵 =

𝛾+𝑟−1−𝜌

𝛾
𝐵. 

Then, in Period 2 we have  

 𝛾(𝐺 − 𝑇) + 𝑟𝐵 = (𝛾 + 𝑟 − 1 − 𝜌)𝐵. 

Generally, in Period 𝑛 the budget deficit is  

 𝛾𝑛−1(𝐺 − 𝑇) + 𝑟𝛾𝑛−2𝐵 = 𝛾𝑛−2(𝛾 + 𝑟 − 1 − 𝜌)𝐵. 

Note that G and T denote the fiscal spending and the tax in Period 1. The sum of the budget 

deficit from Period 0 to 𝑛 is calculated by 

 ∑ 𝑛
𝑘=1 𝛾

𝑘−2(𝛾 + 𝑟 − 1 − 𝜌)𝐵 +
1

𝛾
𝐵 = (

𝛾𝑛−1

𝛾−1
) (

𝛾+𝑟−1−𝜌

𝛾
)𝐵 +

1

𝛾
𝐵. 

Since the national income in Period 𝑛 is 𝛾𝑛−1𝑌𝑓, the debt to GDP ratio in that period is  

 
(
𝛾𝑛−1

𝛾−1
)(

𝛾+𝑟−1−𝜌

𝛾
)𝐵+

1

𝛾
𝐵

𝛾𝑛−1𝑌𝑓
. 

When 𝑛 → ∞, so long as 𝛾 − 1 > 0, that is, the growth rate is positive, it converges to  

 (
𝛾+𝑟−1−𝜌

𝛾−1
)

𝐵

𝑌𝑓
= (

𝛾+𝑟−1−𝜌

𝛾−1
) [

(1−𝛼)(𝑌𝑓−𝑇)−𝐼

𝑌𝑓
].                   (3) 

This has a finite value. We have shown the following result. 

Proposition 3: Under full employment with constant price the debt to GDP ratio converges 
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to a finite value so long as the growth rate, 𝛾 − 1, is positive.  

Note that this proposition does not depend on the relationship between the interest rate (or the 

effective interest rate) and the growth rate. They are included in 
𝛾+𝑟−1−𝜌

𝛾−1
. However, it is 

finite when 𝛾 − 1 > 0. 

2.4 Balanced Budget Under Constant Price When the Effective Interest Rate Is Larger than 

the Growth Rate and the Domar Condition 

Denote the government debt in a period (Period 𝑡) by 𝐵𝑡, and that in Period 𝑡 − 1 by 𝐵𝑡−1. 

Also, denote the fiscal spending and the tax in Period 𝑡 by 𝐺𝑡 and 𝑇𝑡. With  

 𝐶0 = (1 + 𝜌)𝐵𝑡−1, 

(2) is rewritten as  

 𝐺𝑡 − 𝑇𝑡 = 𝐵𝑡 − (1 + 𝜌)𝐵𝑡−1. 

Let 𝑌𝑡 and 𝑌𝑡−1 be the national incomes in Periods 𝑡 and 𝑡 − 1. Then, since 𝐵𝑡 = 𝛾𝐵𝑡−1,  

 
𝐺𝑡−𝑇𝑡

𝑌𝑡
=

𝐵𝑡

𝑌𝑡
− (1 + 𝜌)

𝐵𝑡−1

𝑌𝑡
=

𝐵𝑡

𝑌𝑡
−

1+𝜌

𝛾

𝐵𝑡−1

𝑌𝑡−1
. 

If the effective interest rate 𝜌 is larger than the growth rate 𝛾 − 1, and the budget is 

balanced, that is, 𝐺𝑡 = 𝑇𝑡, we have  

 
𝐵𝑡

𝑌𝑡
=

1+𝜌

𝛾

𝐵𝑡−1

𝑌𝑡−1
>

𝐵𝑡−1

𝑌𝑡−1
. 

This means that the debt to GDP ratio increases. Then, we need 

𝜌 < 𝛾 − 1. 

in order to prevent the debt to GDP ratio from increasing. This is a modified version of the 

Domar condition. If 𝛿 = 1, 𝜌 = 𝑟 . 

As we have shown, however, the budget deficit (excluding interest payments) must be 

negative, that is, budget surplus is necessary to maintain full employment under economic 

growth with constant price if 𝜌 > 𝛾 − 1  (Proposition 2). The balanced budget when 

𝜌 > 𝛾 − 1 induces inflation. Please see Section 3.3. 

3. Inflation by Excessive Budget Deficit and the Debt to GDP Ratio 

3.1 Inflation by Excessive Budget Deficit 

Let 𝑝 > 1 be the price of goods in Period 1. Suppose that the nominal national income is 

𝑝𝑌𝑓, and the nominal government expenditure is 𝐺′. 𝐶0, I and T do not change, and full 

employment is achieved. The inflation is not predicted. Then, we have  

 𝑝𝑌𝑓 =
1+𝜌

𝛾
[(1 − 𝛼)(𝑌𝑓 − 𝑇) − 𝐼] + 𝛼(𝑝𝑌𝑓 − 𝑇) + 𝐼 + 𝐺′. 
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From this  

 𝐺′ − 𝑇 = (1 − 𝛼)(𝑝𝑌𝑓 − 𝑇) − 𝐼 −
1+𝜌

𝛾
[(1 − 𝛼)(𝑌𝑓 − 𝑇) − 𝐼]        (4) 

Comparing (2) and (4), we get  

 𝐺′ − 𝑇 − (𝐺 − 𝑇) = (1 − 𝛼)(𝑝 − 1)𝑌𝑓 . 

Thus, 𝑝 > 1 when 𝐺′ − 𝑇 > 𝐺 − 𝑇. Therefore, we have shown the following result. 

Proposition 4: The excessive budget deficit causes inflation (Note 3).  

3.2 When Inflation Is Predicted 

If the inflation is predicted,  

 𝑌𝑓 =
1+𝜌

𝑝𝛾
[(1 − 𝛼)(𝑌𝑓 − 𝑇) − 𝐼] + 𝛼(𝑌𝑓 − 𝑇) + 𝐼 + 𝐺. 

Then, (4) should be rewritten as  

 𝐺 − 𝑇 =
𝑝𝛾−1−𝜌

𝑝𝛾
[(1 − 𝛼)(𝑌𝑓 − 𝑇) − 𝐼], 

or  

𝐺 − 𝑇 +
𝑟

𝑝𝛾
[(1 − 𝛼)(𝑌𝑓 − 𝑇) − 𝐼] =

𝑝𝛾 + 𝑟 − 1 − 𝜌

𝑝𝛾
[(1 − 𝛼)(𝑌𝑓 − 𝑇) − 𝐼]. 

We suppose that in Period 1 the national income, the fiscal spending, the investment and the 

tax are 𝑌𝑓, 𝐺, 𝐼 and T, and the price is one. In Period 0 they are 
1

𝑝𝛾
𝑌𝑓, 

1

𝑝𝛾
𝐺,

1

𝑝𝛾
𝐼, 

1

𝑝𝛾
T and 

1

𝑝𝛾
𝑝. 𝑝𝛾 − 1 is the nominal growth rate. In this case, even if the interest rate 𝜌 is larger 

than the real growth rate 𝛾 − 1, when it is smaller than the nominal growth rate 𝑝𝛾 − 1, we 

need positive budget deficit (excluding interest payments) to maintain full employment under 

economic growth. 

Proposition 5: When inflation is predicted, we need positive budget deficit (excluding interest 

payments) to maintain full employment under economic growth even if the effective interest 

rate is larger than 𝛾 − 1, so long as it is smaller than 𝑝𝛾 − 1.  

When 𝛿 = 1, 𝜌 = 𝑟. We have 𝜌 < 𝑟 for 𝛿 < 1. 

3.3 Debt to GDP Ratio under Continued Inflation 

Let us calculate the long-run value of the debt to GDP ratio under continued inflation. 

Suppose full employment and inflation at a constant rate 𝑝 − 1 > 0, and we assume that 

inflation is predicted. 

In Period 0, the nominal budget deficit is  
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1

𝑝𝛾
(𝐺 − 𝑇) =

1

𝑝𝛾
𝐵. 

In Period 1, it is  

 𝐺 − 𝑇 +
𝑟

𝑝𝛾
𝐵 =

𝑝𝛾+𝑟−1−𝜌

𝑝𝛾
𝐵.                    (5) 

In Period 2, it is  

 𝑝𝛾(𝐺 − 𝑇) + 𝑟𝐵 = (𝑝𝛾 + 𝑟 − 1 − 𝜌)𝐵. 

Generally, in Period 𝑛 the nominal budget deficit is  

(𝑝𝛾)𝑛−1(𝐺 − 𝑇) + 𝑟(𝑝𝛾)𝑛−2𝐵 = (𝑝𝛾)𝑛−2(𝑝𝛾 + 𝑟 − 1 − 𝜌)𝐵. 

Note that G and T denote the nominal fiscal spending and the nominal tax in Period 1. Since 

inflation is predicted, they increase at a constant rate 𝑝𝛾 − 1. The sum of the nominal budget 

deficit from Period 0 to 𝑛 is 

 ∑ 𝑛
𝑘=1 (𝑝𝛾)

𝑘−2(𝑝𝛾 + 𝑟 − 1 − 𝜌)𝐵 +
1

𝑝𝛾
𝐵 = *

(𝑝𝛾)𝑛−1

𝑝𝛾−1
+ (

𝑝𝛾+𝑟−1−𝜌

𝑝𝛾
)𝐵 +

1

𝑝𝛾
𝐵. 

 Since the national income in Period 𝑛 is (𝑝𝛾)𝑛−1𝑌𝑓, the debt to GDP ratio in that period is 

[
(𝑝𝛾)𝑛 − 1
𝑝𝛾 − 1 ] (

𝑝𝛾 + 𝑟 − 1 − 𝜌
𝑝𝛾 )𝐵 +

1
𝑝𝛾 𝐵

(𝑝𝛾)𝑛−1𝑌𝑓
. 

When 𝑛 → ∞, so long as p𝛾 − 1 > 0, that is, the nominal growth rate is positive, it 

converges to  

 (
𝑝𝛾+𝑟−1−𝜌

𝑝𝛾−1
)

𝐵

𝑌𝑓
= (

𝑝𝛾+𝑟−1−𝜌

𝑝𝛾−1
) [

(1−𝛼)(𝑌𝑓−𝑇)−𝐼

𝑌𝑓
]. 

Similar to (3), this has a finite value. We have shown the following result. 

Proposition 6: Under full employment with continued inflation the debt to GDP ratio 

converges to a finite value so long as the nominal growth rate, p𝛾 − 1, is positive.  

Note that this proposition also does not depend on the relationship between the interest rate 

and the nominal growth rate. They are included in 
𝑝𝛾+𝑟−1−𝜌

𝑝𝛾−1
. However, it is finite when 

𝑝𝛾 − 1 > 0. 

3.4 Balanced Budget under Continued Inflation When the Effective Interest Rate Is Larger 

than the Growth Rate and the Domar Condition 

Let 𝐵𝑡, 𝐺𝑡 and 𝑇𝑡 be the government debt, the fiscal spending and the tax in Period 𝑡, 

𝐵𝑡−1 be the government debt in Period 𝑡 − 1. With  

 𝐵𝑡−1 =
1

𝑝𝛾
𝐵𝑡, 
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(5) is rewritten as  

 𝐺𝑡 − 𝑇𝑡 = 𝐵𝑡 − (1 + 𝑟)𝛿𝐵𝑡−1 = 𝐵𝑡 −
1+𝜌

𝑝𝛾
𝐵𝑡. 

When the budget is balanced (𝐺𝑡 = 𝑇𝑡), we obtain  

 𝑝𝛾 = 1 + 𝜌, 𝑝𝛾 − 1 = 𝜌, and𝑝 =
1+𝜌

𝛾
.               (6) 

Thus, under the balanced budget the nominal growth rate 𝑝𝛾 − 1 equals the effective 

interest rate 𝜌 even if the real growth rate is smaller than 𝜌. In other words, the inflation 

rate 𝑝 − 1 is determined by the effective interest rate, and the real growth rate.  

Let 𝑌𝑡  and 𝑌𝑡−1  be the nominal national incomes in Period 𝑡 and 𝑡 − 1. Then, since 

𝑌𝑡 = 𝑝𝛾𝑌𝑡−1, we have  

 
𝐺𝑡

𝑌𝑡
−

𝑇𝑡

𝑌𝑡
=

𝐵𝑡

𝑌𝑡
−

1+𝜌

𝑝𝛾

𝐵𝑡−1

𝑌𝑡−1
.                         (7) 

Under the balanced budget 𝐺𝑡 = 𝑇𝑡, (6) and (7) mean  

 
𝐵𝑡

𝑌𝑡
=

𝐵𝑡−1

𝑌𝑡−1
. 

Therefore, the debt to GDP ratio does not increase from Period 𝑡 − 1 to Period 𝑡. We have 

shown the following result.  

Proposition 7: Under the balanced budget with inflation the effective interest rate equals the 

nominal growth rate, and the debt to GDP ratio does not increase even if the effective interest 

rate is larger than 𝛾 − 1. 

This means that the debt to GDP ratio never diverges to infinity. 

4. The Budget Deficit and the Savings by Consumers 

From (2)  

 𝐺 − 𝑇 +
𝑟

𝛾
[(1 − 𝛼)(𝑌𝑓 − 𝑇) − 𝐼] =

𝛾+𝑟−1−𝜌

𝛾
[(1 − 𝛼)(𝑌𝑓 − 𝑇) − 𝐼], 

or  

 𝐺 − 𝑇 +
𝑟

𝛾
𝐵 =

𝛾+𝑟−1−𝜌

𝛾
𝐵. 

These imply the following results.  

Proposition 8: The budget deficit, including interest payments on government bonds, equals 

the difference between the savings of consumers in a period and the effective savings in the 

previous period.  
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Let us consider generally. Let 
1

𝛾
𝑌, 

1

𝛾
𝑇 be the actual real national income and the tax in the 

previous period (Period 0), 𝑌 and 𝑝 be the actual real national income and the price in this 

period (Period 1). The effective savings in Period 0 equals  

 
1+𝜌−𝑟

𝛾
[(1 − 𝛼)(𝑌 − 𝑇) − 𝐼], 

and the savings in Period 1 is  

 (1 − 𝛼)(𝑝𝑌 − 𝑇) − 𝐼. 

The price in Period 0 is normalized to 1. From  

 𝑝𝑌 = 𝐶0 + 𝛼(𝑝𝑌 − 𝑇) + 𝐼 + 𝐺, 

and  

 𝐶0 = (1 + 𝜌)
1

𝛾
[(1 − 𝛼)(𝑌 − 𝑇) − 𝐼], 

the budget deficit, including interest payments on government bonds, in Period 1 is obtained 

as follows.  

𝐺 − 𝑇 +
𝑟

𝛾
[(1 − 𝛼)(𝑌 − 𝑇) − 𝐼] = (1 − 𝛼)(𝑝𝑌 − 𝑇) − 𝐼 −

1 + 𝜌 − 𝑟

𝛾
[(1 − 𝛼)(𝑌 − 𝑇) − 𝐼]. 

Therefore, we get  

Proposition 9: The result in Proposition 8 holds whether we have full employment or not, 

whether we have inflation or not.  

5. Conclusion 

The results reported in this note implies that the debt to GDP ratio never diverges to infinity 

even if not all savings of consumers in a generation is used for consumption of consumers in 

the next generation and the interest rate is larger than the growth rate so long as the real or 

nominal growth rate is positive, and always converges to a finite value accompanying 

inflation or not. This result is compatible with Lerner’s functional finance theory (Lerner, 

1943; Lerner, 1944) and the recently popular MMT argument (Mitchell, Wray, & Watts, 2019; 

Wray, 2015; Kelton, 2020). Note that if fiscal spending is financed by money (seigniorage) 

instead of government bonds, interest payments are not necessary. Thus, by financing fiscal 

spending by money we can reduce the amount of interest payments, and can use fiscal 

spending for other purposes.  
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Appendix. Budget deficit due to unused savings  

In this appendix we consider a debt to GDP ratio about budget deficit due to unused savings 

and the role of inheritance tax to prevent the debt to GDP ratio from diverging indefinitely. If 

interest continues to be paid on savings that are not used for consumption, the ratio of their 

sum to GDP may diverge to infinity. In such a case, it shall be offset by means such as 

inheritance tax. 
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The budget deficit in Period 2 shown in (4) does not include savings that are not used for 

consumption and interest payments on them. Let 𝜏 be the inheritance tax rate. Then, those in 

Period 2 with inheritance tax is  

 (1 + 𝑟 − 𝜏)(1 + 𝑟)(1 − 𝛿)
𝐵

𝛾
. 

We assume that inheritance tax is imposed in Period 2 on Period 0 savings that are left 

unconsumed in Period 1. The same applies below. In Period 3  

 (1 + 𝑟 − 𝜏)2(1 + 𝑟)(1 − 𝛿)
𝐵

𝛾
+ (1 + 𝑟 − 𝜏)(1 + 𝑟)(1 − 𝛿)𝐵. 

In Period 4  

 (1 + 𝑟 − 𝜏)3(1 + 𝑟)(1 − 𝛿)
𝐵

𝛾
+ (1 + 𝑟 − 𝜏)2(1 + 𝑟)(1 − 𝛿)𝐵 

+(1 + 𝑟 − 𝜏)(1 + 𝑟)(1 − 𝛿)𝛾𝐵. 

Generally, in Period 𝑛 it is  

(1 + 𝑟 − 𝜏)𝑛−1(1 + 𝑟)(1 − 𝛿)
𝐵

𝛾
+ (1 + 𝑟 − 𝜏)𝑛−2(1 + 𝑟)(1 − 𝛿)𝐵 +⋯ 

+(1 + 𝑟 − 𝜏)2(1 + 𝑟)(1 − 𝛿)𝛾𝑛−4𝐵 + (1 + 𝑟 − 𝜏)(1 + 𝑟)(1 − 𝛿)𝛾𝑛−3𝐵. 

= (1 + 𝑟)(1 − 𝛿)𝐵∑ 

𝑛−1

𝑘=1

(1 + 𝑟 − 𝜏)𝑘𝛾𝑛−2−𝑘 = (1 + 𝑟)(1 − 𝛿)𝛾𝑛−2𝐵∑ 

𝑛−1

𝑘=1

(
1 + 𝑟 − 𝜏

𝛾
)
𝑘

= (1 + 𝑟)(1 − 𝛿)𝛾𝑛−2
𝛾

1 + 𝑟 − 𝜏 − 𝛾
[(
1 + 𝑟 − 𝜏

𝛾
)
𝑛−1

− 1]𝐵. 

The ratio of this national debt to GDP in Period 𝑛 is  

(1+𝑟)(1−𝛿)𝛾𝑛−2
𝛾

1+𝑟−𝜏−𝛾
[(
1+𝑟−𝜏

𝛾
)
𝑛−1

−1]𝐵

𝛾𝑛−1𝑌𝑓
=

(1+𝑟)(1−𝛿)
𝛾

1+𝑟−𝜏−𝛾
[(
1+𝑟−𝜏

𝛾
)
𝑛−1

−1]𝐵

𝛾𝑌𝑓
.        (10) 

If  

 
1+𝑟−𝜏

𝛾
< 1, 

or  

 𝛾 + 𝜏 > 1 + 𝑟, 

(10) converges to a finite value when 𝑛 → ∞. Therefore, an inheritance tax is needed to 

prevent the debt to GDP ratio from diverging indefinitely when 𝛾 < 1 + 𝑟.  
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With continued inflation, we have 

(1+𝑟)(1−𝛿)(𝑝𝛾)𝑛−2
𝛾

1+𝑟−𝜏−𝑝𝛾
[(
1+𝑟−𝜏

𝑝𝛾
)
𝑛−1

−1]𝐵

(𝑝𝛾)𝑛−1𝑌𝑓
=

(1+𝑟)(1−𝛿)
𝑝𝛾

1+𝑟−𝜏−𝑝𝛾
[(
1+𝑟−𝜏

𝑝𝛾
)
𝑛−1

−1]𝐵

𝑝𝛾𝑌𝑓
.      (11) 

If  

 
1+𝑟−𝜏

𝑝𝛾
< 1, 

or  

 𝑝𝛾 + 𝜏 > 1 + 𝑟, 

(11) converges to a finite value when 𝑛 → ∞. An inheritance tax is needed to prevent the 

debt to GDP ratio from diverging indefinitely when 𝑝𝛾 < 1 + 𝑟.  

 

Notes 

Note 1. This paper is an extension of Tanaka (2021, 2022b) to a case where not all savings is 

used for consumption. In Tanaka (2022b) all savings is used for consumption. 

Note 2. In other some studies, such as Tanaka (2022a), we considered an overlapping 

generations model with microeconomic foundations about behavior of consumers and firms 

under perfect competition or monopolistic competition according to, for example, Otaki 

(2007), Otaki (2009), Otaki (2015). In order to simplify the discussion in this note, we will 

skip the microeconomic foundation. 

Note 3. A similar analysis can prove that tax cuts also lead to inflation. 
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