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ABSTRACT 

I examine the problem of budget deficit in a growing economy in which consumers hold money as a part of their 

savings in the case where consumers live forever. For simplicity and tractability I use a discrete time dynamic model 

and Lagrange multiplier method. In the appendix I briefly explain the solution using a discrete time version of the 

Hamiltonian method. I will show the following results. 1) Budget deficit is necessary for full employment under 

constant prices. 2) Inflation is induced if the actual budget deficit is greater than the value at which full employment 

is achieved under constant prices. 3) If the actual budget deficit is smaller than the value which is necessary and 

sufficient for full employment under constant prices, a recession occurs. Therefore, balanced budget cannot achieve 

full employment under constant prices. I do not assume that budget deficit must later be made up by budget surplus. 
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1. Introduction 

This paper is an attempt to present a simple theoretical model for the following statement by J.M. Keynes. 

“Unemployment develops, that is to say, because people want the moon; — men cannot be employed when the 

object of desire (i.e. money) is something which cannot be produced and the demand for which cannot be readily 

choked off. There is no remedy but to persuade the public that green cheese is practically the same thing and to 

have a green cheese factory (i.e. a central bank) under public control.” (Keynes(1936), Chap. 17) 

In Japan and many other countries, fiscal deficits and accumulated government debt have become a problem, 

and it is argued that fiscal soundness must be improved. Is this really the case? Even if the goal of achieving a 

balanced budget will worsen the economy, impede growth, and create unemployment, does it still make sense to 

improve fiscal soundness? These questions are the starting point for this study.  

In recent some researches I have examined the role of the budget deficits in a growing economy when 

consumers get utility from money holding as well as consumptions of goods. In these studies I have used an 

overlapping generations model in which consumers live over two periods, the younger period and the older period. 

They work in the younger period and retire in the older period. They consume goods in the older period by the 

savings carried over from the younger period. About the overlapping generations model I referred to Diamond  

(1965), J. Tanaka (2010, 2011a, 2011b, 2013) and Otaki (2007, 2009, 2015). Such a model may be reasonably 

realistic, but it may not be very general. In this study, therefore, I would like to examine the same issue under the 

assumption that people will live forever. I assume the exogenous growth by population growth1. I do not assume 

that a new generation is born, but rather that the population of the current generation multiplies in the next period. 

About a model in which consumers infinitely live I refer to Weil (1987, 1989). However, although he used a 

continuous time model, I use a more tractable discrete time model. My another reference is Tachibana (2006). 

The main results of this paper are as follows. (1) We need budget deficit for full employment under constant 

price in a growing economy. (2) If the actual budget deficit is greater (smaller) than the value which is necessary 

and sufficient for full employment under constant price, an inflation (a recession) occurs. Balanced budget cannot 

achieve full employment under constant price. We should not assume that budget deficit must later be made up by 

budget surplus. There is a persistent belief that accumulated government debt must eventually be repaid by running 

budget surpluses, but such a move would lead to a severe recession. It should be recognized that even if a certain 

level of budget deficit continues under steady-state conditions, it will not cause inflation unless it is excessive, and 

that it is essential to maintain full employment at stable prices2. 

In the next section, I present the model of this paper and prove the above main results. In Section 3 I calculate 

the explicit values of the savings and money holding3. In Section 4 I present a brief numerical example. 

The proofs of each proposition are largely contained in the appendices. 

2. Money holding and budget deficit in a growing economy 

 
1 In other studies I used an endogenous growth model according to Grossman and Yanagawa(1993) and 
Maebayashi and J. Tanaka(2021). 
2 The following discussion focuses on the steady state without inflation, but this does not mean assuming price 
rigidity, but rather examining the government's fiscal policy to achieve and maintain full employment while 
preventing inflation from occurring. Depending on the size of the budget deficit, full employment with inflation 
may be considered. 
3 In this paper, I assume that budget deficits are financed by the issuance of money, not government bonds. The 
issuance of money is not more inflationary than government bonds. If government bonds are issued in place of 
money with the same liquidity as money, the interest on these bonds would add to the budget deficit, thus 
narrowing the scope for fiscal spending. 
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2.1. Consumers’ behavior 

I introduce money demand or money holding by consumers into a simple exogenous growth model in which 

consumers infinitely live. Consumers use wages and profits earned from firms and savings left over from the 

previous period to consume a homogeneous good in each period and save for the next period. The savings include 

capital as well as money holding. The consumer’s utility depends on the consumption and the real money holding. 

The population of consumers grows by constant rate from a period to the next period. This does not mean that a 

new generation will be born, but rather that the population of the current generation will multiply at a constant 

rate. 

The consumer's utility over an infinite period of time is expressed as follows. 

∑

∞

𝑡=0

(
1

1 + 𝛿
)

𝑡

𝑢 (𝑐𝑡 ,
𝑚𝑡+1

𝑝𝑡
) , 𝛿 > 0, 𝑡 = 0,1, ⋯ , ∞. (1) 

Specifically, the utility function is 

(𝑐𝑡 ,
𝑚𝑡+1

𝑝𝑡
) = 𝛼ln𝑐𝑡 + (1 − 𝛼)ln

𝑚𝑡+1

𝑝𝑡
, 0 < 𝛼 < 1. 

𝑐𝑡 and 𝑝𝑡 are the (real value of ) consumption per capita and the price of the good in Period 𝑡. 𝑚𝑡+1 is the 

nominal value of the money holding of the consumer at the end of Period 𝑡. It will be carried over to the next period. 

Therefore, 
𝑚𝑡+1

𝑝𝑡
 is the real value of the money holding. 𝛿 is the discount rate. 𝛼 is the parameter of the utility 

function. Let 𝑠𝑡+1 be the savings of the consumer at the end of Period 𝑡, and 𝑏𝑡+1 be its value in Period 𝑡 + 1.  

Then, we have 

𝑏𝑡+1 = (1 + 𝑟𝑡+1)(𝑠𝑡+1 − 𝑚𝑡+1) + 𝑚𝑡+1. (2) 

𝑠𝑡+1 − 𝑚𝑡+1 represents the portion of savings that is invested in productive capital, which generates interest 

in the next period. 𝑟𝑡+1 is the interest rate of the capital in Period 𝑡 + 1. Similarly, 

𝑏𝑡 = (1 + 𝑟𝑡)(𝑠𝑡 − 𝑚𝑡) + 𝑚𝑡 . 

From (2), 

𝑠𝑡+1 =
𝑏𝑡+1 − 𝑚𝑡+1

1 + 𝑟𝑡+1
+ 𝑚𝑡+1 =

𝑏𝑡+1

1 + 𝑟𝑡+1
+

𝑟𝑡+1

1 + 𝑟𝑡+1
𝑚𝑡+1. 

The budget constraint for the consumer in period 𝑡 is 

𝑝𝑡𝑐𝑡 + 𝑠𝑡+1 = (1 − 𝜏)𝑤𝑡𝑙𝑡 +
𝑏𝑡

1 + 𝑛
, 𝑡 = 0,1, ⋯ , ∞. 

𝑤𝑡 is the nominal wage rate, and 𝑙𝑡 is the indicator that represents whether the consumer is employed or not. 

𝜏  is the tax rate, 0 < 𝜏 < 1 . If we assume full employment, 𝑙𝑡 = 1  for all consumers. 𝑛 > 0  is the population 

growth rate. The savings at the end of Period 𝑡 are distributed equally among consumers in Period 𝑡 + 1. From 

this, we obtain 

𝑝𝑡𝑐𝑡 +
1

1 + 𝑟𝑡+1

(𝑏𝑡+1 − 𝑚𝑡+1) + 𝑚𝑡+1 = (1 − 𝜏)𝑤𝑡𝑙𝑡 +
𝑏𝑡

1 + 𝑛
, 

and 
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𝑝𝑡𝑐𝑡 +
𝑟𝑡+1

1 + 𝑟𝑡+1
𝑚𝑡+1 = (1 − 𝜏)𝑤𝑡𝑙𝑡 +

𝑏𝑡

1 + 𝑛
−

1

1 + 𝑟𝑡+1
𝑏𝑡+1,   𝑡 = 0,1, ⋯ , ∞. (3) 

It is rewritten as  

𝑏𝑡+1 = (1 + 𝑟𝑡+1)(1 − 𝜏)𝑤𝑡𝑙𝑡 − (1 + 𝑟𝑡+1)𝑝𝑡𝑐𝑡 − 𝑟𝑡+1𝑚𝑡+1 +
1 + 𝑟𝑡+1

1 + 𝑛
𝑏𝑡 , 𝑡 = 0,1, ⋯ , ∞. 

Further, 

𝑏𝑡+1 − 𝑏𝑡 = (1 + 𝑟𝑡+1)(1 − 𝜏)𝑤𝑡𝑙𝑡 − (1 + 𝑟𝑡+1)𝑝𝑡𝑐𝑡 − 𝑟𝑡+1𝑚𝑡+1 +
𝑟𝑡+1 − 𝑛

1 + 𝑛
𝑏𝑡 . 

By Lagrangian method we obtain the following consumption and money holding of the consumers (please see 

Appendix 1). 

𝑐𝑡 =
𝛼

𝑝𝑡
[(1 − 𝜏)𝑤𝑡𝑙𝑡 +

𝑏𝑡

1 + 𝑛
−

1

1 + 𝑟𝑡+1
𝑏𝑡+1] , (4) 

and 

𝑚𝑡+1 = (1 − 𝛼)
1 + 𝑟𝑡+1

𝑟𝑡+1
[(1 − 𝜏)𝑤𝑡𝑙𝑡 +

𝑏𝑡

1 + 𝑛
−

1

1 + 𝑟𝑡+1
𝑏𝑡+1] . (5) 

Let 𝐿𝑡
𝑓

 be labor supply or population in Period 𝑡. Under full employment the employment equals 𝐿𝑡
𝑓

. Since it 

grows at the rate of 𝑛, 

𝐿𝑡
𝑓

= (1 + 𝑛)𝐿𝑡−1
𝑓

. 

The total consumption in Period 𝑡 is 

𝐶𝑡 =
𝛼

𝑝𝑡
[(1 − 𝜏)𝑤𝑡𝐿𝑡 +

𝑏𝑡

1 + 𝑛
𝐿𝑡

𝑓
−

1

1 + 𝑟𝑡+1
𝐵𝑡+1]. 

𝐿𝑡 is the employment in Period 𝑡. 𝐵𝑡+1 is the value of the total savings in Period 𝑡 + 1. The total nominal 

consumption is 

𝑝𝑡𝐶𝑡 = 𝛼 [(1 − 𝜏)𝑤𝑡𝐿𝑡 +
𝑏𝑡

1 + 𝑛
𝐿𝑡

𝑓
−

1

1 + 𝑟𝑡+1
𝐵𝑡+1]. 

On the other hand, the total nominal money holding is 

𝑀𝑡+1 = (1 − 𝛼)
1 + 𝑟𝑡+1

𝑟𝑡+1
[(1 − 𝜏)𝑤𝑡𝐿𝑡 +

𝑏𝑡

1 + 𝑛
𝐿𝑡

𝑓
−

1

1 + 𝑟𝑡+1
𝐵𝑡+1]. 

The total nominal savings is 

𝑆𝑡+1 =
𝐵𝑡+1 − 𝑀𝑡+1

1 + 𝑟𝑡+1
+ 𝑀𝑟+1 =

𝐵𝑡+1

1 + 𝑟𝑡+1
+

𝑟𝑡+1

1 + 𝑟𝑡+1
𝑀𝑟+1 =

𝛼𝐵𝑡+1

1 + 𝑟𝑡+1
+ (1 − 𝛼) [(1 − 𝜏)𝑤𝑡𝐿𝑡 +

𝑏𝑡

1 + 𝑛
𝐿𝑡

𝑓
]. 

The real value of the capital in Period 𝑡 + 1 is 

𝐾𝑡+1 =
1

(1 + 𝑟𝑡+1)𝑝𝑡
(𝐵𝑡+1 − 𝑀𝑡+1) =

1

𝑝𝑡
(𝑆𝑡+1 − 𝑀𝑡+1). 
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Similarly, the real value of the capital in Period 𝑡 is 

𝐾𝑡 =
1

(1 + 𝑟𝑡)𝑝𝑡−1
(𝐵𝑡 − 𝑀𝑡) =

1

𝑝𝑡−1
(𝑆𝑡 − 𝑀𝑡). 

The relationships between the total values of the variables and the per capita values are 

𝐵𝑡+1 = 𝑏𝑡+1𝐿𝑡
𝑓

, 𝑀𝑡+1 = 𝑚𝑡+1𝐿𝑡
𝑓

, 𝑆𝑡+1 = 𝑠𝑡+1𝐿𝑡
𝑓

. 

Similarly, for the values in Period 𝑡, we have 

𝐵𝑡 = 𝑏𝑡𝐿𝑡−1
𝑓

, 𝑀𝑡 = 𝑚𝑡𝐿𝑡−1
𝑓

, 𝑆𝑡 = 𝑠𝑡𝐿𝑡−1
𝑓

. 

2.2. Firms’ behavior 

Let 𝑦𝑡 be the output, 𝐾𝑡 be the capital, 𝐿𝑡  be the employment of firms in Period 𝑡. Then, the production 

function is written as follows. 

𝑦𝑡 = 𝐹(𝐾𝑡, 𝐿𝑡) = 𝐿𝑡𝑓(𝑘𝑡) = 𝐿𝑡𝐹(𝑘𝑡, 1). 

I assume the constant returns to scale property for the production function. 𝑘𝑡 is the real capital per labor. 

The number of firms is normalized to one. Each firm maximizes its profit in each period. The profit of a firm is 

𝜋𝑡 = 𝑝𝑡𝑦𝑡 − 𝑟𝑡𝐾𝑡 − 𝑤𝑡𝐿𝑡 = 𝑝𝑡𝐿𝑡𝑓(𝑘𝑡) − 𝑝𝑡𝑟𝑡𝐾𝑡 − 𝑤𝑡𝐿𝑡. 

The first order conditions for profit maximization are 

𝑝𝑡𝑟𝑡 = 𝑝𝑡

𝜕𝐹

𝜕𝐾𝑡
= 𝑝𝑡𝑓′(𝑘𝑡), 

and 

𝑤𝑡 = 𝑝𝑡

𝜕𝐹

𝜕𝐿𝑡
= 𝑝𝑡[𝑓(𝑘𝑡) − 𝑓′(𝑘𝑡)𝑘𝑡]. 

𝜕𝐹

𝜕𝐾𝑡
 and 

𝜕𝐹

𝜕𝐿𝑡
 are the marginal productivity of capital and that of labor. From them, we have 

𝑤𝑡𝐿𝑡 = 𝑝𝑡 [𝑓(𝑘𝑡) − 𝑓′(𝑘𝑡)𝑘𝑡]𝐿𝑡 , 

and 

𝑝𝑡𝑟𝑡𝐾𝑡 = 𝑝𝑡𝑓′(𝑘𝑡)𝐾𝑡 = 𝑝𝑡𝑓′(𝑘𝑡)𝑘𝑡𝐿𝑡 . 

Thus, we obtain 

𝑝𝑦𝑦𝑡 = 𝑤𝑡𝐿𝑡 + 𝑝𝑡𝑟𝑡𝐾𝑡 . 

This is the total nominal supply of the good.  

2.3. Market equilibrium 

In this subsection I will show the main result of this paper. The total nominal consumption demand is 
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𝑝𝑡𝐶𝑡 = 𝛼 [(1 − 𝜏)𝑤𝑡𝐿𝑡 + 𝐵𝑡 −
1

1 + 𝑟𝑡+1
𝐵𝑡+1]. 

Let 𝐺𝑡 be the fiscal expenditure in Period 𝑡. The total nominal demand is 

𝐺𝑡 + 𝛼 [(1 − 𝜏)𝑤𝑡𝐿𝑡 + 𝐵𝑡 −
1

1+𝑟𝑡+1
𝐵𝑡+1] + 𝑝𝑡(𝐾𝑡+1 − 𝐾𝑡). 

The market clearing condition is 

𝐺𝑡 + 𝛼 [(1 − 𝜏)𝑤𝑡𝐿𝑡 + 𝐵𝑡 −
1

1 + 𝑟𝑡+1
𝐵𝑡+1] + 𝑝𝑡(𝐾𝑡+1 − 𝐾𝑡) = 𝑤𝑡𝐿𝑡 + 𝑝𝑡𝑟𝑡𝐾𝑡 . (6) 

𝑝𝑡(𝐾𝑡+1 − 𝐾𝑡) is the investment in Period 𝑡 which is the nominal value of the increase in the capital from 

Period 𝑡 to Period 𝑡+1.  

I will show the following proposition. Please see Appendix 2 for the proof of this proposition. 

Proposition 1 

In a growing economy, if consumers get utility from money holding, in the steady state under full employment with 

constant price, we need positive budget deficit. 

Proof: Appendix 2. 

The main equations in the proof are 

𝐺𝑡 − 𝜏𝑤𝑡𝐿𝑡 =
𝑝𝑡

𝑝𝑡−1

(𝐵𝑡 − 𝑀𝑡) + 𝑀𝑡+1 − 𝐵𝑡 , (A. 7) 

and, with 𝑝𝑡 = 𝑝𝑡−1, 

𝐺𝑡 − 𝜏𝑤𝑡𝐿𝑡
𝑓

, = 𝑀𝑡+1 − 𝑀𝑡 = 𝑛𝑀𝑡. (A. 8) 

Taking 𝑀𝑡 as given, if full employment has been achieved until Period 𝑡 − 1, then it is necessary and sufficient 

to create the budget deficit shown in (A.8) to achieve inflation-free full employment in Period 𝑡. 

Inflation and recession 

About inflation and recession we can get the following results. 

Proposition 2 

If the budget deficit is larger than the value which is necessary and sufficient to achieve full employment under constant 

price, inflation is triggered. On the other hand, if the budget deficit is smaller than the value which is necessary and 

sufficient to achieve full employment under constant price, a recession occurs. 

Proof: 

If the actual budget deficit is larger than the value which is necessary and sufficient for full employment under 

constant price (expressed by (A.7) in Appendix 2 with 𝑝𝑡 = 𝑝𝑡−1, or (A.8)), 𝑝𝑡 should be larger. Therefore, inflation 

is triggered. On the other hand, if the actual budget deficit is smaller than that value, 𝑀𝑡+1 should be smaller. This 

will be realized through a decline in income and production. (Q.E.D.) 

3. Explicit values of the savings and money holding 

The equations of individual consumption and money holding expressed in (4) and (5) include savings and are 

not in closed form. Therefore, I consider the explicit values of some variables, savings and money holding, in this 

section. I will show the following proposition. 

Proposition 3 
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The explicit solutions of the value of the savings in Period 𝑡 and the value of the money holding at the end of 

Period 𝑡 are 

𝐵𝑡 =
(1 − 𝛼)

1 + �̃�
�̃�

(1 − 𝜏)𝑤𝑡𝐿𝑡
𝑓

+ (1 + �̃�)(1 + n)𝑝𝑡𝐾𝑡

1 + 𝑛 − (1 − 𝛼)
�̃� − 𝑛

�̃�

, (7) 

and 

𝑀𝑡+1 = (1 + 𝑛)
(1 − 𝛼)

1 + �̃�
�̃�

(1 − 𝜏)𝑤𝑡𝐿𝑡
𝑓

+ (1 + �̃�)(1 + 𝑛)𝑝𝑡𝐾𝑡

1 + 𝑛 − (1 − 𝛼)
�̃� − 𝑛

�̃�

− (1 + �̃�)(1 + 𝑛)𝑝𝑡

= (1 + 𝑛)(1 − 𝛼)

1 + �̃�
�̃�

(1 − 𝜏)𝑤𝑡𝐿𝑡
𝑓

+ (1 + �̃�)
�̃� − 𝑛

�̃�
𝑝𝑡𝐾𝑡

1 + 𝑛 − (1 − 𝛼)
�̃� − 𝑛

�̃�

, 

with 

𝐾𝑡 = �̃�𝐿𝑡
𝑓

. 

�̃� is the equilibrium value of the capital-labor ratio. It is determined by the growth rate and the discount rate. 

Proof: Appendix 3. 

4. Numerical example 

This section presents a numerical example. Consider the production function expressed as follows; 

𝐹(𝐿𝑡 , 𝐾𝑡) = 𝐿𝑡

1
2𝐾𝑡

1
2, 𝑓(𝑘𝑡) = 𝑘𝑡

1
2, 𝑓′(𝑘𝑡) =

1

2
𝑘𝑡

−
1
2. 

Let 

𝑛 = 0.04, 𝛿 =
3

52
, 𝐿𝑡

𝑓
= 1, 𝛼 = 0.8, 𝜏 = 0.2, 𝑝𝑡−1 = 1. 

Then, 

�̃� = 𝑛 + 𝛿 + 𝑛𝛿 = 0.1 =
1

2
𝑘𝑡

−
1
2, �̃� = 𝐾𝑡 = 25, 𝑓(�̃�) = 5, 𝑤𝑡 = 2.5𝑝𝑡. 

From (6) with 𝐵𝑡+1 = (1 + 𝑛)𝐵𝑡 and 𝐾𝑡+1 = (1 + 𝑛)𝐾𝑡 , 𝑟𝑡+1 = �̃�, 

𝐺𝑡 − 𝜏𝑤𝑡𝐿𝑡 + 𝛼 [(1 − 𝜏)𝑤𝑡𝐿𝑡 +
�̃� − 𝑛

1 + �̃�
𝐵𝑡] + 𝑝𝑡𝑛𝐾𝑡  = (1 − 𝜏)𝑤𝑡𝐿𝑡 + 𝑝𝑡�̃�𝐾𝑡. 

Let us consider the steady state in Period 𝑡. From (7), 𝐵𝑡 ≈35.87𝑝𝑡 . The consumption demand is 

𝛼 [(1 − 𝜏)𝑤𝑡𝐿𝑡 +
�̃� − 𝑛

1 + �̃�
𝐵𝑡] ≈ 3.17𝑝𝑡. 

The invest demand is 𝑝𝑡𝑛𝐾𝑡 =  1𝑝𝑡. The supply minus tax is 

(1 − 𝜏)𝑤𝑡𝐿𝑡 + 𝑝𝑡�̃�𝐾𝑡 = 4.5𝑝𝑡. 
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If the budget deficit is 0.33, we have 𝑝𝑡 = 1 and full employment is realized under constant price. If it is larger 

than 0.33, 𝑝𝑡 > 1 and an inflation is triggered. On the other hand, with downward price rigidity, if the budget deficit 

is smaller than 0.33, a recession occurs. 

5. Conclusion 

In recent years, I have been interested in the issue of budget deficits and government debt, not specifically as a 

policy to recover from recession, but to prove that budget deficits are necessary to achieve full employment without 

inflation nor deflation in a steady state. The key to this is to consider a growing economy and the fact that people 

hold money for liquidity and other reasons. This paper develops the argument not in the overlapping generations 

model in which people live for a finite period, but in a model in which people live for an infinite period. If similar 

conclusions can be reached in various models, a model in which people live forever may be easier to handle than a 

model in which generations overlap. 

Funding Statement 

This research received no external funding. 

Acknowledgment 

The author has received many valuable comments from the reviewers and editors of this journal and have 

made meaningful revisions. I deeply appreciate them. Of course, any remaining errors are the responsibility of the 

author. 

Conflict of interest 

The author claims that the manuscript is completely original. The author also declares no conflict of interest. 

Appendix 

A1. Details of calculation in Section 2. 

The Lagrange function for maximization of (1) under the budget constraint (3) is written as follows. 

ℒ = 𝑢 (𝑐0,
𝑚1

𝑝0
) +

1

1 + 𝛿
𝑢 (𝑐1,

𝑚2

𝑝1
) + (

1

1 + 𝛿
)

2

𝑢 (𝑐2,
𝑚3

𝑝2
) + ⋯ + (

1

1 + 𝛿
)

𝑡

𝑢 (𝑐𝑡,
𝑚𝑡+1

𝑝𝑡
) + (

1

1 + 𝛿
)

𝑡+1

𝑢 (𝑐𝑡+1,
𝑚𝑡+2

𝑝𝑡+1
)

+ ⋯ + 𝜇0 [(1 + 𝑟1)(1 − 𝜏)𝑤0𝑙0 − (1 + 𝑟1)𝑝0𝑐0 − 𝑟1𝑚1 +
1 + 𝑟1

1 + 𝑛
𝑏0 − 𝑏1]

+ 𝜇1 [(1 + 𝑟2)(1 − 𝜏)𝑤1𝑙1 − (1 + 𝑟2)𝑝1𝑐1 − 𝑟2𝑚2 +
1 + 𝑟2

1 + 𝑛
𝑏1 − 𝑏2]

+ 𝜇2 [(1 + 𝑟3)(1 − 𝜏)𝑤2𝑙2 − (1 + 𝑟3)𝑝2𝑐2 − 𝑟3𝑚3 +
1 + 𝑟3

1 + 𝑛
𝑏2 − 𝑏3] + ⋯

+ 𝜇𝑡 [(1 + 𝑟𝑡+1)(1 − 𝜏)𝑤𝑡𝑙𝑡 − (1 + 𝑟𝑡+1)𝑝𝑡𝑐𝑡 − 𝑟𝑡+1𝑚𝑡+1 +
1 + 𝑟𝑡+1

1 + 𝑛
𝑏𝑡 − 𝑏𝑡+1]

+ 𝜇𝑡+1 [(1 + 𝑟𝑡+2)(1 − 𝜏)𝑤𝑡+1𝑙𝑡+1 − (1 + 𝑟𝑡+2)𝑝𝑡+1𝑐𝑡+1 − 𝑟𝑡+2𝑚𝑡+2 +
1 + 𝑟𝑡+2

1 + 𝑛
𝑏𝑡+1 − 𝑏𝑡+2] + ⋯. 

𝜇𝑡 for  𝑡 = 0,1, ⋯ , ∞ are the Lagrange multipliers. The first order conditions for utility maximization over 
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infinite periods are 

𝜕ℒ

𝜕𝑐𝑡
=

𝛼

𝑐𝑡
(

1

1 + 𝛿
)

𝑡

− 𝜇𝑡(1 + 𝑟𝑡+1)𝑝𝑡 = 0, 𝑡 = 0,1, ⋯ , ∞, 

and 

𝜕ℒ

𝜕
𝑚𝑡+1

𝑝𝑡

=
(1 − 𝛼)𝑝𝑡

𝑚𝑡+1
(

1

1 + 𝛿
)

𝑡

− 𝜇𝑡𝑟𝑡+1𝑝𝑡 = 0, 𝑡 = 0,1, ⋯ , ∞. 

From them we get 

𝑝𝑡𝑐𝑡 =
𝛼

𝜇𝑡(1 + 𝑟𝑡+1)
(

1

1 + 𝛿
)

𝑡

, (A. 2) 

and 

𝑚𝑡+1 =
(1 − 𝛼)

𝜇𝑡𝑟𝑡+1
(

1

1 + 𝛿
)

𝑡

. 

From this 

𝑟𝑡+1

1 + 𝑟𝑡+1
𝑚𝑡+1 =

(1 − 𝛼)

𝜇𝑡(1 + 𝑟𝑡+1)
(

1

1 + 𝛿
)

𝑡

. (A. 3) 

Adding (A.2) and (A.3) yields 

𝑝𝑡𝑐𝑡 +
𝑟𝑡+1

1 + 𝑟𝑡+1
𝑚𝑡+1 =

1

𝜇𝑡(1 + 𝑟𝑡+1)
(

1

1 + 𝛿
)

𝑡

. (A. 4) 

From the Lagrange function, we obtain 

𝜕ℒ

𝜕𝑏𝑡
= −𝜇𝑡−1 + 𝜇𝑡

1 + 𝑟𝑡+1

1 + 𝑛
= 0. (A. 5) 

Similarly, for 𝑏𝑡+1 

𝜕ℒ

𝜕𝑏𝑡+1
= −𝜇𝑡 + 𝜇𝑡+1

1 + 𝑟𝑡+2

1 + 𝑛
= 0. 

They are the costate or adjoint equations. I consider its meaning in Section 3. 

From (3), (A.2), (A.3) and (A.4), we obtain 

𝑐𝑡 =
𝛼

𝑝𝑡
[(1 − 𝜏)𝑤𝑡𝑙𝑡 +

𝑏𝑡

1 + 𝑛
−

1

1 + 𝑟𝑡+1
𝑏𝑡+1], 

and 

𝑚𝑡+1 = (1 − 𝛼)
1 + 𝑟𝑡+1

𝑟𝑡+1
[(1 − 𝜏)𝑤𝑡𝑙𝑡 +

𝑏𝑡

1 + 𝑛
−

1

1 + 𝑟𝑡+1
𝑏𝑡+1]. 
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A2. Proof of Proposition 1 

Arranging (6), 

𝐺𝑡 − 𝜏𝑤𝑡𝐿𝑡 + 𝛼 [(1 − 𝜏)𝑤𝑡𝐿𝑡 + 𝐵𝑡 −
1

1 + 𝑟𝑡+1
𝐵𝑡+1] + 𝑝𝑡(𝐾𝑡+1 − 𝐾𝑡)  = (1 − 𝜏)𝑤𝑡𝐿𝑡 + 𝑝𝑡𝑟𝑡𝐾𝑡. 

Further, we get 

𝐺𝑡 − 𝜏𝑤𝑡𝐿𝑡 + 𝛼 [(1 − 𝜏)𝑤𝑡𝐿𝑡 + 𝐵𝑡 −
1

1 + 𝑟𝑡+1
𝐵𝑡+1] + 𝑝𝑡𝐾𝑡+1 = (1 − 𝜏)𝑤𝑡𝐿𝑡 + 𝑝𝑡(1 + 𝑟𝑡)𝐾𝑡 . 

Then, 

𝐺𝑡 − 𝜏𝑤𝑡𝐿𝑡 + 𝛼 [(1 − 𝜏)𝑤𝑡𝐿𝑡 + 𝐵𝑡 −
1

1 + 𝑟𝑡+1
𝐵𝑡+1] + 𝑆𝑡+1 − 𝑀𝑡+1 = (1 − 𝜏)𝑤𝑡𝐿𝑡 +

𝑝𝑡

𝑝𝑡−1

(𝐵𝑡 − 𝑀𝑡). (A. 6) 

Note that the savings at the end of Period 𝑡 is written as 

𝑆𝑡+1 =
𝛼𝐵𝑡+1

1 + 𝑟𝑡+1
+ (1 − 𝛼) [(1 − 𝜏)𝑤𝑡𝐿𝑡 +

𝑏𝑡

1 + 𝑛
𝐿𝑡

𝑓
] =

𝛼𝐵𝑡+1

1 + 𝑟𝑡+1
+ (1 − 𝛼)[(1 − 𝜏)𝑤𝑡𝐿𝑡 + 𝐵𝑡]. 

Substituting this into (A.6), we obtain 

𝐺𝑡 − 𝜏𝑤𝑡𝐿𝑡 + 𝛼 [(1 − 𝜏)𝑤𝑡𝐿𝑡 + 𝐵𝑡 −
1

1 + 𝑟𝑡+1
𝐵𝑡+1] +

𝛼𝐵𝑡+1

1 + 𝑟𝑡+1
+ (1 − 𝛼)[(1 − 𝜏)𝑤𝑡𝐿𝑡 + 𝐵𝑡] − 𝑀𝑡+1

= (1 − 𝜏)𝑤𝑡𝐿𝑡 +
𝑝𝑡

𝑝𝑡−1
(𝐵𝑡 − 𝑀𝑡). 

Rearranging it yields 

𝐺𝑡 − 𝜏𝑤𝑡𝐿𝑡 =
𝑝𝑡

𝑝𝑡−1

(𝐵𝑡 − 𝑀𝑡) + 𝑀𝑡+1 − 𝐵𝑡 . (A. 7) 

Now let us assume that full employment has been achieved until Period 𝑡 − 1 without inflation (nor deflation). 

Then, we have 

𝐿𝑡−1 = 𝐿𝑡−1
𝑓

, 

and 

𝑝𝑡−1 = 𝑝𝑡 , 𝑐𝑡 = 𝑐𝑡+1, 𝑟𝑡 = 𝑟𝑡+1 = 𝑟𝑡+2, 𝑤𝑡 = 𝑤𝑡+1, 𝑏𝑡 = 𝑏𝑡+1. 

Also, in the steady state with full employment and constant price, we get 

𝐵𝑡+1 = (1 + 𝑛)𝐵𝑡, 

and 

𝑀𝑡+1 = (1 + 𝑛)𝑀𝑡. 

Then, with 𝐿𝑡 = 𝐿𝑡
𝑓

, that is, full employment in Period 𝑡, (A.7) is rewritten as 

𝐺𝑡 − 𝜏𝑤𝑡𝐿𝑡
𝑓

, = 𝑀𝑡+1 − 𝑀𝑡 = 𝑛𝑀𝑡. (A. 8) 

So long as 0 < 𝛼 < 1 and 𝑛 > 0, this is positive. (Q.E.D.) 
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A3. Proof of Proposition 3 

From (A.2) in Appendix 1 for Period 𝑡 and 𝑡 + 1 we have 

𝜇𝑡 =
𝛼

𝑝𝑡𝑐𝑡(1 + 𝑟𝑡+1)
(

1

1 + 𝛿
)

𝑡

. 

Similarly, 

𝜇𝑡−1 =
𝛼

𝑝𝑡−1𝑐𝑡−1(1 + 𝑟𝑡)
(

1

1 + 𝛿
)

𝑡−1

. 

From the costate equation, (A.5) in Appendix 1, 

−𝜇𝑡−1 + 𝜇𝑡

1 + 𝑟𝑡+1

1 + 𝑛
= 0. 

In the steady state under full employment with constant price, since 𝑝𝑡 = 𝑝𝑡−1, 𝑐𝑡 = 𝑐𝑡−1, 𝑟𝑡 = 𝑟𝑡+1,  

𝜇𝑡 =
1

1 + 𝛿
𝜇𝑡−1. 

Then, we obtain 

1 + 𝑟𝑡+1

1 + 𝑛
= 1 + 𝛿 

or 

1 + 𝑟𝑡+1 = (1 + 𝑛)(1 + 𝛿) > 1 + 𝑛. 

Denote the steady state value of the interest rate by 

�̃� = 𝑛 + 𝛿 + 𝑛𝛿. 

If this relation holds, the capital-labor ratio, 𝑘, which is constant in the steady state, satisfies 

𝑓′(𝑘) = �̃�. 

Denote this value of 𝑘 by �̃�. Then, the steady state value of the capital in Period 𝑡 and 𝑡 + 1 are 

𝐾𝑡 = �̃�𝐿𝑡
𝑓

, 

and 

 𝐾𝑡+1 = �̃�𝐿𝑡+1
𝑓

= (1 + 𝑛)𝐾𝑡. 

Also we have 

𝐾𝑡 =
𝑆𝑡 − 𝑀𝑡

𝑝𝑡−1
=

𝐵𝑡 − 𝑀𝑡

(1 + �̃�)𝑝𝑡−1
,  

and 

 𝐾𝑡+1 =
𝑆𝑡+1 − 𝑀𝑡+1

𝑝𝑡
=

𝐵𝑡+1 − 𝑀𝑡+1

(1 + �̃�)𝑝𝑡
. (A. 9) 
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The steady state value of the nominal wage rate in Period 𝑡 is 

𝑤𝑡 = 𝑝𝑡[𝑓(�̃�) − 𝑓′(�̃�)�̃�𝑡]. 

Also in the steady state 

𝐵𝑡+1 = (1 + 𝑛)𝐵𝑡 . (A. 10) 

Therefore, 

𝑀𝑡+1 = (1 − 𝛼)
1+�̃�

�̃�
[(1 − 𝜏)𝑤𝑡𝐿𝑡

𝑓
+ 𝐵𝑡 −

1+𝑛

1+�̃�
𝐵𝑡] = (1 − 𝛼)

1+�̃�

�̃�
[(1 − 𝜏)𝑤𝑡𝐿𝑡

𝑓
+

�̃�−𝑛

1+�̃�
𝐵𝑡]. 

It is rewritten as 

𝑀𝑡+1 = (1 − 𝛼)
1 + �̃�

�̃�
(1 − 𝜏)𝑤𝑡𝐿𝑡

𝑓
+ (1 − 𝛼)

�̃� − 𝑛

�̃�
𝐵𝑡 . (A. 11) 

From (A.9) and (A.10), 

(1 + 𝑛)𝐵𝑡 − 𝑀𝑡+1 = (1 + �̃�)(1 + 𝑛)𝑝𝑡𝐾𝑡. (A. 12) 

By (A.11) and (A.12), we obtain 

𝐵𝑡 =
(1 − 𝛼)

1 + �̃�
�̃�

(1 − 𝜏)𝑤𝑡𝐿𝑡
𝑓

+ (1 + �̃�)(1 + 𝑛)𝑝𝑡𝐾𝑡

1 + 𝑛 − (1 − 𝛼)
�̃� − 𝑛

�̃�

. (A. 13) 

This is the explicit solution of the value of the savings in Period 𝑡. By similar calculations, we get 

𝑀𝑡+1 = (1 + 𝑛)
(1 − 𝛼)

1 + �̃�
�̃�

(1 − 𝜏)𝑤𝑡𝐿𝑡
𝑓

+ (1 + �̃�)(1 + 𝑛)𝑝𝑡𝐾𝑡

1 + 𝑛 − (1 − 𝛼)
�̃� − 𝑛

�̃�

−(1 + �̃�)(1 + 𝑛)𝑝𝑡𝐾𝑡 = (1 + 𝑛)(1 − 𝛼)

1 + �̃�
�̃�

(1 − 𝜏)𝑤𝑡𝐿𝑡
𝑓

+ (1 + �̃�)
�̃� − 𝑛

�̃�
𝑝𝑡𝐾𝑡

1 + 𝑛 − (1 − 𝛼)
�̃� − 𝑛

�̃�

, (A. 14)

 

with 

𝐾𝑡 = �̃�𝐿𝑡
𝑓

. 

This is the explicit solution of the value of the money holding at the end of Period 𝑡. By (A.7), (A.13) and (A.14) 

for 𝑀𝑡+1 and 𝑀𝑡, we can explicitly get the steady state values of the budget deficit. (Q.E.D.) 

A4. Hamiltonian method 

Although the Lagrange multiplier method is used in the text, analysis by Hamiltonian method is also possible, 

which is briefly discussed below. (A.1) is rearranged as follows. 
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ℒ = 𝑢 (𝑐0,
𝑚1

𝑝0
) +

1

1 + 𝛿
𝑢 (𝑐1,

𝑚2

𝑝1
) + (

1

1 + 𝛿
)

2

𝑢 (𝑐2,
𝑚3

𝑝2
) + ⋯ + (

1

1 + 𝛿
)

𝑡

𝑢 (𝑐𝑡,
𝑚𝑡+1

𝑝𝑡
) + (

1

1 + 𝛿
)

𝑡+1

𝑢 (𝑐𝑡+1,
𝑚𝑡+2

𝑝𝑡+1
)

+ +𝜇0 [(1 + 𝑟1)(1 − 𝜏)𝑤0𝑙0 − (1 + 𝑟1)𝑝0𝑐0 − 𝑟1𝑚1 +
𝑟1 − 𝑛

1 + 𝑛
𝑏0] + 𝜇0𝑏0 − 𝜇0𝑏1

+ 𝜇1 [(1 + 𝑟2)(1 − 𝜏)𝑤1𝑙1 − (1 + 𝑟2)𝑝1𝑐1 − 𝑟2𝑚2 +
𝑟2 − 𝑛

1 + 𝑛
𝑏1] + 𝜇1𝑏1 − 𝜇1𝑏2

+ 𝜇2 [(1 + 𝑟3)(1 − 𝜏)𝑤2𝑙2 − (1 + 𝑟3)𝑝2𝑐2 − 𝑟3𝑚3 +
𝑟3 − 𝑛

1 + 𝑛
𝑏2] + 𝜇2𝑏2 − 𝜇2𝑏3 + ⋯

+ 𝜇𝑡 [(1 + 𝑟𝑡+1)(1 − 𝜏)𝑤𝑡𝑙𝑡 − (1 + 𝑟𝑡+1)𝑝𝑡𝑐𝑡 − 𝑟𝑡+1𝑚𝑡+1 +
𝑟𝑡+1 − 𝑛

1 + 𝑛
𝑏𝑡] + 𝜇𝑡𝑏𝑡 − 𝜇𝑡𝑏𝑡+1

+ 𝜇𝑡+1 [(1 + 𝑟𝑡+2)(1 − 𝜏)𝑤𝑡+1𝑙𝑡+1 − (1 + 𝑟𝑡+2)𝑝𝑡+1𝑐𝑡+1 − 𝑟𝑡+2𝑚𝑡+2 +
𝑟𝑡+2 − 𝑛

1 + 𝑛
𝑏𝑡+1] + 𝜇𝑡+1𝑏𝑡+1

− 𝜇𝑡+1𝑏𝑡+2 + ⋯. 

Further, we have 

ℒ = 𝜇0𝑏0 + 𝑢 (𝑐0,
𝑚1

𝑝0
) + 𝜇0 [(1 + 𝑟1)(1 − 𝜏)𝑤0𝑙0 − (1 + 𝑟1)𝑝0𝑐0 − 𝑟1𝑚1 +

𝑟1 − 𝑛

1 + 𝑛
𝑏0] + (𝜇1 − 𝜇0)𝑏1

+
1

1 + 𝛿
𝑢 (𝑐1,

𝑚2

𝑝1
) + 𝜇1 [(1 + 𝑟2)(1 − 𝜏)𝑤1𝑙1 − (1 + 𝑟2)𝑝1𝑐1 − 𝑟2𝑚2 +

𝑟2 − 𝑛

1 + 𝑛
𝑏1] + (𝜇2 − 𝜇1)𝑏2

+ (
1

1 + 𝛿
)

2

𝑢 (𝑐2,
𝑚3

𝑝2
) + 𝜇2 [(1 + 𝑟3)(1 − 𝜏)𝑤2𝑙2 − (1 + 𝑟3)𝑝2𝑐2 − 𝑟3𝑚3 +

𝑟3 − 𝑛

1 + 𝑛
𝑏2] + ⋯ + (𝜇𝑡

− 𝜇𝑡−1)𝑏𝑡 + (
1

1 + 𝛿
)

𝑡

𝑢 (𝑐𝑡 ,
𝑚𝑡+1

𝑝𝑡
)

+ 𝜇𝑡[(1 + 𝑟𝑡+1)(1 − 𝜏)𝑤𝑡𝑙𝑡 − (1 + 𝑟𝑡+1)𝑝𝑡𝑐𝑡 − 𝑟𝑡+1𝑚𝑡+1 +
𝑟𝑡+1 − 𝑛

1 + 𝑛
𝑏𝑡] + (𝜇𝑡+1 − 𝜇𝑡)𝑏𝑡+1

+ (
1

1 + 𝛿
)

𝑡+1

𝑢 (𝑐𝑡+1,
𝑚𝑡+2

𝑝𝑡+1
)

+ 𝜇𝑡+1[(1 + 𝑟𝑡+2)(1 − 𝜏)𝑤𝑡+1𝑙𝑡+1 − (1 + 𝑟𝑡+2)𝑝𝑡+1𝑐𝑡+1 −𝑟𝑡+2𝑚𝑡+2 +
𝑟𝑡+2 − 𝑛

1 + 𝑛
𝑏𝑡+1] + ⋯. 

Let define the present value Hamiltonian by 

𝐻𝑡 = (
1

1 + 𝛿
)

𝑡

𝑢 (𝑐𝑡,
𝑚𝑡+1

𝑝𝑡
) + 𝜇𝑡 [(1 + 𝑟𝑡+1)(1 − 𝜏)𝑤𝑡𝑙𝑡 − (1 + 𝑟𝑡+1)𝑝𝑡𝑐𝑡 − 𝑟𝑡+1𝑚𝑡+1 +

𝑟𝑡+1 − 𝑛

1 + 𝑛
𝑏𝑡] 

with 

𝑢 (𝑐𝑡 ,
𝑚𝑡+1

𝑝𝑡
) = 𝛼ln𝑐𝑡 + (1 − 𝛼)ln

𝑚𝑡+1

𝑝𝑡
, 0 < 𝛼 < 1. 

The first order conditions for life time utility maximization are 

𝜕ℒ

𝜕𝑐𝑡
=

𝜕𝐻𝑡

𝜕𝑐𝑡
=

𝛼

𝑐𝑡
(

1

1 + 𝛿
)

𝑡

− 𝜇(1 + 𝑟𝑡+1)𝑝𝑡 = 0, 

and 
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𝜕ℒ

𝜕
𝑚𝑡+1

𝑝𝑡

=
𝜕𝐻𝑡

𝜕
𝑚𝑡+1

𝑝𝑡

=
(1 − 𝛼)𝑝𝑡

𝑚𝑡+1
(

1

1 + 𝛿
)

𝑡

− 𝜇𝑡𝑟𝑡+1𝑝𝑡 = 0. 

From them we obtain 

𝑝𝑡𝑐𝑡 =
𝛼

𝜇𝑡(1 + 𝑟𝑡+1)
(

1

1 + 𝛿
)

𝑡

, 

and 

𝑟𝑡+1

1 + 𝑟𝑡+1
𝑚𝑡+1 =

1 − 𝛼

𝜇𝑡(1 + 𝑟𝑡+1)
(

1

1 + 𝛿
)

𝑡

. 

They are equivalent to (A.2) and (A.3). The costate equation is 

𝜇𝑡 − 𝜇𝑡−1 +
𝜕𝐻𝑡

𝜕𝑏𝑡
= 𝜇𝑡 − 𝜇𝑡−1 + 𝜇𝑡

𝑟𝑡+1 − 𝑛

1 + 𝑛
= −𝜇𝑡−1 + 𝜇𝑡

1 + 𝑟𝑡+1

1 + 𝑛
= 0. 

This is equivalent to (A.5). 

References 

Diamond, P. (1965). National debt in a neoclassical growth model. American Economic Review, 55, 1126-1150. 
Grossman, G. and Yanagawa, N. (1993). Asset bubbles and endogenous growth. Journal of Monetary Economics, 31, 

3-19. https://doi.org/10.3386/w4004 
Keynes, J. M. (1936). The General Theory of Employment, Interest and Money. Macmillan. 

https://doi.org/10.1007/978-3-319-70344-2 
Maebayashi, N. and Tanaka, J. (2021). Limited asset market participation and fiscal sustainability, The Society for 

Economic Studies, The University of Kitakyushu Working Paper Series No.2020-4. https://www.kitakyu-
u.ac.jp/economy/uploads/2020_4.pdf 

Otaki, M. (2007). The dynamically extended Keynesian cross and the welfare-improving fiscal policy. Economics 
Letters, 96, pp. 23-29. https://www.sciencedirect.com/science/article/abs/pii/S0165176506004277 

Otaki, M. (2009). A welfare economics foundation for the full-employment policy. Economics Letters, 102, 1-3. 
https://www.sciencedirect.com/science/article/abs/pii/S0165176508002292 

Otaki, M. (2015), Keynesian Economics and Price Theory: Re-orientation of a Theory of Monetary Economy. Springer. 
Tachibana, T. (2006). Maximum Principle (in Japanese), mimeo. https://www.le.chiba-

u.jp/~ttachi/doc/Derive_Hamiltonian_110625.pdf 
Tanaka, J. (2010). Keynes keizaigaku no kiso (in Japanese). Kyushu Daigaku Shuppankai. 
Tanaka, J. (2011a). Macroeconomic theory based on ”non-Walrasian approach”, Chapter 2, IS-LM model and its 

application (in Japanese), The Society for Economic Studies, The University of Kitakyushu Working Paper 
Series No.2011-2. https://www.kitakyu-u.ac.jp/economy/uploads/2011_01.pdf  

Tanaka, J. (2011b). Macroeconomic theory based on ”non-Walrasian approach”, Chapter 3 AD-AS model and its 
application (in Japanese), The Society for Economic Studies, The University of Kitakyushu Working Paper 
Series No.2011-4. https://www.kitakyu-u.ac.jp/economy/uploads/2011_03.pdf  

Tanaka, J. (2013). Welfare analysis of fiscal policies in a fixed price overlapping generations model, The Society for 
Economic Studies, The University of Kitakyushu Working Paper Series No.2012-11. https://www.kitakyu-
u.ac.jp/economy/uploads/2012_11.pdf 

Weil, P. (1987). Permanent budget deficits and inflation. Journal of Monetary Economics, 20, 393-410. 
https://doi.org/10.1016/0304-3932(87)90022-5 

Weil, P. (1988). Overlapping families of infinitely-lived agents. Journal of Public Economics, 38, 193-198. 
https://doi.org/10.1016/0047-2727(89)90024-8 

https://doi.org/10.3386/w4004
https://doi.org/10.1007/978-3-319-70344-2
https://www.kitakyu-u.ac.jp/economy/uploads/2020_4.pdf
https://www.kitakyu-u.ac.jp/economy/uploads/2020_4.pdf
https://www.sciencedirect.com/science/article/abs/pii/S0165176506004277
https://www.sciencedirect.com/science/article/abs/pii/S0165176508002292
https://www.le.chiba-u.jp/~ttachi/doc/Derive_Hamiltonian_110625.pdf
https://www.le.chiba-u.jp/~ttachi/doc/Derive_Hamiltonian_110625.pdf
https://www.kitakyu-u.ac.jp/economy/uploads/2011_01.pdf
https://www.kitakyu-u.ac.jp/economy/uploads/2011_03.pdf
https://www.kitakyu-u.ac.jp/economy/uploads/2012_11.pdf
https://www.kitakyu-u.ac.jp/economy/uploads/2012_11.pdf
https://doi.org/10.1016/0304-3932(87)90022-5
https://doi.org/10.1016/0047-2727(89)90024-8

