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Abstract We explain the field-induced chiral phenomena in inhomogeneous super-
conductivity and perform a computational simulation to demonstrate such phenom-
ena on the basis of the Ginzburg—Landau equation for the inhomogeneous interface
superconductivity of a eutectic system. Field-induced chiral phenomena occur be-
cause of the paramagnetic coupling of an intrinsic magnetization with an external
magnetic field. Applying a magnetic field to a non-chiral state leads to a field-induced
chiral transition with the generation of a paramagnetic chiral current. Numerically
solving the aforementioned equation yields converged solutions and output numer-
ical data obtained through an iterative process. The actual time for this calculation
can be distinctly reduced through acceleration via code optimization that is suitable
for vector parallelization. Reducing the calculation time makes it possible to extend
the simulation to lower temperatures where the inhomogeneous superconductivity
spreads to a greater distance from the interface.
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1 Field-induced chiral phenomena in inhomogeneous
superconductivity

1.1 Chiral state

Superconductivity is a valuable feature of energy and electric technologies. Electric
properties and electromagnetic features are used in power transmission, magnetic,
and quantum devices. The superconducting state appears when the temperature is
lowered and two electrons form a pair known as the Cooper pair. Electromagnetic
features can be understood from the microscopic aspect of electron pairs [1}[25].
The electron pairs condense in the same quantum state, leading to the macroscopic
phenomenon of superconductivity.

The features of a Cooper pair are characterized by the “spin” and “orbital” of the
electrons in the quantum state, as shown in Fig.[I](a). The spin configuration is anti-
parallel or parallel, referred to as spin-singlet and spin-triplet states, respectively.
Meanwhile, the intrinsic angular momentum L, for an orbital of a Cooper pair is
characterized by an intrinsic magnetization denoted by L, # 0,i.e., L, = +1,+2, ...,
which reflects a chiral state with the time-reversal symmetry breaking [17}(32].
The superconducting state with intrinsic magnetization causes interesting chiral
phenomena that differ from usual superconductivity.

1.2 Field-induced chiral phenomena

In the chiral state, an electron pair with intrinsic magnetization has a feature response
to an external magnetic field because the intrinsic magnetization couples with the
external magnetic field [23]. A part of this is the field-induced chiral phenomena,
which results from the paramagnetic coupling of the intrinsic magnetization with
an external magnetic field [9,23]]. The paramagnetic coupling of the intrinsic mag-
netization stabilizes the chiral state by generating a paramagnetic chiral current in
the direction opposite to the screening current, as shown in Fig. [T] (b) [9,23]]. By
contrast, the screening current flows to generate a diamagnetic field to the external
magnetic field. This is known as the Meissner effect, which is a general feature of
superconductivity [24]. Such field-induced chiral phenomena occur distinctly in the
case of inhomogeneous superconductivity, which has been reported in a theoretical
study based on the Ginzburg—Landau theory [9]].

In inhomogeneous superconductivity, the application of a magnetic field to a
non-chiral state causes the field-induced chiral transition with the generation of a
paramagnetic chiral current, as shown in Fig. 2] (a) [9]. For example, such a non-
chiral state yields an onset temperature of superconductivity as an interface state
nucleating near the interface between superconductivity and a metal, which transits
to a chiral state when the temperature is lowered in a zero field [9}1 1, 12}/31]]. Such an
interface system is a characteristic of a eutectic superconductor containing multiple



interfaces between the parent superconductor and metal inclusions. Identifying the
field-induced chiral phenomena in such materials is useful for discovering candidates
for chiral superconductors, because the field-induced chiral phenomena constitute
evidence of chiral superconductivity.

In this study, a computational simulation is conducted to demonstrate the field-
induced chiral phenomena with a paramagnetic chiral current in the inhomogeneous
state. In particular, the field-induced chiral transition is produced in an interface
superconducting model for eutectic SroRuO4-Ru [[19-21]]. The features of the field-
induced chiral phenomena are qualitatively compared with the experimental results
obtained for eutectic Sro,RuO4-Ru [14,/20,36]. The good agreement with the exper-
imental results serves as evidence of a chiral state in the bulk state of the parent
superconductor SrpRuOy [9]].

2 Field-induced chiral phenomena in a eutectic superconductor
2.1 Inhomogeneous interface superconductivity

SrpRuOy is a potential candidate for chiral superconductors [6}/18}/35]]. The par-
ent material of eutectic SrpRuO4-Ru is Sr,RuO4, which contains micrometer-scale
Ru-metal inclusions [20L|21]. Experiments have reported the nucleation of inho-
mogeneous superconductivity around interfaces between the Ru-metal inclusions
and the parent superconductor Sr,RuO4. Inhomogeneous interface superconductiv-
ity exhibits an intrinsic magnetization below the bulk transition temperature Ty
near T¢ sro = 1.5 K, which is the superconducting transition temperature of pure
SroRuOy4 [30]]. Moreover, theoretical studies have suggested that the superconduct-
ing phenomena are evidence of a chiral state in the parent superconductor Sr,RuQO4
[BLOL T 1H13L22L31]].

In the eutectic superconductor SrRuO4-Ru, the inhomogeneous interface state
asymptotes to a superconducting state of pure Sr,RuO4 when the temperature is
lowered to T, sro- By contrast, interface superconductivity appears at the onset tem-
perature Topset, 1-€., 3 K above Ty k. When the temperature is lowered in a zero field,
first, the interface state is a non-chiral state near 7y ,¢¢; thereafter, the non-chiral state
transits to a chiral state when 7 is lowered toward Ty, This interface superconduct-
ing model for explaining the chiral transition is considered for the 3-Kelvin phase
model of eutectic SrpRuO4-Ru [31]]. The interface superconductivity nucleates in
accordance with the increase in the superconducting transition temperature locally
near the interface originating from a particular electron state induced by strain due
to the deposition of Ru-metal inclusions [7,33}[37]. This interface model is shown
in Fig. 2] (b) [9,[11,[12,31]]. Considering a Ru-metal inclusion in the parent super-
conductor SrpRuQy, a planar interface perpendicular to a RuO;-layer is set at the
junction Ru/SrpRuOy.
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Fig. 1: (a) Chiral state of the Cooper pair in configurations of spin and angular
momentum. The intrinsic angular momentum for the orbital of the Cooper pair is
L, #0,ie., L, =+1,%2,.... (b) Field-induced chiral phenomena in inhomogeneous
superconductivity. The chiral state is stabilized by applying an external magnetic
field with the generation of a paramagnetic chiral supercurrent that flows in the
direction opposite to the screening supercurrent, whose field is diamagnetic to the
external magnetic field.
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Fig. 2: (a) Field-induced chiral transition in inhomogeneous superconductivity. The
chiral state stabilizes owing to the paramagnetic coupling of an intrinsic magne-
tization with an external magnetic field, and it generates a paramagnetic chiral
supercurrent. (b) Order parameter 17 of inhomogeneous superconductivity near an
interface between a metal and a superconductor, i.e., Ru/Sr,RuQOy. The chiral state is
represented by two components 77, and 77, in the xy-plane parallel to the RuO;-layer,
and this is common to the chiral states k. + iky, and k, + ik, in the projection to
the xy-plane. Here, 7; and 17, denote the tangential and perpendicular components,
respectively. A two-component state with both 7, and 7, and a one-component
state with only 7, correspond to the chiral and non-chiral states, respectively. The
chiral transition corresponds to a transition from the one-component state to the
two-component state due to yielding the second component 17, [31]].

2.2 Chiral transition represented with order parameter

Here, we assume that a chiral state for a bulk state below 7}, is identical to that for
pure SroRuQy, as shown in Fig.[2](b). Considering a point group Dy, for a perovskite
structure of pure SroRuQy4, some of the possible chiral states are a chiral d-wave,
d;x +idy,, and a chiral p-wave state, p +ip,, protected by the symmetry of crystal
structure, as well as a chiral d-wave, d,>_» +idyy in accidental degeneracy .
In a traditional classification, dx £ idy. and d,2_,» +idyy are the spin-singlet state,
while py +ip, is the spin-triplet state [@] Their intrinsic magnetization is parallel



to the z-axis, corresponding to an angular momentum L, # O for the Cooper pair.
The crystalline structure along the z-axis is perpendicular to the RuO; layers on
the xy-plane, leading to the two-dimensional electron property. Projecting onto the
xy-plane of the RuO,-layer, the components of the order parameter on the xy-plane
are common to both chiral states with d, +idy, and py +ip, represented using
k;ky xikyk, and ky +iky, respectively, as shown in Fig.[Z](b) [OLTTL{12,[22131]).

The chiral states with the time-reversal symmetry breaking are denoted with
a combination of two orbital symmetries with a pure imaginary number i, corre-
sponding to 7, + i1, in the expression of a superconducting order parameter. Here,
the components 7; and 17, of the order parameters correspond to the tangential and
perpendicular components of interface Sro,RuO,/Ru, respectively. By contrast, a non-
chiral state is represented with only one component 7,. Therefore, a chiral transition
indicates a transition from the one-component state with 7, to the two-component
state with ; +i7,,, yielding the second component 77, [32].

This interface model sets a superconducting transition temperature that increases
near the interface; moreover, it sets boundary conditions for the suppression of the
perpendicular components at the interface in the extrapolates of superconductivity
to the interface between the Ru-metal and the Sr;RuQq4-superconductor [9,(11}/12]
22,131]]. The nucleation of superconductivity at the interface originates from the
local enhancement of the superconducting transition temperature in a narrow range
at the interface on the side of Sr;RuQy. In addition, the component 7,,, which is
perpendicular to the interface, is suppressed by the boundary conditions for the
interface. In this situation, the non-chiral state is stabilized with the nucleation of
only one component 17, in a zero field at Topeer = 3 K. This non-chiral state with one
component 77, transits to the chiral state with two components 5, +in, at T* = 2.3 K
by yielding the second component 77,,, owing to the lowering of the temperature in
the zero field.

As T* is a chiral transition temperature due to the lowering of the temperature in
the zero field above T*, the non-chiral state is stabilized with one component 7; in
the zero field. When a magnetic field H, is applied to this non-chiral state with one
component 17; above T™, it transits to the chiral state with two components 7; + i1,
by yielding the second component 17, as the field-induced chiral transition.

In addition to their chiral state candidates, theoretical studies have also suggested
other candidates [4.[15.]26L[28.[29.34]].

2.3 Simulation of field-induced chiral transition

Assuming the chiral states d,x + id,; and p, + ip, as a bulk phase in the eutectic
SroRuO4-Ru, the simulation demonstrates the field-induced chiral phenomena in the
inhomogeneous interface phase by applying a z-axis magnetic field H, parallel to an
intrinsic magnetization of the chiral Cooper pair, as shown in Figs. 3| {i] and [5} By
numerically solving the Ginzburg—Landau equation, which is set using parameters
common to k;ky +ikyk; and k, + ik, for d . £ id,; and p, + ip,, respectively,
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Fig. 3: Two components 7; and 7, of the order parameter dependent on x at T =
2.65 K. The perpendicular component 7, is plotted with solid lines, whereas the
tangential component 7, is plotted with dashed lines. An external magnetic field H,
parallel to the z-axis varies in units of Hy, where Hy is the critical field and & is the
coherence length of pure Sr,RuO4 at T = 0. The magnetic field H is given in units of
Hp = 0.075 T, compared with the experimental critical field of Sro,RuO4-Ru [9L36].
The non-chiral state is stabilized with the nucleation of only one component 7; in a
zero field at T = 2.65 K, as this temperature is above the chiral transition temperature
T* = 2.3 K due to lowering temperature in a zero field. The non-chiral state, i.e.,
the state with one component 7, transits to the chiral state, i.e., the state with two
components 7; +i7,, by yielding the second component 17, under the application of
the magnetic field H,, indicating a field-induced chiral transition.

the two components, 77, and 7;, of the superconducting order parameters and the
vector potential A are obtained as numerical solutions [9,/111|12,[22}/31]]. The chiral
transition is shown with ), and 7, in Fig. 3} and[4] and paramagnetic and screening
supercurrents are calculated from 7, 17;, and A [9], as shown in Fig. E}

An interface model sets the critical superconducting temperature enhancing near
the interface, as well as the boundary conditions such that a perpendicular component
1p is suppressed at the interface [9,/11}/12}22}31]]. According to this setting, 17, and
np depend on the position x from the interface, as shown in Fig@ (b); thus a
superconducting order parameter and a vector potential A depend on the position x.
As the intrinsic magnetization and the external field are parallel to the z-axis, and
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Fig. 4: Dependence of the maximum values of the two components 7, and 77, on
an external magnetic field H,. When the magnetic field is applied to the non-chiral

state above T* = 2.3 K, a chiral transition occurs by yielding 77,,.

the A includes an intrinsic magnetic field and an external magnetic field H, parallel
to a z-axis, setting A = (0, A,,0) connects to a total magnetic field B, through

B=VxA.

In this one-dimensional model, the following is the Ginzburg-Landau equation
with the two components, 7; and 7,,, of the order parameter for the chiral state

[OL11L12,[221|31]]

1
ane + ant(3n12 + 77?;) - KZa)%nt + 72A§;K177t - 7K3,4(8x77pAy + Ayaxnp) =0,

1
anp + 2 bnp (3, +117) = Ki93np + Y AT Koy + YKs 4 (0 Ay + Aydny) = 0,

(D
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Fig. 5: Field-induced supercurrents dependent on x at T = 2.65 K. The upper panel

32

shows the overall view, and the lower panel shows partial magnification. The para-
magnetic chiral current Jp, ¢ is plotted with solid lines, and the screening current
Jser 18 plotted with dashed lines. An external magnetic field H, parallel to the z-axis
varies in units of Hy, where Hj is the critical field and & is the coherence length of
pure SrpRuOy4 at 7 = 0. Both currents have extremely small values, i.e., nearly zero
in a zero field, and both currents are induced in a magnetic field. The paramagnetic
current Jparc increases by stabilizing a chiral state by strengthening the magnetic
field visible in the order parameter, as shown in Fig. [3] while the screening current

also increases by shielding the strengthening magnetic field.
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where the parameters for gradient terms are set as K» = K3 4 = K /3. The coeflicient
aissetas a = a(T) = a’(T — Te(x))/Te sro With @’ > 0 and a x-dependent
critical superconducting temperature T, (x) [9,|11,|12}22,31]]. An onset of interface
superconductivity at 3 K sets with 7. (x) = T¢ sro +To/cosh(x/w) through arranging
the narrow width w and the enhancement Ty [9}/11,/12]]. In contrast, the bulk phase
is below the superconducting transition temperature 7; sro of the pure SroRuOy.

On the other hand, the boundary conditions at the interface at x = 0 are set for
the interface superconductivity [9] as follows

1
Klaxnp (x)lx:() = l_np(o) + 7Ay(O)K3,477t(0),
4
K20xm: (X)] =g = =¥ Ay (0)K3 47, (0), 2

where [}, is an extrapolation length in which the superconductivity extrapolates to
the Ru-metal through the interface; meanwhile, the perpendicular component 77, is
suppressed at the interface. The formulation of the supercurrent [9] is as follows,

Jy(x) =87 [~V Ay (Kilnp | + Kalne|*) + ¥K3 4(0:0xmp — 1p0x) |
3)

where the K3 4-term is a paramagnetic chiral current, and the K, K)-term is a
screening current.

Note that the Ginzburg-Landau equation, i.e., Eq. @) ford;x+idy; and py+ip,,
has a symmetry common to that of d,>_ > +id,, while the parameters for d.x £id,
and py * ipy differ from those of d,>_y» * idyy. This common symmetry leads
to qualitatively identical field-induced chiral phenomena despite the difference in
parameters.

Demonstrating the field-induced chiral transition by applying H, Fig.[3|shows the
components of the order parameter depending on the distance x from the interface
SroRuO4/Ru. The change in the two components 7; and 77,, depends on the magnetic
field, which leads to a field-induced chiral transition at 7 = 2.65 K. In a zero field
H = 0, the state at T = 2.65 K is a non-chiral state that stabilizes near Tyst as
the onset temperature. The non-chiral state represents only one component 7, of the
order parameter, i.e., the tangential component, which is enhanced near the interface,
whereas the perpendicular component 77, becomes zero by suppression through the
effect of the interface. On applying a magnetic field to the non-chiral state in a
zero field, the perpendicular component 77, increases from zero and appears as the
second component. Subsequently, a transition to a chiral state occurs, representing
both the components 7; and 7,,, which is the field-induced chiral transition. Here,
the components of the order parameter are enhanced near an interface because the
inhomogeneous interface state is localized near a Ru-metal inclusion that originates
from the enhancement of the superconducting transition temperature near a Ru-
metal/StoRuO4-superconductor interface. In this model, it is assumed that a chiral
state exists in the bulk state below k.
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Fig. [ shows the field dependence of the maximum values of the two components
n; and n,, with respect to the distance. The non-chiral state appears with only one
component 77, above T* = 2.3 K in a zero field H = 0. When an external magnetic
field is applied to the non-chiral state, the second component 17, newly appears owing
to the field-induced chiral transition. The value of vertical component 7, increases
by the strengthening the magnetic field, indicating that the further stabilization of the
chiral state. In contrast, the tangential component 77, decreases under the application
of the field. Additionally, by further strengthening the field, ; and 7, decrease, and
then both are reduced to zero when the magnetic field is strengthened to the critical
magnetic field H.,, where the superconductivity vanishes.

The computational simulation shows the field-induced chiral transition, i.e., a
non-chiral state transits to a chiral state under the application of a magnetic field
parallel to an intrinsic magnetization in a model that assumes that the bulk phase is
in a chiral state. An existing study has reported field-induced chiral stability with the
H-T phase diagram in detail [9], which qualitatively consists of the field dependence
of a zero-bias anomaly in a differential conductance of quasi-particles, observed via
tunneling spectroscopy for the interface of Ru/SroRuQy [[14,36]. There is a qualitative
agreement between the theoretical and experimental results under the assumption
that the bulk state is in a chiral state; this is evidence that a pure SrRuQy4 has a chiral
state [9]].

2.4 Paramagnetic chiral supercurrent

Next, we show the paramagnetic chiral supercurrent in SroRuO4-Ru in Fig. [5] The
field-induced chiral stability causes paramagnetic supercurrents. Moreover, the in-
version of chirality occurs at a certain distance. The total supercurrent comprises
both the paramagnetic chiral current and the screening current. The paramagnetic
current can be attributed to the paramagnetic coupling with an external magnetic
field. By contrast, the screening current persists because the superconductivity ejects
the external magnetic field [9,[11].

3 Computation of field-induced chiral phenomena

The Ginzburg-Landau equation in Eq. is a variational equation derived from
the Ginzburg—Landau free energy. It is a simultaneous differential equation with
boundary conditions at the interface. The numerical calculation for solving the equa-
tion involves the use of the quasi-Newton method. The flowchart of the calculation
process for the algorithm is shown in Fig. [f] (a). As solutions of the simultaneous
equation, we obtain two components 7, and 17, of the order parameter and a vector
potential A, which corresponds to H, through B = V x A. Consistent solutions
are obtained when the iterative calculation process converges, as shown in Fig. [§]
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(b). The supercurrent is calculated using three solutions: 7;, 7,, and Ay; a paramag-
netic chiral current J,c and a screening current Jy., are thus obtained. Meanwhile,
the two components 7, and 1, are expressed as changes in the order parameter
responsible for the field-induced chiral transition. In addition, the dependence of
the order parameter on the distance from the interface indicates an inversion of the
intrinsic magnetization as a change in the sign of one component, i.e., 7, [10]. The
field-induced chiral transition, paramagnetic chiral current, and inversion of intrin-
sic magnetization with the distance originate from the paramagnetic coupling of an
intrinsic magnetization with an external magnetic field, and the three field-induced
phenomena are related by a calculation based on the convergent solutions of the
Ginzburg-Landau equation, as shown in Fig. [¢] (b).

The long calculation time required for obtaining solutions to the quasi-Newton
method depends on the size of the calculation, which varies with the temperature and
magnetic field, as well as the mesh number used to divide the distance. We performed
this calculation using SX-ACE and the SX-Aurora TSUBASA at the Cybermedia
Center, Osaka University, and Cyberscience Center, Tohoku University [2,/16]. The
iteration for mesh numbers greater than 240 is performed using vectorization with a
vector engine. A long time is required for the numerical calculation when the tem-
perature and magnetic field are sufficiently varied for evaluating the field-induced
chiral stability in inhomogeneous superconductivity. Moreover, the required calcu-
lation time increases by considering a greater distance to evaluate the dependence
of the order parameter on the distance from the interface. In order to reduce this
calculation time, code-tuning improves the vectorization rate from 94.4% to 99.4%,
significantly reducing the calculation time by 68% [38§].

Acceleration via code-tuning makes it possible to analyze the field-induced chiral
phenomena in a shorter calculation time. To study the field dependence of the chiral
state near the bulk phase, a long distance must be set in the calculation because the
order parameter further away from the interface when the temperature is lowered
toward Tyyx. Moreover, to evaluate the gradient terms of the equation in detail, the
mesh number must be increased because the order parameter and vector potential
vary depending on the distance. This requires a longer calculation time. Reducing
the calculation time is an effective method to increase the distance, and it is possible
to extend the simulation to a lower temperature region toward Tpyk. At this point, it
is valuable to reduce the calculation time through acceleration via optimized code
tuning that is suitable for the vector parallelization in the SX-Aurora TSUBASA
[38]].

4 Summary

As described in this paper, a simulation based on the Ginzburg-Landau equation
demonstrated the field-induced chiral phenomena due to paramagnetic coupling of
an intrinsic magnetization with an external magnetic field in inhomogeneous su-
perconductivity, such as that in a eutectic system and systems with dislocation or
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Fig. 6: (a) Field-induced chiral phenomena are the chiral stability, paramagnetic
chiral current, and inversion of chirality, accompanied by the gain in the free energy
owing to paramagnetic coupling. The simulation based on the Ginzburg-Landau
theory shows the relation between the three field-induced phenomena, owing to the
chiral response to an external magnetic field. (b) Flowchart of numerical calculation
based on the quasi-Newton method.

stress. The simulation demonstrates these phenomena in the interface supercon-
ducting model of eutectic SroRuO4-Ru, and the results of the field-induced chiral
transition serve as evidence of the chiral state in the bulk state owing to their good
agreement with the experimental results. Using a high-performance computer, the
SX-Aurora TSUBASA, for the simulation, the calculation time was reduced through
acceleration via code optimization that is suitable for vector parallelization. This
reduction of calculation time makes it possible to extend the simulation to a lower-
temperature region, which requires the evaluation to be performed considering a
longer distance. In addition to SroRuO4 [19121], the simulation can be extended
to analyze the inhomogeneous state in other chiral superconductors; field-induced
chiral phenomena can also be expected in the inhomogeneous state in other candi-
dates of chiral superconductors, such as UTe, with a point group D,y for a crystal
structure [8,127]].
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