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Abstract
In this study, floatability rate of aluminum (Al) powders was analyzed for the purpose of separating valuable resources from 
residual materials in waste photovoltaic (PV) solar cells, and equations for flotation recovery were developed for various 
flotation types according to the rate-determining steps of the gas flowrate and feed rate. The flotation rate became a zero-
order reaction at the rate-determining step of the gas flow rate and had the same form between a batch and continuous typed 
practices by substituting residence time with real time. Under the rate-determining step of the feed rate, the flotation rate was 
expressed by the linear combination of the first-order reaction of an even group material. The flotation recovery rate of Al 
powders was analyzed by the data of a batch floatability experiment and indicated by the linear expression of the first-order 
reaction of two groups due to the rate-determining step of the feed rate. The calculated separation recovery of n-cell type 
device increased as the number of cells increased and approached that of the batch and column types.

Keywords  Flotation · Recovery · Waste solar cell · Column flotation · Cell-to-cell flotation

Introduction

Photovoltaic (PV) power generation is continuing to gain 
acceptance as one of the most effective means for controlling 
global warming. However, the most prevalent crystalline 

silicon solar cell modules are estimated to have a lifespan 
of 20–30 years, and end-of-life PV modules are expected 
to increase sharply in the near future. The EU (European 
Union) revised the WEEE (Waste Electrical and Elec-
tronic Equipment) directive [1, 2], under which re-use or 
recycling of waste PV modules was compulsory, and the 
Japanese government has also released a guideline on the 
recycling of waste PV equipment [3]. Although the frame 
and glass are relatively easily detached from the module for 
recycling, other parts such as ethylene vinyl acetate (EVA), 
silicon solar cells, electrodes, and wires are usually crushed 
together because they are difficult to separate. EVA has been 
successfully dissolved [4] or separated from other pulver-
ized materials [5], and chemical etching processes using an 
acid or base solution have been applied as techniques for 
recycling valuable resources from residual pulverized silicon 
cell-containing materials [6–8]. The chemical composition 
of the inorganic element before the etching treatment was 
typically silicon (Si) of 87.5 mass%, aluminum (Al) of 9.5 
mass%, silver (Ag) of 1.2 mass%, copper (Cu) of 0.5 mass%, 
tin (Sn) of 0.8 mass% and lead (Pb) of 0.3 mass% [9], which 
means that the separation between the Si and Al powders is 
important.
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In recent years, flotation has also been applied to separa-
tion of waste mixed matter as a new field. Microwave [9–11], 
surface modification [12, 13], and Fenton pretreatments [14] 
were tried to an efficient flotation of plastic mixture. Hybrid 
jig which combined jig separation and flotation was devel-
oped to mixed-plastic wastes [15, 16]. Microplastics were 
recovered by a froth flotation technique [17, 18]. Flotation 
techniques were applicable to water clarification [19], ash 
treatment [20–22], and recycling of valuable metals such as 
gold [23–25]. With a view to separating valuable resources 
from pulverized silicon-based solar cells in large amounts, 
Harada et al. [26] proposed a flotation process and carried 
out batch laboratory-scale experiments with a mixture of Si 
and Al powders. Sodium dodecyl sulfate (SDS) which is an 
anionic surfactant permitted to hydrophobize Al powders 
alone due to the difference of surface potential between Si 
and Al, and behaved as a floating collector of Al. Flotation 
is a unit operation which is used in the mining industry to 
upgrade pulverized raw ore by introducing the ore into a 
solution containing a collector and supplying bubbles, and 
then recovering the hydrophobic valuable materials adhering 
to the bubble surface.

Many flotation kinetic models [27–29] have been pro-
posed and evaluated to analyze flotation behavior, and 
reviews have also published [30–32]. One of the pioneering 
works on the flotation rate was done by Imaizumi and Inoue 
[33], who indicated that when sufficient bubbles exist in a 
pulp phase, the flotation rate of the focused powder group is 
represented by the sum of the rate of a small group of even 
powders, and flotation rate of each is proportional to its con-
centration, that is, it corresponded to the first order reaction. 
On the other hand, when the bubble surface is saturated with 
the focused powder group due to an insufficient supply of 
gas bubbles, the flotation rate corresponds to a zero-order 
reaction at the same gas flowrate, that is, the same bubble 
surface area. These explanations achieved an improvement 
of the nth-order flotation reaction with a different n value 
under different operation conditions. However, little research 
has been done on the difference of the flotation rates of vari-
ous types of devices such as batch, one cell, n-cell (cell-to-
cell), and column types.

In this study, aimed at an application of flotation tech-
nology to the recycle of waste pulverized Si solar cells, the 
effect of gas flowrate and Al feed rate on the rate-determin-
ing step of flotation recovery rate of depressed Al powders 
was discussed and the Al flotation rate was graphically illus-
trated by using the data of Harada et al. [26]. Next, depend-
ing on each rate-determining step, the temporal changes in 
the Al concentration of the pulp phase and recovery to the 
froth phase were calculated by the use of the same Al flota-
tion rate constant for batch, continuous and column cells, 
and the results were compared.

Analysis of flotation kinetics

Rate‑determining step of batch‑typed Al flotation 
recovery

Harada et al. [26] investigated the effects of the air flowrate, 
collector concentration, ζ-potential of the powder surface, 
contact angle, pH, and mass ratio of Si to Al on flotation 
efficiency by batch tests of Si-Al powders. Recovery of the 
focused material (Al) decreased with a decreasing air flow-
rate and excessive collector concentration above the critical 
micelle concentration. The concentration or feed rate of the 
focused materials was also involved in the flotation rate [33]. 
In addition, Nguyen et al. [34] investigated the effect of tur-
bulent environment such as sliding velocity and pulsation 
velocity of powders and bubbles on the flotation recovery.

As it is generally known, the flotation behavior of the 
focused i component caused by a bubble is shown sche-
matically in Fig. 1. The hydrophobic and hydrophilic parts 
of the anionic (or cationic) collector adhere to the bubble 
and i component surface, respectively, and bubbles with the 
adhering i component rise to the froth. That is, separation of 
i and the other components is successfully achieved. A sche-
matic diagram of metal flotation behavior in the pulp phase 
is shown in Fig. 2. Here, the feed rate of pulverized Metal 
A and gas flowrate were focused as operating variables and 
the other factors such as collector and frother concentrations, 
ζ-potential of the powder surface, and contact angle, were 
kept constant. Insufficient bubbles indicate that the bubble 
surface is covered with Metal A, which means that the rate-
determining step of the flotation rate is the gas flowrate, 
whereas sufficient bubbles suggest that the collision velocity 

Fig. 1   Schematic diagram of metal flotation behavior caused by a 
bubble
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of the focused materials with bubbles is the rate-determining 
step of the flotation rate.

When the gas flowrate is the rate-determining step for the 
removal rate of the concentration, Ci [g L−1], of the focused 
i component in the pulp layer, the −dCi

dt
 [g L−1 min−1] value 

is supposed to be proportional to the two-thirds power of the 
gas flowrate, QAir [L min−1 (STP)], that is, the supplied rate 
of adsorbable surface area, as seen in Eq. (1).

where hi is the flotation rate constant of i component. 
The larger frother concentration and vessel volume reduces 
the bubble size and enhances the residual time of bubbles, 
respectively, which increases the flotation rate of i compo-
nent at the same gas flowrate. The frother concentration 
and vessel volume affect the hi term as operation variables, 
although they were kept constant in this study.

On the other hand, when the rate-determining step was 
the feed or feed rate of the i component, the −dCi

dt
 value 

became the sum of time-derivative of the concentration, Ci,j
[g L−1], of an even j-group of powders in the focused i 

component, and −dCi,j

dt
 was proportional to Ci,j, as described 

by Imaizumi and Inoue [33].

(1)−
dCi

dt
= hiQ

2

3

Air
,

where ki,j is the flotation rate constant when the rate-
determining step is the feed or feed rate [min−1] and m is 
the number of even group of powders.

The relationship between the rate-determining step, flo-
tation controlling factor and removal rate of i-component 
concentration, Ci [g L−1], in the pulp layer is summarized in 
Table 1. Integrating Eqs. (1) and (2) under Ci,0 [g L−1] of the 
initial concentration of i component, Eqs. (3) and (4) were 
obtained, respectively, as follows.

where Ci, j, 0 is the initial j group of the powder concentra-
tion in the focused i component [g L−1].

From Eqs. (3) and (4), three possible temporal concen-
tration changes are considered, as shown in Fig. 3a–c. The 
dash and solid lines denote the concentration changes with 
time for the rate-determining steps of a gas flowrate and a 
feed (rate), respectively. Figure 3a shows the case of the rate-
determining step of a feed (rate) because the concentration 
of the solid line is always larger than that of the dashed one, 
whereas the dash line shows a permanent large concentra-
tion in Fig. 3b; that is, the rate-determining step is the gas 
flowrate. The rate-determining step in Fig. 3c changes from 
the gas flowrate in the early stage to the feed (rate) according 
to the concentration of the i component.

Flotation rates of batch, continuous stirred, 
and column typed devices

As shown in Fig. 4, the flotation efficiency of (a) batch, (b) 
1-cell continuous stirred tank reactor (CSTR), (c) n-cell 
(cell-to-cell) CSTR, and (d) column types of flotation prac-
tices was analyzed under the same operation conditions. V 
is the vessel volume of the pulp layer [L], FC is the supplied 

(2)−
dCi

dt
= −

m∑
j=1

dCi,j

dt
=

m∑
j=1

ki,jCi,j,

(3)
Ci

Ci,0

= 1 −
hiQ

2∕3

Air

Ci,0

t,

(4)
Ci

Ci,0

=

m∑
j=1

Ci,j,0

Ci,0

exp
(
−ki,jt

)
,

Fig. 2   Schematic diagram of metal flotation behaviors depending on 
rate-determining step

Table 1   Relationship between 
rate-determining step, flotation 
controlling factor and flotation 
kinetics
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rate of the collector [g min−1], P is the mass supplied rate of 
the i component to the froth layer [g min−1], yi is the mass 
fraction [-] of the i component in P, W is the mass supplied 
rate of waste (tailings) [g min−1], xi is the mass fraction of 
the i component in W, v0 is the volumetric feed supplied rate 
[L min−1]. The following section presents the equations for 
the recovery of the i component for flotation practices (a) 
to (d) in Fig. 4.

Flotation recovery of batch type

In the batch type flotator in Fig. 4a, the decreasing rate of 
the i component in the pulp layer is equal to the flotation 
rate because there is no feed input. Thus, Eqs. (1)–(4) are 
materialized, and the recovery, Ri [-], of the i component 
is given by Eq. (5) for the rate-determining step of a gas 
flowrate and by Eq. (6) when the feed in the pulp layer is the 
rate-determining step.

(5)Ri = 1 −
Ci

Ci,0

=
hiQ

2

3

Air

Ci,0

t,

(6)Ri = 1 −
Ci

Ci,0

= 1 −

m∑
j=1

Ci,j,0

Ci,0

exp
(
−ki,jt

)
.

Fig. 3   Relationship between 
possible temporal changes in 
pulp layer concentration, and 
rate-determining steps of a 
feed (rate), b gas flowrate and c 
mixed controls

Fig. 4   Schematic diagram of 4 types of flotation practices and their 
state and operation variables
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Flotation recovery of 1‑cell type

In the 1-cell type flotator shown in Fig. 4b, the mass balance 
for an even j-group of powders of the i component in the 
pulp layer is expressed by Eq. (7).

The recovery value is introduced by substituting Eq. (1) 
for the rate-determining step of the gas flowrate and Eq. (2) 
for that of the feed rate into Eq. (7), as follows.

For the rate-determining step of a gas flowrate:

For the rate-determining step of a feed rate:

Here, � =
V

v0
 is the residence time [min] of the continuous 

flow system.

Flotation recovery of n‑cells type

For the n-cells flotator in Fig. 4c, the k cell mass balance for 
an even j-group of powders of the i component in the pulp 
layer is represented by Eq. (10).

where Ci, j, k-1 and Ci, j, k are the j-group concentrations in 
the pulp layer of k-1 and k cells [g L−1], respectively, Vk is 
the volume of the k cell [L].

Ri is summarized by Eqs. (11) and (12) for each rate-
determining step.

For the rate determining step of a gas flowrate:

For the rate determining step of a feed rate:

Here, �k =
Vk

v0
 is the residence time [min] of k cell and nτk 

is equal to τ. �
k
is equal to �

(7)v0Ci,j,0 − v0Ci,j + V
dCi,j

dt
= 0.

(8)Ri = 1 −
Ci

Ci,0

=
hiQ

2

3

Air

Ci,0

�.

(9)Ri = 1 −
Ci

Ci,0

= 1 −

m�
j=1

⎛
⎜⎜⎝

Ci,j,0

Ci,0

1 + ki,j�

⎞⎟⎟⎠
.

(10)v0Ci,j,k−1 − v0Ci,j,k + Vk

dCi,j,k

dt
= 0,

(11)

Ri = 1 −
Ci

Ci,0

=

m∑
j=1

n∑
k=1

(
Ci,j,k−1 − Ci,j,k

Ci,0

)
=
hiQ

2

3

Air

Ci,0

n�k =
hiQ

2

3

Air

Ci,0

�.

(12)

Ri = 1 −
Ci

Ci,0
= 1 −

(Ci,1

Ci,0

)(Ci,2

Ci,1

)

∙ ∙ ∙
( Ci,n

Ci,n−1

)

= 1 −
⎛

⎜

⎜

⎜

⎝

m
∑

j=1

⎛

⎜

⎜

⎜

⎝

Ci,j,0
Ci,0

1 + ki,j�k

⎞

⎟

⎟

⎟

⎠

⎞

⎟

⎟

⎟

⎠

n

.

Flotation recovery of column type

The equation for a column flotator corresponds to that for a 
plug flow reactor. For a differential element of volume dV 
in the pulp layer in Fig. 4d, the mass balance for an even 
j-group of powders of the i component is given by Eq. (13) 
for the steady state.

Ri is obtained by integrating Eq. (13) with Eq. (1) for the 
rate-determining step of a gas flowrate and Eq. (2) for that 
of a feed rate as follows.

For the rate-determining step of a gas flowrate:

For the rate-determining step of a feed rate:

Above Eqs. (14) and (15) are the same forms as Eqs. (5) 
and (6), respectively, for the batch flotator by substituting t 
of the batch process into τ of the column process.

Sections Flotation recovery of batch type to Flotation 
recovery of column type have shown that the Ri equation for 
the rate determining-step of a feed rate differed in each flota-
tion system, whereas that for the rate-determining step of a 
gas flowrate was the same, as it is a zero-order flotation rate.

Results and discussion

Batch‑typed Al flotation rate

The results of a batch test [26] with 2.5 g Al powder, 2.0 g 
L−1 sodium dodecyl sulfate (SDS) solution and 2.5 L min−1 
(STP) air flowrate were analyzed to evaluate the rate-deter-
mining step of the depressed Al flotation and quantitatively 
express the floatability rate. The Al flotation recovery, RAl 
[-], to the froth was defined by (weight of Al powders of the 
froth in the pan)/(weight of the initial Al powders in the pulp 
layer), which is equal to (1 – CAl/CAl,0).

The temporal change of residue, CAl/CAl,0 = 1 – RAl, in the 
pulp layer is shown in Fig. 5 with the result of a mixture of 
Al/Si = 2.5 g/2.5 g [26]. The CAl/CAl,0 = 0.18 at 5 min in 
Fig. 5a was approximately the same as the CAl/CAl,0 = 0.20 
for Al–Si mixture. Although entrainment generally plays an 
important role for multi-species, it was actually 3% for the 
Si–Al flotation experiment by Harada et al. [26]. It means 

(13)v0

dCi,j

dV
=

dCi,j

dt
.

(14)Ri = 1 −
Ci

Ci,0

=
hiQ

2

3

Air

Ci,0

�.

(15)Ri = 1 −
Ci

Ci,0

= 1 −

m∑
j=1

Ci,j,0

Ci,0

exp
(
−ki,j�

)
.
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that the floatability results of the Al powders alone are 
applicable to those of the mixed powders such as Si and 
Al. Meanwhile, the lack of linearity in Fig. 5a indicated 
that the gas flowrate was not the rate-determining factor as 
denoted in Eq. (3). Moreover, from the lack of linearity in 
the semi-log plots in Fig. 5b, CAl/CAl,0 (= 1 – RAl) was not 
represented by a simple first order reaction to the Al con-
centration, which means the floatability rate in this study 
must be analyzed by Eq. (4) considering the sum of an even 
group of powders.

Takamori and Fukami [35] proposed a simple method 
for the sequential calculation of flotation rate, ki,j, of even 
j-group powders of an i component based on the assump-
tion that an even group of powders with a lower flotation 
rate (lower ki,j value) continues to remain in the pulp layer. 
According to their method, the temporal change in Al flota-
tion behavior was analyzed as shown in Fig. 6. The linear 
slope and t-intercept in Fig. 6 (a) were obtained from the line 
I of the multiple semi-log plots between longer experimental 
times, and then the line I values subtracted from the first 
plots were drawn as line II in Fig. 6b. When the straight line 
II included all the plots, as in this case, the operation was 
completed. This handling must be repeated for the curved 
line. In this study, the normalized concentration of the i 
component (Al) was given by the linear combination of the 
first-order reaction of two even group of powders as follows:

Assuming that the frequency of collision and adherence 
of Al powders to air bubbles is independent of the parti-
cle size, the flotation of the larger particle size proceeds 
more rapidly than that of the smaller one due to the heavier 
weight per particle. Thus, CAl,1,0/CAl,0 of 0.838 and kAl,1, 
of 0.986 min−1 in the first term of the right-hand side in 
Eq. (16) indicate the larger size group, whereas CAl,2,0/CAl,0 
of 0.162 and kAl,2 of 0.013 min−1 in the second term the 
smaller size group. The Al powders were adjusted between 
100 and 212 μm in this study. However, the Al sample with 
a wider size distribution might have a larger number of even 
group than m = 2 in Eq. (16).

The above calculation procedure of Ci,j,0/Ci,0 and ki,j in 
this study will be also applicable to one of the tools for the 
analysis of flotation separation of mixed materials with dif-
ferent physical properties.

Comparison of batch, continuous mixed cell, 
and column type flotation practices

Temporal change in recovery for various flotation types

As a parameter of flotation rate constants, the temporal 
changes in recovery, Ri, for various flotation practices are 
shown in Fig. 7. j = 2 and Eq. (17) were used for the rate-
determining step of a feed (rate) as a guide for Eq. (16). That 

(16)
Ci

Ci,0

= 0.838exp(−0.986t) + 0.162exp(−0.013t).

Fig. 5   Temporal changes in Al recovery and concentration in pulp 
layer

Fig. 6   Graphical method for rate constants of Al floatability
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is, the mass ratio of higher flotation rate of powders was set 
at 0.8 and that of lower one at 0.2.

The batch and column systems were unified into Fig. 7 
(a) because the equation form was the same, as seen in Eqs. 
(5), (6), (14) and (15). Toward the constant hiQ

2∕3

Air

Ci,0

 , the Ri for 
the rate-determining step of a gas flowrate resulted in the 
same line regardless of the type of flotators, as indicated in 
Eqs. (5), (8), (11) and (14). From Fig. 7, the Ri for the rate-
determining step of a gas flowrate increased linearly with 
time, whereas that when the feed (rate) was rate-determining 
showed a decrease in the increase rate with time due to the 
lower powder concentration as shown in Eq. (1). Thus, even 
if the gas flowrate is controlling for Ri in the early stage due 
to the lower Ri, the feed (rate) becomes the rate-determining 
step after the time indicated by the intersection of the feed 
(rate) and gas flowrate.

In the cases of (ki,1, ki,2) = (5, 0.05) and (1, 0.01) of Fig. 7, 
Ri increased rapidly close to 0.8 and then became slow. It is 
because the powders group of the higher flotation rate with 
ki,1 was almost removed to the froth layer until Ri ≈ 0.8 and 
the lower flotation of the powders group with ki,2 followed 
after that.

(17)
Ci

Ci,0

= 0.8exp
(
−ki,1t

)
+ 0.2exp(−ki,2t).

Comparison of recovery between flotation practices

The comparison of the temporal changes in Ri between the 
batch, n-cell CSTRs (n = 1, 2, 3), and column type flotation 
practices is shown in Fig. 8 for the rate-determining step of 
a feed (rate). The Ri curves of the batch and column types 
were always the highest, whereas that of the 1-cell device 
was the lowest. An increase in n in the n-cell CSTR resulted 
in a higher Ri, and Ri approached the values of the batch and 
column type flotators. The V

v0
 values required for the equal Ri 

increased the following ascending order: column, 3-cells, 
2-cells, and 1-cell between the continuous flotation types, 
which means that the vessel volume of the column type is 
the smallest at the same feed rate.

Therefore, it is concluded that the most preferred flotation 
separation of Al powders is the column type practice under 
the rate-determining step of feed rate.

Conclusions

Flotation recovery rates of depressed metallic powders were 
examined for batch, continuous and column types of flo-
tation practices under the rate-determining steps of a gas 
flowrate and a feed (rate).

Fig. 7   Calculated temporal 
changes in recovery for various 
types of flotation practices
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(1) The flotation recovery rate increased linearly with 
increasing real- or residence-time under the rate-deter-
mining step of a gas flowrate, whereas it was represented 
by the sum of the concentrations of even j-group of float-
ing materials for the rate-determining step of a feed (rate).
(2) The rate-determining step for the flotation recovery 
rate changed to the feed (rate) at the later time stage, even 
if it was the gas flowrate at the early time stage. It is due 
to the smaller concentration of the froth component and 
lower flotation rate.
(3) The floatability rate of Al powders was successfully 
analyzed based on a batch experiment and expressed by 
the linear combination of the first-order reaction of two 
groups under the rate-determining step of a feed.
(4) The equations of the flotation recovery rate were 
proposed and calculated for the batch, 1-cell, n-cell and 
column types under the rate-determining steps of the gas 
flowrate and feed (rate).
(5) In the flotation calculations, the flotation rate of the 
batch type had the same form as that of the column type 
under the rate-determining step of a feed (rate). The flota-
tion recovery of the n-cell CSTR type increased with the 
increasing cell number and approached that of the batch 
and column types.
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