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ABSTRACT. We consider a space U of 3-dimensional diffeomorphisms f with
hyperbolic fixed points p the stable and unstable manifolds of which have
quadratic tangencies and satisfying some open conditions and such that D f(p)
has non-real expanding eigenvalues and a real contracting eigenvalue. The aim
of this paper is to study moduli of diffeomorphisms in &. We show that, for
a generic element f of U, all the eigenvalues of Df(p) are moduli and the
restriction of a conjugacy homeomorphism to a local unstable manifold is a
uniquely determined linear conformal map.

The topological classification of structurally unstable diffeomorphisms or vector
fields on a manifold M is an important subject in the study of dynamical systems.
Palis [Pa] suggested that moduli play important roles in such a classification. For
a subspace N of the diffeomorphism space Diff" (M) with r > 1, we say that a
value m(f) determined by f € N is a modulus in N if m(g) = m(f) holds for
any g € N topologically conjugate to f, that is, there exists a homeomorphism

h: M — M with g = ho foh™'. A modulus for a certain class of vector fields
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is defined similarly. We say that a set pa of moduli is complete if any f, g € N
with m(f) = m(g) for all m € un are topologically conjugate. For given vector
fields X, Y on M, a candidate for a conjugacy homeomorphism between X and Y
is found in a usual manner. In many cases, such a map is well defined in a most
part of M. So it remains to show that the map is extended to a homeomorphism
on M by using the condition that X and Y have the same value for any moduli in
pa- On the other hand, in the diffeomorphism case, it would be difficult to find a
complete set of moduli except for very restricted classes A in Diff" (M).

First we consider the case that dimM = 2 and f; (j = 0,1) are elements of
Diff"(M) (r > 2) with two saddle fixed points pj, ¢;. Suppose moreover that
W (p;) and W#(g;) have a quadratic heteroclinic tangency r; and there exists
a conjugacy homeomorphism h between f; and fo with h(pg) = p1, h(q) = @1

log |A log |A
and h(rg) = 1. Then, Palis [Pa] proved that 08 Aol = 08 |\ holds under
log |po| — log|u|
ordinary conditions, where ); is the contracting eigenvalue of D f(p;) and p; is the

expanding eigenvalue of Df(g;). In [Po], Posthumus proved that the homoclinic
version of Palis’ results. In fact, he proved that, if f; (j = 0,1) has a saddle
log |A log |\

oglhol _ log Ml y 1
log |po|  log |pu1]
where \;, u; are the contracting and expanding eigenvalues of D f(p;). Moreover,
he showed that, by using some results of de Melo [dM], A\ = A1 and pp = p; hold if

log | A

10g| 0: is irrational. We refer to [dMP} [dMvS| [PT], MP1l [GPvS| [Hal] and references
0g |Ho
therein for more results on moduli of 2-dimensional diffeomorphisms. Moduli for 2-

dimensional flows with saddle-connections are studied by Palis [Pa] and Takens [Ta]
and so on. In those papers, they present finite sets of moduli which are complete
in a neighborhood of the saddle connection in M.

In this paper, we consider 3-dimensional diffeomorphisms f with a hyperbolic
fixed point p such that W*(p) and W*(p) have a quadratic tangency and D f(p) has
non-real expanding eigenvalues re*V=10 with r > 1 and a contracting eigenvalue
0 < A < 1. Moduli for diffeomorphisms of dimension more than two have been
already studied by NPT [Du2, [MP2] and so on.

First we will prove the following theorem.

Theorem A. Let M be a 3-manifold and f; (j = 0,1) elements of Diff" (M)
for some r > 3 which have hyperbolic fixzed points p; and homoclinic quadratic
tangencies q; positively associated with p; and satisfy the following conditions.

fixed point p; with a homoclinic quadratic tangency, then

e For j = 0,1, there exists a neighborhood U(p;) of p; in M such that fj|y(y,)
is linear and D f;(p;) has non-real eigenvalues 7je=V=1 and a real eigenvalue
Aj withr; >1,60; 20 mod 7 and 0 < A; < 1.
e fy is topologically conjugate to fi by a homeomorphism h : M — M with
h(po) = p1 and h(qo) = q1-
Then the following and hold.
logAg  log A1

1 = .
) logrg  logm
(2) Fither 6y =61 or 6 = —0; mod 2.

Here we say that a homoclinic quadratic tangency qq is positively associated with
po if both f§(qo) and f; " () lie in the same component of U(py) \ Wi.(po) for a
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sufficiently large n € N and any small curve « in W*(pg) containing gg. Theorem
holds also in the case when 6y =0 mod 7 or —1 < A; < 0 except for some rare
case, see Remark [[.1] for details.

Remark 0.1. Assertion of Theorem [A] is implied in the case (D) of Theorem
1.1 in [NPT, Chapter III]. Assertion is also proved by Dufraine [Du2] under
weaker assumptions. The author used non-spiral curves in W} _(p) emanating from
p. On the other hand, we employ unstable bent disks defined in Section [I] which
are originally introduced by Nishizawa [Ni]. By using such disks, we construct a
convergent sequence of mutually parallel straight segments in W _(p) which are
mapped to straight segments in W} _(h(p)) by h, see Figure An advantage
of our proof is that these sequences are applicable to prove our main theorem,
Theorem [B] below.

Results corresponding to Theorem [A] for 3-dimensional flows with Shilnikov cy-
cles are obtained by Togawa [To|], Carvalho-Rodrigues [CR] and for those with con-
nections of saddle-foci by Bonatti-Dufraine [BD], Dufraine [Dul], Rodrigues [Ro]
and so on. See the Section 2 in [Ro] for details. Moreover Carvalho and Rodrigues
[CR] present results on moduli of 3-dimensional flows with Bykov cycles.

Theorem B. Under the assumptions in Theorem suppose moreover that 0y /21

is irrational. Then the following conditions hold.

(1) )\0 = )\1 and To=T1.

(2) The restriction hlwu (py) : Wi.(Po) = Wis.(p1) is a uniquely determined linear
conformal map.

In contrast to Posthumus’ results for 2-dimensional diffeomorphisms, the eigen-
log Ao .

1S
ogro

values Ao and ry are proved to be moduli without the assumption that

irrational.

The restriction h|W{éc(Po) is said to be a linear conformal map if h|Wﬁ§c(P0) is
represented as hlwu (p,)(2) = peV 12 (2 € W (po)) for some p € R\ {0} and
w € R under the natural identification of W% (po), W} (p1) with neighborhoods of
the origin in C via their linearizing coordinates.

For any r; > 1 and §; € R (j = 0,1), let ¢; : C — C be the map defined by
w;(z) = rje\/jwf z. Then there are many choices of conjugacy homeomorphisms
on C for ¢ and ¢;. For example, we take two-sided Jordan curves I'; in C with
¢;(T';)NT; = 0 and bounding disks in C containing the origin arbitrarily. Then
there exists a conjugacy homeomorphism h : C — C for g and ¢ with h(Tg) = T'y.
On the other hand, Theorem implies that we have severe constraints in the
choice of conjugacy homeomorphisms for 3-dimensional diffeomorphisms as above.
Intuitively, it says that only a homeomorphism h with h|w (p) linear and conformal
can be a candidate for a conjugacy between fy and fi. As an application of the
linearity and conformality of h[wu (p), we will present a new modulus for fo other
than 6y, Ao, 70, see Corollary [C]in Section [

1. FRONT CURVES AND FOLDING CURVES

For j = 0,1, let f; be a diffeomorphism and ¢; a quadratic tangency associated
with a hyperbolic fixed point p; satisfying the conditions of Theorem @ We will
define in this section front curves in W*(p;) and folding curves in W} (p;) and
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show in the next section that these curves converge to straight segments which are
preserved by any conjugacy homeomorphism between fy and fi.

We set fo = f, po =0, o =q, 70 =71, 0y =0 and A\g = X for short. Similarly, let
fi=f;m=p,q1=¢,r1=1r",6p =0 and \; = X. Suppose that (z,t) = (z,y,t)
with z = & + /=1y is a coordinate around p with respect to which f is linear. For
a small a > 0, let D, (p) be the disk {z € C;|z| < a}. We may assume that ¢ is
contained in the interior of D, (p) x {0} C W (p) and g = f~(q) is in the interior
of the upper half Wt (p) = {0} x [0,a] of Wi (p) for some N € N. See Figure

loc

Let U,(p) be the circular column in the coordinate neighborhood defined by

FIGURE 1.1. A saddle-focus p and a homoclinic quadratic tan-
gency ¢ in Dg(p).

Uu(p) = Du(p) x [0,a] and V5 a small neighborhood of ¢ in U,(p). Suppose that
Ua(p) has the Euclidean metric induced from the linearizing coordinate on U, (p).
By choosing the coordinate suitably and replacing 6 by —6 if necessary, we may
assume that the restriction f[p, ,) is represented as reV=1% for z € C with |z| < a.
Similarly, one can suppose that f’[p_, () is represented as '/ eV=19 for some o’ > 0.
The orthogonal projection pr: U,(p) — Dq(p) is defined by pr(x,y,t) = (z,y).

In this section, we construct an unstable bent disk Hy in W(p) N Uy(p), the
front curve 7, in ﬁo and the folding curves g in U, (p). We also define the sequence
of unstable bent disks H,, in W(p) N Uy(p) converging to Hp, which will be used
in the next section to construct the sequence of front curves converging to 7g.

1.1. Construction of unstable bent disks, front curves and folding curves.
We set ¢ = (0,t9). Let H be the component of W*(p) N V5 containing g. One can
retake the linearizing coordinate on C if necessary so that the line in V5 passing
through ¢ and parallel to the z-axis in U,(p) meets H transversely. Then H is
represented as the graph of a C"-function x = ¢(y, t) with

dp 0%
(1.1) ©(0,20) =0, a(oato) =0 and @(O,to) # 0.
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By the implicit function theorem, there exists a C"~!-function t = 7(y) defined in a
small neighborhood V of 0 in the y-axis and satisfying 1(0) = to and dp(y,n(y))/0t =
0. Then the curve 7 in V5 parametrized by (go(y, n(y)), Y, n(y)) divides H into two
components and v = pr() is a C"!-curve embedded in D,(p). Let H* (resp.
H~™) be the closure of the upper (resp. lower) component of H \ 7. For a sufficiently
large ng € N, the component Hy of £ (H) N U,(p) containing g = f7°(3) is an
unstable bent disk in U, (p) such that OHy is a simple closed C"-curve in dgiqeUq (p),
where

OsiaeUa(p) = {(z,t) e C X R;|z| = a,0 <t < a} C U, (p).
See Figure We set 79 = f™0 (ﬁ)ﬂﬁo, }NIJ = f””(ﬁ*‘)ﬂ]?[m }NIJ = f"o(ﬁ_)ﬂﬁo,
Hy = pr(ﬁ&“) = pr(ﬁo_) and ~o = pr(3). Then 7 is called the front curve of Hy
and g is the folding curve of Hy.

aside Ua ([))

EIGURE 1.2. The front curve 7y divides ﬁ]o into the two sheets
Hy and H, . The folding curve vy of Hy is the orthogonal image
of ﬁo.

We note that Nishizawa [Ni] has studied unstable bent disks similar to Hy as
above in a different situation. In fact, he considered a 3-dimensional diffeomorphism
g which has a saddle fixed point s such that all the eigenvalues of Dg(s) are real
and has a homoclinic quadratic tangency associated with s. Here we consider the
component PNI(;U of f“(fNI(;) N U,(p) containing f*(qo) for v € N. Since the homo-

clinic tangency g is positively associated with p, one can show that there exists ﬁO—u

which meets W#(p) transversely at a point Zz near ¢ by using an argument similar

to that in [Ni, Lemma 4.4]. See Figure To show the claim, the assumption

of 8y # 0 mod 7 in Theorem [A]is crucial. In fact, the condition implies that the

following property:

(P) There exists an arbitrarily large u such that the interior of Hy,, = pr(ﬁo_u) in
D, (p) contains q.
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*(%)

FIGURE 1.3. The half disk fl&u meets W#(p) transversely at two
points near ¢, one of which is Z.

Remark 1.1. (1) We here suppose § = 0 mod 7. Even in this case, if f has
the property (P), then the component of W?*(p) containing ¢ and W*(p) have a
homoclinic transverse intersection point. Then Theorems [A] and [B] will be proved
quite similarly. Since § = 0 mod 7, all f*(vy) are tangent to a unique straight
segment Yoo in Dy(p) at p. Thus the property (P) is satisfied if 7., does not pass
through q.

(2) Even in the case of —1 < A < 0, one can show that f has the property (P)
similarly by using f? instead of f if 260 # 0 mod m. Moreover, since either ¢ or
f(q) is a homoclinic tangency positively associated with p, Theorems |A|and [B| hold
without the assumption that ¢ is positively associated with p.

1.2. Construction of convergent sequence of unstable bent disks. Take
v € N such that 2y = f¥(2) is a point (0,%) contained in U,(p), where 2 is the
transverse intersection point of ﬁ(;u and W#(p) given in the previous subsection.
Let D be a small disk in W*(p) N U, (p) whose interior contains Zy. The absolute
slope o(v) of a vector v = (v1,v2,v3) in Ug(p) with (vy,v2) # (0,0) is given as

|vs|

The mazimum absolute slope o(D) of D is defined by

o(v) =

(D) = max{o(v) ; unit vectors v in U,(p) tangent to D}.
Fix mgo € N such that, for any m € NU{0}, the component D,,, of f™+™(D)NU (p)
containing f™0T™(Zy) is a properly embedded disk in U, (p) with dD,,, C OsigeUa(p).
Note that D, intersects W (p) transversely at (0, \™tg), where to = A\™0%. See
Figure The maximum absolute slope of D,,, satisfies
(1.2) o (D) < oo™,

where g9 = o(D)A™0r~™0. Consider a short straight segment p in U,(p) meet-
ing Hy orthogonally at go. Then p = f~(V+70)(p) is a C"-curve meeting Dq(p)
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6side U(L (P) D // aiide Ua. (p)

Hy

FIGURE 1.4. Trip from Hy to H,,: f*t*(Hy) D D, f™(D) D
Dy, f™(Dg) D Dy, and fN*+70(D,,) D H,,, where N, ng are the
positive integers with f¥(q) = ¢ and f™(g) = qo. The dotted line
passing through ¢ represents a straight segment tangent to p at q.

transversely at g, where IV, ng are the positive integers given as above. One can
choose mgy € N so that, for any m € NU {0}, p meets D,,, transversely at a single
point w,, = (zm,Sm). Then implies that [tgA™ — s,,,| < GoeA™r~™, where
a = sup,,>o{|zm|} < oco. It follows that s,, = toA™ + O(N"r~™). Since p has a
tangency of order at least two with a straight segment at g,

(1.3) dist (W, @) = tA™ + OA™r™™) + O(N*™) = toA™ + o(A™)

for some constant ¢, > 0. By the inclination lemma, D,, uniformly C"-converges
to Dg(p). A short curve in W#(p) containing ¢ as an interior point meets D,
transversely in two points for all sufficiently large m. Let H be the component of
fN+10(D, ) NU, (p) containing fN+70 (w,y,). Then H,, C"-converges to Hy as m —
oo. By , there exist C"-functions ¢, (y,t) C"-converging to ¢ and representing
H,, as the graph of © = ¢, (y,t). Then the front curve 7, in H,, is defined as the
front curve o in Hy. Since Oom (y,t) /0t Cr_l—converges to dp(y, )/3t Ym also
cr—1 -converges to Jo- Note that 7, divides H,, into the - upper surface H + and the
lower surface H, with 3, = H;> N H;;, and H,, = pr(H,,) = pr(H;) = pr(H;,).
The image v,, = pr(’ym) is called the foldmg curve of Hp,.

2. LIMIT STRAIGHT SEGMENTS

A curve v in D,(p) is called a straight segment if 7 is a segment with respect to
the Euclidean metric on D, (p). In this section, we will construct a proper straight
segment fyg in D,(p) with p & ’yg which is mapped to a straight segment in U,/ (p')
by h.
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2.1. Sequences of folding curves converging to straight segments. Let a be
an oriented C"~!-curve in D, (p) of bounded length. Since r—1 > 2, there exists the
maximum absolute curvature x(a) of a. If o passes near the center 0 of D, (p) and
satisfies k(o) < 1/a, then « has a unique point z(«) with dist(0, z(a)) = dist(0, «).
In fact, if @ had two points z; (i = 1, 2) with dist(0, z;) = dist(0, ), then for a point
z3 in a with the maximum dist(0, z3) between z; and 2o, the curvature of a at z3
is not less than 1/dist(0, z3) > 1/a, a contradiction. We denote by ¥(a) mod 27
the angle between & and the positive direction of the z-axis at 0, where a is the
oriented curve in D,(p) obtained from « by the parallel translation taking z(«) to
0.
By , there exists a constant dy > 0 such that

(2.1)  dist(Fm, the t-axis) = do(FoA™ + 0(A™)) + o(A™) = dotoA™ + o(A™).

Since 7,, C™"!-converges to 7o, £(Vm) also converges to x(yy) as m — oo. This
shows that

(2.2) sglp{/@('ym)} = Ko < 0.

It follows that, for all sufficiently large m, there exists a unique point ¢, of ~,, with
dist(cm, 0) = dist(yim, 0) = dist(¢, the t-axis) = dist(Fm,, the t-axis),
where ¢, is the point of 7, with pr(¢,,) = cm.

Fix w with 0 < w < a/2 arbitrarily. For any n € N, let m(n) be the minimum
positive integer such that f"(cn) is contained in Dy, (p) for any m > m(n). Then
lim,,_, oo m(n) = oo holds. For any m > m(n), the component Hm n of f(Hp) N
U, (p) containing ¢, n, = f (¢m) is a proper disk in U, (p) with oH,, m.n C OsideUa (P)-
Then Y = f(Ym) N Hm n 1s the front curve of Hm nand Y n = Pr(Ym,n) is the
folding curve of H,, , = pr(H n). Then ¢y, = pr(Cp,n) is a unique point of vy, ,
closest to 0. Here we orient ¥, = im0 s0 that 3,0 C"~!-converges as oriented
curves to yg as m — oo. Suppose that vy, , has the orientation induced from that
on Ym0 via pro f™. In particular, it follows that

(2.3) Jim 9(ym,0) = 9(v0)-
We set dy,., = dist(cm n, 0). By .7
(2.4) i = " (doToA™ + 0(A™)).
There exist subsequences {m;}, {n;} of N and w\/2 < wy < w such that
(2.5) lim c?ofo)\mjr"j = wy.
jro0

If necessary taking subsequences of {m;} and {n;} simultaneously, we may also
assume that J(Ym,,»,) has a limit 6%. Since f(2) = reV=1% on D,(p), by 2.2 [2:2) we
have

K(VYmym;) <77 (Ymy0) SR =0 as j — oo.

Thus the following lemma is obtained immediately.

Lemma 2.1. The sequence Y, n; uniformly converges as oriented curves to an

oriented straight segment 'yg in Do (p) with 19(78) = 0% and dist(’yg, 0) = wo.

We say that ’yg is the limit straight segment of Y, n,-
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2.2. Limit straight segments preserved by the conjugacy. Let Uy (p'), Uy (p')
be the circular columns defined as U, (p) for some 0 < o’ < b’ which are contained
in a coordinate neighborhood around p’ with respect to which f’ is linear. One can
retake a > 0 and choose such o, V' so that U, (p") C h(U,(p)) C Uy (p).

Let I?{nn be the component of h(H,y, ,)NUqu (p') defined as H,y, ,, and pr(ﬁ;nn) =

H), .. One can define the front and folding curves %’n,n, %L’n in H{nn and H), ,
as Ym,n, Ym,n i Hp, , and H,, , respectively. See Figure
Wiee () Wit (@)
U(L(p) /’7\”:",),71,] D a’:"l‘, 7TLJ‘
7/
Ymgns Hj)

\ Hy | h
s

- i ! /
Tmjn; 0 a 'yrnj,n, 0 a b

FIGURE 2.1. The image h(ﬁ(j)) is contained in ﬁ(’j), but h(ﬁé))

is not necessarily contained in H Gt)

Since h is only supposed to be a homeomorphism, h (¥, ») NUq (p") would not be
equal to %nn We will show that this equality holds in the limit. For the sequences

{m;}, {n;} given in Section we set ﬁm,-,nj = I;'(j), Hppjom, = Hjy, f[,’anJ = ﬁéj)
and Hy, ., = H é ;) for simplicity. Similarly, suppose that H { ;) 1s the component of

W¥(p")NUy (p’) containing P~I(’j) and 7, ,, is the front curve of ITI(’].). The distance
between x, y in U,(p) is denoted by d(x,y) and that between @', " in U,/ (p) by
d(@,y").

The path metric on PNI(j) is denoted by dﬁm' That is, for any =, y € ff(j),

d i) (,y) is the length of a shortest piecewise smooth curve in H (j) connecting x

with y. The path metrics dﬁ(,_) on ﬁéj) and df[(’,) on I:Téj) are defined similarly.

Lemma 2.2. (i) For any e > 0, there exists a constant n(e) > 0 independent of
j € N and satisfying the following conditions.
e lim._o7(e) =0.
e Let x, y be any points of fI(j) both of which are contained in one of ?I(‘;)
and f[(;). If d(x,y) < n(e), then dﬁ(j)(sc,y) <e.
(ii) For any e > 0, there exists a constant 6(¢) > 0 independent of j € N and

satisfying the following conditions.
e lim. ,od(e) = 0.
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o Let x, y be any points of I:T(j) both of which are contained in one of
I;T(J;) and }NI(;) If dﬁ(_)(w,y) < d(e) and ' = h(x) and y' = h(y) are

contained in ﬁ&)’ then dﬁéj) (', y) < e.

One can take these constants 7(ec), 6(¢) so that they work also for dg, and
)

ds, .
Hi)

Proof. (i) The assertion is proved immediately from the fact that H é) uniformly
converges to a disk H% in D, (p) such that d(x,y) = dy:(x,y) for any x,y € H".

(ii) Suppose that x,y € I;T(‘;) First we consider the case that both x’ and y’ are
contained in one of ﬁ[{j) and ﬁI(’;)7 say ﬁIEj) Ifdg, (z',y') > e, then it follows from
)
the assertion (i) that d'(a’,y’) > n(e). Since h is uniformly continuous on U, (p),
there exists a constant d1(g) > 0 with lim._,¢ d1(¢) = 0 and d(x,y) > d1(¢). Hence,
in particular, dﬁ(v)(a:,y) > 41(g). Thus dﬁ(_)(m,y) < 91(e) implies dz, (2',y') <
J J )

€.

Next we suppose that =’ € H(/j') and y' € HE]_) Consider a shortest curve « in
ﬁ(j) connecting « and y. Since o/ = h(«) is contained in ﬁéj), o intersects 7, .
non-trivially. Let z be one of the intersection points of a with hil(ﬁ;njynj). See

Figure Suppose that dgm(:c,y) < 61(¢/2). Since dﬁ(j)(w,y) = dﬁ(j)(w,z) +

Wit (p) Wit (@)

FIGURE 2.2. The case of z,y € H', @’ € I?I(’j) and y' € H!

@)’ @)

dg, (2:9),
dﬁm(a:,z) < 61(e/2) and dﬁ(j)(z,y) < d1(e/2).

Since z’, 2’ € H&") and 2’,y’ € Héa_)’ by the result in the previous case we have
dﬁ{ (x',2') <e/2 and d5, )(z’,y’) < £/2, and hence

9 G

dﬁ(,)(m/a yl) = df](’_)(mlvyl) <e.

Thus d(e) := d1(¢/2) satisfies the conditions of (ii). O

The following result is a key of this paper.
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Lemma 2.3. For any € > 0, there exists jo € N such that, for any j > jo,
h(/"\}//mj,nj) N Hé_]) - NE(;\%nj,nj ’ Hé_]))a

where N-(3! IA{IE)) is the e-neighborhood of ;, . . in I?éj).

Pij,n )

Figure 2.3 illustrates the situation of Lemma

FIGURE 2.3. The shaded region represents N (ﬁ;nj’nj,ﬁéj)).

Proof. For 0 = £, we will show that h~ (H"’ \ NV, 1y éj))) C ﬁé’j) for all
sufficiently large j. Since hil\Ua,(p/) is umformly continuous, there exists v(g) > 0
such that, for any @',y" € Uy (p') with (', y") < v(e), the inequality d(z,y) <
n(6(g)) holds, where & = h=(z'), y = h=1(y’). Since both H( ) and H( ;y uniformly
converge to the same half disk H'® in D,/ /(p'), there exists jo € N such that, for
any j > jo and any ¢’ € H &\ Me (V) Hijy), d' (2, y') is less than v(e), where
vy’ is the element of H’ ? with pr(2’) = pr(y’). Then we have d(z,y) < n(d(g)).
If both & and y were contalned in one of flé) and I;'(;)”, then by Lemma (1)
dﬁu) (z,y) < (). Then, by Lemma(") dfl{ )(:c’ y’) would be less than e. This
contradicts that &’ € ~"’) \Ne(Vn, im0 H{; )) and y' € H(/ ;) - See Flgure Thus,
if y is contained in H E’ ) then @ is not in H (" ) In particular, « is not contained
in Y, n, = H(J) N H(J)7 and 80 Y, m, N A~ (H"’ \/\/’(’ymn,Héj))) = (). Since
h‘l(flé‘]?) ANV fléj))) is connected, it follows that h=!(H & \Ne (V> f[{j))) C
H ) for 0 = +, and hence h=Y (N (CTA H(J))) D Ymym; N h’l(ﬁéj)). This
completes the proof. O
From the proof of Lemma 23] we know that there exists a simple curve in
h(Ym; ;) N H( ) connecting the two components of 8H(]) NN, n, ,H(j)) The

following corollary says that the images of certain straight segments in D,(p) by
the homeomorphism h are naturally straight segments in D,/ (p').

Corollary 2.4. For the limit straight segment 'yg of Y .n; s h(vg) N Dy (p') is the

limit straight segment of vy, ., i.e. h('yg) N Dy (p') = ’yéh.
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T
H)

Tmj,n;

FIGURE 2.4. The situation which does not actually occur. d; :=
dist(z',y") < v(e), d2 = distﬁm(x,y) < 6(e) and ds =
distz, (2',y') <e.

©)

Proof. Since 'yg is the limit straight segment of ¥, ,,, and h is uniformity contin-

uous, h(’yg) N Dy (p') is the limit of A(Ym;n,) N fi:éj). It follows from Lemma [2.3
that h(43) N D (p) is also the limit of Pr(Viny ;) = Yimyom,» that is, h(v3) N Dy (p)
is equal to the limit straight segment of %nj’nj. (I

For any straight segment [ in D, (p) such that h(l) is also a straight segment in
Dy (p'), we denote h(l) N Dg (p') simply by h(l). In particular, Corollary 2.4 implies
that h(v§) = 75"

3. PROOF oF THEOREM [A]

Suppose that St,(p) is the set of oriented proper straight segments in D,(p)
passing through 0, that is, each element of St,(p) is an oriented diameter of the
disk D, (p). For any [ € St,(p) and n € N, the component of f(1)NU,(p) containing
0 is also an element of St,(p). We denote the element simply by f™(I).

Since f"|p, (p) preserves angles on D,(p), by , for any k,n € N,

19('Ym,n) - §(7m+k7n) = 19(’7771,0) - 19('7771-&-/@,0) - 19(70) — () =0

as m — oo. Moreover it follows from (2.4) that lim; e dm;4kn; = woA*. By these
facts together with Lemma 2.1} one can show that v, +1,,, uniformly converges as

m — 0o to a straight segment 'y,i in U, (p) with
(3.1) (%) = 6% and d(0,7%) = woAF.

Thus we have obtained the parallel family {7,'1} of oriented straight segments in

D,(p). See Figure By Corollary {’y,’ch} with v,lﬂh = h(’y,hc) is also a parallel
family of oriented straight segments in D,/ (p’). Since fy,’f is the limit of *y;nj Ak, 88
j — 0o, we have the equations

(3.2) Iy = 0% and  d(0,7,7) = wy\'*.
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FIGURE 3.1. The images of the parallel straight segments 'y,i in

Dq(p) by h.

corresponding to (3.1) for some 0'% and wj, > 0. Let 7&, € Stq(p) (resp. 7.3 €
Sty (p')) be the limit of 'yk (resp. ’yku)

Proof of Theorem[4] By Lemma and (2.4), wo = lim; o c?ofox\mjrnj. This
implies that

; 1
lim <mjlog/\+logr> = lim — log iUE

Jj—o0 nj Jj—o0 TL] dOtO

=0

; 1
and hence lim;_, My _ 08T Applying the same argument to fym nyo We also
n; log A\’
. log '
have lim;_, My _ —10g f\/. This shows the part of Theorem |A
n; og
Now we will prove the part (2)). For any n € NU{0}, we set f™(v,

(A3 =42, By Corollary
(33) Wi n) = W () = " (h(43)) = £ () = e e
We identify St,(p) with the unit circle S' = {z € C; |2| = 1} by corresponding

I € Sta(p) to eV~ Then the action of f on St,(p) is equal to the f-rotation Ry
on S' defined by Ry(z) = V=102

oo _700n

If 6/2r = wv/u for coprime positive integers u, v with 0 < v < wu. Since
h(vi) = 75, we have f*(718) # 48 for k = 1,...,u — 1 and f™(74%) = 72

This implies that §'/2r = v'/u for some v/ € N Wlth O < v < w. Since h|p,(p)
Da(p) — Dy/(p') is a homeomorphism with the correspondence h(R’g(vgo)) =
Rg/( 1) (k=0,1,...,u—1), there exists an orientation-preserving homeomorphism

: 81 — 81 with 770( ﬁ(9”+k9)) = VIO k) for | = 0,1,...,u— 1. We set
F = {eV/ 1Ok, | — 0,1, u—1} and TV = {&V 1O K0, | — 0.1, u—1}.
Then [e\/jwh,e‘/jl(eh‘”’)) N T consists of v points, where [a,b) denotes the posi-
tively oriented half-open interval in S' for a,b € S' with a # b. Since moreover
no([e‘/jwh,e‘/jl(gug)) NT) = [e‘/jwm,e\/jl(em*‘g/)) N T’ consists of v/ points, it
follows that v = v/, and hence 6 = ¢'.

Next we suppose that /2 is irrational. Then, for any [ € St,(p), there exists

a subsequence {ny} of N such that the sequence ’ygo,nk_ uniformly converges to [ as
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k — oo. By (8.3), 748, uniformly converges to I’ = h(l). Since 74}, € Sta(p'),
I' is also an element of Sty (p’). Thus we have a homeomorphism 7 : S* — St with
respect to which Ry and Ry are conjugate. Since the rotation number is invariant
under topological conjugations, 6/2r = 6’/2r mod 1 holds. This completes the
proof of the part . O

4. PROOF OF THEOREM [B

In this section, we will prove Theorem Suppose that f, f’ are elements of
Diff" (M) satisfying the conditions of Theorems [Aland 6/27 is irrational.
Since # = 6’ mod 27, for any k,;7 € N,

(A1) P05 = V05,) = V0L = 90) = (k= )8 mod 2.

Let I; (j = 1,2) be any elements of Stq(p). As in the proof of Theorem[A] there exist
subsequences {ny}, {n;} of N such that the sequencers {'ygomk 1, {’ygonj} uniformly
converge to [1 and I respectively. Then, {’y(’)g’nk}, {’y(’)g’nj also uniformly converge
to the elements I} = h(l1) and I, = h(ls) of St. (p') respectively. Then, by (£I)),
(4.2) I(la) —9(l1) = 9(l%) —9(l}) mod 2.

For the proof of Theorem [B] we need another family of straight segments in
D,(p). Fix an integer ag with

log(27) log(2r’)}
log(A=1) " log(N~1) |~

For any k > 0, we consider the straight segment §k = fF (vaok) N D,(p). By (3.1 .,

ag > max{

(4.3) D(ED) —9(€l) = kO mod 2 and  d(0,&%) = wo)\aokrk < 27 Fapg.
Similarly, by (3.2)), § = h( fk) is a straight segment in D,/ (p') with
(4.4) V(D -9 =k mod 2r and  d(0,&7) = wyNFrk < 27k,

Proof of Theorem[Bl Let a be the element of St,(p) with 19(53) —9Y(a) = m/2 and
o = h(a) € St (p'). We will show that 0, := 9( (')h) —9(d’) is also equal to /2
mod 27. See Figure In fact, since 8/2r is irrational, by (4.3]) there exists a

Da(p) Do (p)

A «

¢ <€ \$ = / '

l/

T

F1cURE 4.1. Correspondence of straight segments via h.
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subsequence 5121, uniformly converges to a. Since h|p, ;) is uniformly continuous, f,’gf
also uniformly converges to /. On the other hand, since 19(5,2]) —¥(o) = kj0+7/2
mod 27 and 9(¢,F) — ¥(@’) = k;0 + 0o mod 2,

7T

b = 5 = (D(E5) = 9(e)) = (9(&]) = V(@) >0 mod 2r

as j — oo. Thus we have 0, = 7/2 mod 27.

We denote by z(x) € C the entry of @ € D,(p) with respect to the linearizing
coordinate on D,(p). Similarly, the entry of @’ € Dy (p') is denoted by z/(x’).
Let ¢ be the intersection point of a and fg, and let & = h(xzp). One can set
2(x0) = poe¥ 10 and 2/ (z})) = pheY 1% for some py > 0, ph > 0 and wy, wf) € R.
We define the new linearizing coordinate on D,/ (p’) by using the linear conformal
map such that, for any @’ € Dy (p'), 2% (x') = poply teY 1 (wo=0)2/(x'). Then
z(xg) = 2’V () holds.

For any = € fg, there exists [ € Stq(p) with {z} = E(h) N1. Then &’ = h(x) is the
intersection of §6h and I’ = h(l). By ([4.2)), 9(1) —9(a) = 9(I') — ¥(a’) mod 27 and
hence z(x) = 2/"V(x’). We say the property that h is identical on fg. Since 6/27
is irrational, there exists k. € N satisfying

5 <O(E) - V(&) <5 mod 2.

™
2
Then fi* meets 58 at a single point xy, in D4(p). For ap, = f*(a) and o =
h(ag, ), we have 19(52*) — ¥ ag,) = ¥ ;h) —¥(ay,, ) = 7/2. Since h is identical at
T, , h is proved to be identical on & ,hc by an argument as above. Then one can show
inductively that, for any n € N, h is identical on fik*. See Figure By ,

l)a’(lf)

Da(p) fik*

/h
3k

. A Ly
\ 2k,

7h
k.

FIGURE 4.2. Correspondence via h with respect to the new coor-
dinate on Dy (p').

lim,, 00 d((),fik*) = 0. Since moreover k,0/2m is irrational, [ J)_, fik* is equal to
D,(p). This shows that h is identical on D,(p). In particular, this implies that
h|p, (p) is a linear conformal map with respect to the original coordinates. We write

2(q) = pre¥ 11 and 2/(¢') = pheV~1¢". It follows from the assumption of h(q) = ¢
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in our theorems that h(z) = pjpy eV~ 1«1~z for any z € C with |z| < a. In
particular, this implies that h|W{$c(P) is a linear conformal map. Let h be any other
conjugacy homeomorphism between f and f’ satisfying the conditions in Theorems
and E In particular, E(p) = p’ and Tz(q) = ¢’ hold. Since z(q) = preV =11 and
Z(¢') = p,eV™1“1, one can show as above that h(z) = p,p7 eV =11~ for any
z € C with |z| < @ and hence l~z|Da(p) = h|p,(p)- This shows the assertion of
Theorem [B| and r = 7. Then, by the assertion of Theorem we also have
A = ). This completes the proof. O

Let Z be the homoclinic transverse point of W*(p) and W#(p) given in Subsection
Fix a sufficiently large n € N with s = f7"(2) € Dp(a). Then s’ = h(s) is
contained in Dy (p'). The following corollary shows that z(s)/z(g) is a modulus for
f. Recall that z(x) € C is the entry of @ with respect to the complex linearizing
coordinate on D,(a). The complex number z'(z’) is defined similarly for ' €

Dy (p').

Corollary C. Let f, [’ be elements of Diff" (M) satisfying the conditions of The-
orems and@ and let h be a conjugacy homeomorphism between f and f' with
h(p) = p" and h(q) = q'. If hlwu () is orientation-preserving, then z(s)/z(q) =

2'(s")/2'(¢'). Otherwise, z(s)/z(q) = 2'(s")/2'(¢').

Proof. Here we only consider the case that h is orientation-preserving. Since
h|p,(p) is a linear conformal map, the triangle with vertices 0, z(q), 2(s) is simi-
lar to that with vertices 0, 2'(¢’), z’(s") with respect to Euclidean geometry. This

shows z(s)/z(q) = 2'(s") /2 (¢'). O
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