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Abstract
• Purpose
• BNCmatmul’s software layer
• Optimized multiple precision (MP) matrix multiplication
• Application to Optimization of LU decomposition
• Complex GEMM based on optimized MP GEMM
• Conclusion and future work
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Why do we need extended-precision numerical library?
• Extended-precision arithmetic：

Reduce the effect of initial errors due 
to rounding and errors introduced 
during calculation by increasing the 
number of digits in the mantissa part. 

• Multi-fold precision arithmetic：
Reduce the process of renormalization 
by combining optimized numerical 
modules based on binary16, 32 or 64 
arithmetic

→Both ways of arithmetic are 
necessary
Ex: Extrapolation method for solving ill-
conditioned ODEs (ARITH2019)

Speedup by 
including
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Categorization of optimization techniques for HPC

Long-digit real multiplication
• Karatsuba method
• Toom-Cook method
• FFT

Complex multiplication
• 3M method

Matrix multiplication
• Blocking(Tiling) algorithm
• Strassen and Winograd
• Ozaki scheme (New!)
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Matrix algorithms: Strassen and Ozaki scheme

• Both algorithms can reduce the number of 
matrix multiplication

• Performance of Ozaki scheme depends on 
the number of D and xGEMM used in.
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Purpose: Optimization of multiple-precision matrix 
multiplication and its application

• Completed 
implementation of 
optimized DD, TD, 
QD and  MPFR 
matrix 
multiplication 
(xGEMM)

• Found the 
effectiveness of 
Ozaki scheme

• Confirmed the 
effectiveness of 
Ozaki scheme to 
LU decomposition
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BNCmatmul’s software layer

• All FP computation is supported on CPU. 
• Limited functionaries but faster than MPLAPACK/MPBLAS
• Multi-component-way fxed-precision arithmetic is constructed with 

original ANSI C codes : Double, DD, TD,  and QD
• Multi-digit-way arbitrary-precision arithmetic is based on MPFR/GMP
• Serial multiple-precision computation is runnable on Python ecosystem.
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c_dd_qd.hMPFR
GNU MP

mpfr_dd.c rdd.h
rdd.c

rdd.py

AVX2x86_64 CPU

bncavx.h

[d,t,q]d_linear.c
matmul_general_[d,t,q]d.c

bench_matmul.py

mpmath
gmpy2

librdd.so libbncmatmul-0.21.so
libbncmatmul-0.21_avx2.so
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Our targeting FP precision: DD, TD, QD and MPFR
± exponent Mantissa

IEEE754 double
dd_a[0]

± exponent Mantissa

IEEE754 double
dd_a[1]

± exponent Mantissa

IEEE754 double
td_a[0]

± exponent Mantissa

IEEE754 double
td_a[1]

± exponent Mantissa

IEEE754 double
td_a[2]

Double-double(DD)

Triple-double(TD)

± exponent Mantissa

IEEE754 double
qd_a[0]

± exponent Mantissa

IEEE754 double
qd_a[1]

± exponent Mantissa

IEEE754 double
qd_a[2]

± exponent Mantissa

IEEE754 double
qd_a[3]

Quadruple-double(QD)

Accelerated with AVX2

MPFR: Arbitrary precision FP arithmetic
based on MPN kernel of GNU MP

MPBLAS in MPLAPACK: MPREAL C++ class 
library calls MPFR functions 
BNCmatmul: Directly calls MPFR 
functions→about 10% better performed
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Computing environment for benchmark tests
• [Xeon] Intel Xeon W-2295 3.0GHz 18 cores, Ubuntu 20.04.3 LTS, 

Intel Compiler version 2021.5.0, MPLAPACK 1.0.1, MPFR 4.1.0

• [C++(icpc), C(icc)] -O3 -fp-model precise -qopenmp -axCORE-
AVX2 -march=skylake -mtune=skylake -mcpu=skylake
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DD, TD, QD on Xeon
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Xeon
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MPFR 256, 512, 768bits on Xeon

[01060] Exploring Arithmetic and Data Representation 
Beyond the Standard in HPC @ ICIAM2023 13



A quick summary of optimization techniques for multiple precision 
matrix multiplication
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• Long precision & Large size ：Strassen, 
Winograd

• Small size : Simple
• Short precision & Middle size: Block
• Middle precision＆Middle Size: Ozaki scheme

• Most effective in TD – QD - MPFR 768bits precision
• 450 calls of Intel Math Kernel GEMM (about 30 

division) is a bound of effectiveness = MPFR 768bits

1. mul_[dd,td,qd,mpf]matrix_simple
2. mul_[dd,td,qd,mpf]matrix_block
3. mul_[dd,td,qd,mpf]matrix_strassen
4. mul_[dd,td,qd,mpf]matrix_oz
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Test linear system of equations
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DD, TD, QD LU on Xeon

• Reduced the effectiveness due to rectangle matrix multiplication used in LU 
decomposition

• Trend of optimization is similar with square matrix multiplication
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MPFR 256, 512, 768 bits on Xeon

• LU w/ Ozaki scheme is not faster than row-wised LU decomposition over 768bit-
precision MPFR arithmetic
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Conclusion: Ozaki scheme is effective for 
middle-precision LU decomposition 
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Complex GEMM: 4M and 3M methods
• Multiplication of Complex numbers

• 4M method：4 real multiplications，2 real additions

• 3M method：3 real multiplications，5 real additions
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Implementation of 3M method
1. MPC library https://www.multipleprecision.org/mpc/
2. Bini: MPsolver GNU MP’s mpf-based 3M method
3. BLIS: 3M and 4M CGEMM based on DGEMM

𝑎𝑎, 𝑏𝑏 ∈ ℂ 𝑎𝑎𝑏𝑏 ∈ ℂ

𝑎𝑎𝑏𝑏 = {Re 𝑎𝑎 Re 𝑏𝑏 − Im 𝑎𝑎 Im 𝑏𝑏 } + {Re 𝑎𝑎 Im 𝑏𝑏 − Im 𝑎𝑎 Re 𝑏𝑏 } � i ∈ ℂ

𝑡𝑡1 = Re 𝑎𝑎 Re 𝑏𝑏 , 𝑡𝑡2= Im 𝑎𝑎 Im 𝑏𝑏
𝑎𝑎𝑏𝑏 = 𝑡𝑡1 − 𝑡𝑡2 + { Re 𝑎𝑎 + Im 𝑎𝑎 Re 𝑏𝑏 + Im 𝑏𝑏 − 𝑡𝑡1 − 𝑡𝑡2} � i ∈ ℂ

𝐴𝐴 ∈ ℂ𝑚𝑚×𝑙𝑙 ,𝐵𝐵 ∈ ℂ𝑙𝑙×𝑛𝑛 𝐴𝐴𝐵𝐵 ∈ ℂ𝑚𝑚×𝑛𝑛

𝐴𝐴𝐵𝐵 = {Re 𝐴𝐴 Re 𝐵𝐵 − Im 𝐴𝐴 Im 𝐵𝐵 } + Re 𝐴𝐴 Im 𝐵𝐵 − Im 𝐴𝐴 Re 𝐵𝐵 � i ∈ ℂ𝑚𝑚×𝑛𝑛

𝑇𝑇1 = Re 𝐴𝐴 Re 𝐵𝐵 ∈ ℝ𝑚𝑚×𝑛𝑛, 𝑇𝑇2= Im 𝑎𝑎 Im 𝑏𝑏 ∈ ℝ𝑚𝑚×𝑛𝑛

𝐴𝐴𝐵𝐵 = 𝑇𝑇1 − 𝑇𝑇2 + { Re 𝐴𝐴 + Im 𝐴𝐴 Re 𝐵𝐵 + Im 𝐵𝐵 − 𝑇𝑇1 − 𝑇𝑇2} � i ∈ ℂ𝑚𝑚×𝑛𝑛

matrices

https://www.multipleprecision.org/mpc/


Benchmark test of CGEMM(1/3)
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Real and imaginary parts of each element

[CPU and OS] Intel Xeon W-2295 3.0GHz 18 cores, Ubuntu 20.04.3 LTS
[C/C++] Intel Compiler version 2021.5.0
[Compiler Option] -O3 -std=c++11 -fp-model precise
[with AVX2] -axCORE-AVX2 -march=skylake -mtune=skylake mcpu=skylake
[MPLAPACK] 2.0.1, GNU MP 6.2.1, MPFR 4.1.0，MPC 1.2.1



Benchmark test of CGEMM(2/3): DD and QD prec.
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• Ozaki scheme(DD, QD + 
IMKL DGEMM)

• DD prec.→6 divisions
• QD prec.→12 divisions

• There is no difference of 
accuracy between 4M 
and 3M methods



Benchmark test of CGEMM(3/3): 256bits and 768bits 
• MPBLAS and Strassen 

are built on MPC
• 3M Ozaki scheme is 

made of IMKL DGEMM
• 256bits→13 divisions 

→Ozaki scheme is the 
fastest

• 768bits→37 
divisions→Strassen is 
the fastest

• The same result as on 
real GEMM benchmark
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Conclusion and future work
Conclusion
• Ozaki scheme is usually more efficient than Strassen in middle-

precision (From DD to QD and 512bit-length MPFR).
• For complex GEMM, 3M method based on optimized real GEMM 

is better than 4M method

Future work
• Benchmark test with real and complex GEMMs requiring more 

number of divisions of matrices
• Implementation of complex LU decomposition
• Implementation of optimized sparse matrix-vector multiplication 

(SpMV) 
• Application to solve ill-conditioned algebraic equations
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