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Abstract
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Why do we need extended-precision numerical library”

Lo — s —— 1re —e Extended-precision arithmetic :
X | X | Reduce the effect of initial errors due
| P | 1 to rounding and errors introduced
| T | ' during calculation by increasing the
Flx) i Extended  F(x) i number of digits in the mantissa part.
kR preaision —v— kx5 e Multi-fold precision arithmetic :
| o arithmetic i i
© Udits 3| Reduce the process of renormalization
Multi~fold by combining optimized numerical
pftehc's':” 1 modules based on binaryl6, 32 or 64
R o arithmetic
x ]
J] . ~Spesdup by —Both ways of arithmetic are
' .y i including necessary
F) - Ex: Extrapolation method for solving ill-
—— U — | <~ R =

conditioned ODEs (ARITH2019)



Categorization of optimization techniques for HPC

Architecture-oriented speedup

technics
\
=
/ \ > MPI
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pu h Computiag_ Computing Computing
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ore
immintrin.h < :
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CPU 1

CPU 2

CPU 3

~

OpenMP,
Pthread

Optimization using computing
algorithm

Long-digit real multiplication
« Karatsuba method

» Toom-Cook method

e FFT

Complex multiplication
« 3M method

Matrix multiplication

« Blocking(Tiling) algorithm
« Strassen and Winograd

» Ozaki scheme (New!)




Matrix a\go rithms: Strassen and Ozaki scheme
aiy apn a3 L 1] ] ]
Zi Z‘z Zi - " Algorithm 2 Ozaki scheme for multiple-precision matrix multiplication
4 7 4 T4, T :,473 777777 _ Input: A € IFLHLXJ7 B e IF;E”
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by by by = * i A = A, B9 =B . A" S ngxl, B S Fié‘n
bs by b33 o] L] L] e:=[11.. l}T € Fis
B B
3 a:=1
while a < D do _
- \ s = [maxi<p< [(A®)ipllizi2, . m € By
Cli i i3 | } | : | Pp = [maxi<g< |(B(b)>qu_7‘:1-,2---~-ﬂ € Fis
T | T |+ Ta = [2Mom (U)o, "
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3 Gl B | I R — B, = (B B S’B) — Sp: B € Fbsn
Cpi=4:B, | C3:=A2B; A= A—Aa, B:= B — B., : L-bit FP arithmetic
2 I S I S ] O 2 S A = A B® =B
+ : ! |+ I ! p
: \‘” | — ‘ ai=a+1
LB RSB ) & ---NE-EEL - end while
Co=AB, 1 __ _Ci=AsBs Ap = A®), Bp := B®)
AT T C:=0
+ | i : for a=1,2.....,D do
L . L iy for 3=1,2,....D —a+1do
C13 :A1B3 : Caﬁ = AQBS
- i SN end for
+ 0 } ] 3 | C.=C+ ZI?;O‘H Cyps @ L-bit FP arithmetic
L . L ! : end for
C31:=43B, |

[01060] Exploring Arithmetic and Data Representation
Beyond the Standard in HPC @ ICIAM2023



Purpose: Optimization of multiple-precision matrix
multiplication and its application

XxGEMM GPU
Opt.Method None AVX2 OpenMP Ozaki Scheme CUDA Ozaki Scheme
DS ? ? ? ? Mukunoki Mukunoki
TS ? ? ? Utsugiri Utsugiri Utsugiri
Qs ? ? ? ? ? ?
IEEE754 Binary128 MPBLAS ? MPBLAS Mukunoki Mukunoki Mukunoki
Lis, MuPAT
MPBLAS Lis, MuPAT ' ’
DD ’ 'S, VU MPBLAS, Utsugiri Mukunoki Mukunoki
BNCmatmul BNCmatmul
BNCmatmul
D BNCmatmul BNCmatmul BNCmatmul Utsugiri Utsugiri Utsugiri
MuPAT, MuPAT,
Qb MPBLAS, BNCmatmul MPBLAS, Utsugiri ? ?
BNCmatmul BNCmatmul
MPBLAS MPBLAS
/] 2 ’ .. )
MPFR BNCmatmul ) BNCmatmul Utsugiri cumPp '
MPLAPACK/MPBLAS https://github.com/mahonakata/mplapack
MuPAT Yagi, H et.al(2020)
Lis https://www.ssisc.org/lis/
CUMP https://github.com/skystar0227/CUMP
BNCmatmul https://na-inet.jp/na/bnc/
Mukunoki Mukunoki, D et.al.(2021)
Utugiri Utsugiri(2021-2023)
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« Completed
implementation of
optimized DD, TD,
QD and MPFR
matrix
multiplication
(XGEMM)

e Found the

effectiveness of
Ozaki scheme

e Confirmed the

effectiveness of
Ozaki scheme to
LU decomposition
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BNCmatmul User’s Guide

Tomonori Kouya

https://github.com/tkouya/bncmatmul

Version 0.21: May 31, 2023

1.7 History of Version and Todo list

M History of Version

Version 2.0: 2016-06-08 Firstly opening sources at https://na-inet.jp/na/bnc/bncmatmul-0.2.
tar.bz2, which provides only artibrary matrix multiplication based on MPFR.

Version 2.1: 2023-05-31 Secondly opening sources including DD, TD, QD and MPFR precision real
BLAS functions at https://github.com/tkouya/bncmatmul/blob/main/bncmatmul-0.21.tar.

bz2.
M Todo list
1. Appending complex BLAS functions with DD, TD, QD, and MPFR(MPC)

2. Appending complex LU decomposition and related functions

2
3. Appending sparse matrix-vector multiplication
4

4. Showing more sample sources in this manual using BNCmatmul and MPLAPACK/BLAS
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SBNCmatmul's software layer

bench_matmul.py

rdd.py Imatmul_general_[d,t,q]d.c\
rdd.c [d,t,q]ld linear.c

' mpmath |

~ gmpy?2 kmpfr_dd.c epn N

| MPFR 4 bncavx.h

~ _GNU MP/ caeaeh / 7

C / x86 64 CPU /’7 AVX2 >
librdd.so libbncmatmul-0.21.s0

libbncmatmul-0.21_avx2.so

« All FP computation is supported on CPU.
 Limited functionaries but faster than MPLAPACK/MPBLAS

« Multi-component-way fxed-precision arithmetic is constructed with
original ANSI| C codes : Double, DD, TD, and QD

« Multi-digit-way arbitrary-precision arithmetic is based on MPFR/GMP
« Serial multiple-precision computation is runnable on Python ecosystem.

[01060] Exploring Arithmetic and Data Representation

Beyond the Standard in HPC @ ICIAM2023 8



QOur targeting FP precision: DD, 1D, QD and MPEFR

IEEE754 double IEEE754 double
/ dd_a[0] I dd_a[1]
+ | exponent Mantissa + | exponent Mantissa

Double—double(DD)

Accelerated with AV X?2

~

&, o|®@|FMA|if [Machine epsilon

——IEEE754 double N IEEE754 double N IEEE 754 double——— DDadd and DDmul| 21 |3 1 0 1.2e-32

td 2[0] . tdall] . tdal2) . TDadd and TDmul| 80 |3| 5 |8 1.4e-48

=+ | exponent Mantissa =+ | exponent Mantissa =+ | exponent Mantissa QDadd and QDn’lul 294 13 10 10 158_64
Triple—double(TD)
IEEE754 double IEEE754 double IEEE754 double IEEE754 double
qd.al0] N qd.al 1] N qd al2] N qd a[3]
+ | exponent Mantissa + | exponent Mantissa + | exponent Mantissa =+ | exponent Mantissa
\ Quadruple—double(QD) /
(Ce— T T T T T T TN
: _mpfr_prec Pr.ec1§10n : ) .. ) )
| inbits | MPFR: Arbitrary precision FP arithmetic
| . .
| | _mpfrsien &— Sign 1 based on MPN kernel of GNU MP
| |
| |
| _mpfrexp [ Exponent | .
| b | MPBLAS in MPLAPACK: MPREAL C++ class
tert . . .
L~ kmpfrd <— o0 ) Mantissa library calls MPFR functions
G ———————————————— / J/ BNCmatmul: Directly calls MPFR
0 : 9 3 functions—about 10% better performed




| ist of categorized functions in BNCmatmul

» chnique SIMD Parallelization
- None ~  fremmmmeeooioee- fommmmmmeeees T B s
256bits | 512bits |
e O 1 1
AVX2 ; AVX-512 OpenMP . MPI
o | !
BLAS T ~~/{F{D}/pp |10 |ap (MPFR) (D} DD |TD|aQD| | {D} DD |TD QD D DD | TD | @D (MPFR)\l (MPFR)
BLAS 2 Fyp3[op |70 |ao|wmprr)| {Di[oo|T0[an]| | (D oo|[T0|ap|| (D[ oD| D[ aD|MPFR) | (MPFR)
' Strassen || (D3 DD [ 70| ap|mPFR)| (D}[pD|TD[ap| | (D3 oD[TD[aD|| {D}[ DD 7D [aD [MPFR)
Real BLAS 3 5“"62;1_15“ ------ ;F_F_:: --------------------- = e O e S S
_______ A | e CIRE) ) ) I B
LU FYp3/op|TD [ aD (MPFR) pifop|[ T |[ap] |
______________ e e
s — BNCmatmul
BLAS 1 Dj[op |10 [ap (MPFR) (D} DD|TD |aD | (D} Version 2.2
BLAS 2 pi[oo |70 [ap|(MPFR) (D[ DD | TD[aD] |
| Strassen pi[pp | 7D [aD (vprr) (D[ DD [ TD |aQD] |
Complex | BLAS 3 Fenromimrt{emme it o e e i e e :L
| Ozl D3| 0D | TD | aD [(MPFR) i
_______ _scheme || oL L L N A
LU MPFR |
______________ _ |
SPMV §
. IEEE754 binary32 :,,"'I':')‘"~.‘IIEEE754 binary64 DD Double— ™ Triple— QD Quadruple— MPER MPFR/GMP
‘.. Single precison(24bits)  *._.7 Double precision(53bits) double(106bits) double(159bits) double(212bits) Arbitrary precision




Computing environment for benchmark tests

e [ Xeon] Intel Xeon W-2295 3.0GHz 18 cores, Ubuntu 20.04.3 LTS,
Intel Compiler version 2021.5.0, MPLAPACK 1.0.1, MPFR 4.1.0

e [C++(icpc), Clicc)] -O3 -fp-model precise -qopenmp -axCORE-
AV X2 -march=skylake -mtune=skylake -mcpu=skylake



Comptational Time (second)

Max. Relative error

DD, TD, QD on Xeon

DD Matrix Multiplication: Xeon

180
160 —
©
140 §
120 &
100 g
80 =
60 e
Rl
40 E
2= et a
0 SR §
0 500 1000 1500 2000 2500 3000 3500
Dimension: n
— MPBLAS ~  ===-- Strassen+AVX2 0Z4
QZ5 —0Z6 —0QZ7
DD Matrix Multiplication: Xeon
1.00E-20
1.00E-22
1.00E-24 §
@
1.00E-26 g
1.00E-28 &
.O0E- &
1.00E-30 topmm === =TT iy iy I 2
' e — =
1.00E-32
0 500 1000 1500 2000 2500 3000 3500
Dimension: n
——— MPBLAS ===== Strassen 0zZ4
0Z5 —Q0Z6 — QL7
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o

1.00E-42

1.00E-43

1.00E-44

1.00E-45

1.00E-46

1.00E-47

1.00E-48

1.00E-49

TD Matrix multiplication: Xeon QD Matrix multiplication: Xeon
2500
]
rd o
S 2000
2 b
@ 1500
s =
= 1000
Pl 5
4 —
s ® 500
£
g a
St £ 0
- Pited © 0 500 1000 1500 2000 2500 3000
,,,,,,,,,,, e e s Dimension: n
500 1000 1500 2000 2500 3000 3500
Dimension: n — MPBLAS ----- Strassen+AVX2 0Z 10
0Z11 —0Z12
-Strassen+AVX2 ——0Z7 OZ8 0Z9
TD Matrix multiplication: Xeon QD Matrix multiplication: Xeon
T 1l.E-51
c
9 1.E-53
a
< 1.E-55
L))
£ 1.E-57
'—
w 1.E-59
| o=
S 1E-61
(]
5 1.E-63 — e
o ”w
g 1.E-65
£ o 0 500 1000 1500 2000 2500 3000
Dimension: n
0 500 1000 1500 2000 2500 3000 3500
Dimension: n — MPBLAS ~  =-==--- Strassen+AVX2 0z 10

0Z11 —0Z12
Strassen+AVX2 ——0Z7 0Z8 0Z9
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Computational Time (Second)

Max. Relative Error

MPFR 256, b17, 768bits on Xeon

4000
3500
3000
2500
2000
1500
1000

500

Matrix Multiplication: MPFR 256bits, Xeon

1.E-72

1.E-73

1.E-74

1.E-75

1.E-76

1.E-77

1000 2000 3000 4000 5000
Dimension: n

— MPBLAS ==--- Strassen 0z 12

0213 ——0Z14 ——0Z15
Matrix Multiplication: MPFR 256bhits, Xeon
,'1-""'
.~
“t
i —
0 1000 2000 3000 4000 5000
Dimension: n

——— MPBLAS ====-- Strassen 0Z 12

0213 —0Z14 ——0Z15

5000
4500
4000
3500
3000
2500
2000
1500
1000

500

Computational Time (Second)

0 1000

1.E-144
1.E-145
1.E-146
1.E-147
1.E-148
1.E-149
1.E-150
1.E-151
1.E-152
1.E-153
1.E-154

Max. Relative Error
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Matrix Multiplication: MPFR 512bits, Xeon

2000

Dimension: n

3000 4000 5000

— MPBLAS =-=---- Strassen
0Z 25

0724

—0726 —0727

Matrix Multiplication: MPFR 512bits, Xeon

0 1000 2000 3000

Dimension: n

4000 5000

——— MPBLAS ====-- Strassen
0Z 25

0Z24

— 0226 —0Z27
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Matrix Multiplication: MPFR 768bits, Xeon
7000

6000
z
o 5000
@
£ 4000
£
= 3000
o
£ 2000
(o]
(u]
1000
0 -
0 1000 2000 3000 4000 5000
Dimension: n
—— MPBLAS -==--- Strassen 0OZ 35 0OZ 36
— QZ 37 0Z 38 039 ——0Z40

Matrix Multiplication: MPFR 768bits, Xeon
1.E-210

1E-213
2 1E216
w
21219
=
3 1.E-222
%
o 1.E-225
=
1E-228 P T et S
1.E-231 =
0 1000 2000 3000 4000
Dimension: n
—— MPBLAS -===-- Strassen 0Z35 0Z 36
—0Z37 ——0738 ——07Z39 ——0Z40

5000
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A quick summary of optimization techniques for multiple precision
matrix multiplication

 Long precision & Large size : Strassen,

« Short precision & Middle size: Block

« Middle precision & Middle Size: Ozaki scheme
 Most effectivein TD — QD - MPFR 768bits precision

e 450 calls of Intel Math Kernel GEMM (about 30
division) is a bound of effectiveness = MPFR 768bits

000N -

. mul
. mul
. mul
. mul

dd,td,qd,mpf
dd,td,qd,mpf
dd,td,qd,mpf
dd,td,qd,mpf

matrix_simple
matrix_block
matrix_strassen
matrix_oz

il
il
il
il

| IS y IS Ry Sy S—

. Winograd
Size of _ _
Matrices « Small size : Simple
4000 ——
Ozaki
2000 — Scheme
Block N
Tilin Strassen
( = Winograd
Sumple Length of
53 11'151?'3 159 212 Ly 7 mantissa
binary6é4 DD ' TD QD MPFR

float128




Test linear system of equations

(L)x = b

Ui
Ul2
L
L21 A22 — L21 U12
T
K

As an application of optimized matrix multiplication, we implemented LU de-
composition in the direct method for various benchmark tests, including the
Top5d00, and measured its utility on Xeon. The corresponding n-dimensional
linear system of equation is:

Ax = b, (2)
where A € R™*"™, x € R”, and b € R” become ill-conditional as follows:

A: The diagonal matrix is D = diag|d; - - - d,], where d; := 10726(=1)/7 The
random matrix is R € R™*"; then, A is calculated as A := RDR™! using the
mpmath Python library. Therefore, the condition number of A is ko(A) =
|Al[2]| A7 |2 = 1025(*=D/" which requires super-DD precision arithmetic to
gain accuracy.

x,b: After setting x =1[01 --- n—1]1, b:= Ax is calculated using mpmath.

[01060] Exploring Arithmetic and Data Representation
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Second

Max. Relative Error

30

25

20

15

10

1.E+07
1.E+06
1.E+05
1.E+04
1.E+03
1.E+02
1.E+01
1.E+00
1.E-01

DD, TD, QD LU on Xeon

LU decomp. n=2048, DD 106bhits, Xeon

500 1000 1500 2000 2500
NDIM (K)
----- Normal LU Strassen 0Z,5
0Z,6 oz, 7 0Z,8

LU decomp. n=2048, DD 106bits, Xeon

500 1000 1500 2000
NDIM (K)
----- Normal LU Strassen 07,5
OZ,6 0z,7 0OZ,8

Second

Max. Relative Error

160
140
120
100
80
60
40
20

1E-01
1.E-04
1.E-07
1.E-10
1.E-13
1E-16
1.E-19
1.E-22

LU decomp. n=2048, TD 159bits, Xeon

500 1000 1500 2000
NDIM (K)
----- Normal LU Strassen 07,6
0z,7 0z, 8 0z,9

LU decomp. n=2048, TD 159bits, Xeon

2500

500 1000 1500

NDIM (K)
----- Normal LU Strassen 0Z,6
0z,7 0z, 8 07,9

2000

Second

Second

450
400
350
300
250

150

LU decomp. n=2048, QD (212bits), Xeon

500 1000

1500
NDIM (K)

2000

Normal LU Strassen QZ, 10 07,11

LU decomp. n=2048, QD (212bits), Xeon

0 500 1000 1500 2000

NDIM (K)

Normal LU

Strassen 0z, 10 07,11

 Reduced the effectiveness due to rectangle matrix multiplication used in LU

decomposition

* Trend of optimization is Slf‘n

|Iar with square matrix multip
01060] Exploring Ari
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MPFR 256, 512, 763 bits on Xeon

LU decomp. n=2048, MPFR 256bits, Xeon

LU decomp. n=2048, MPFR 512bits, Xeon

LU decomp. n=2048, MPFR 768bits, Xeon

900 900 1400
= 800 < 890 1200
g /% £ 700
3 600 S 600 1000
(%] =
= 500 < 500 g 800
£ 400 £ 400 & 600
Z 300 = 300 200
£
E 200 5 200
“ 100 © 100 200
0 0 0
0 500 1000 1500 2000 0 500 1000 1500 2000 0 500 1000 1500 2000 2500
NDIM (K) NDIM (K) NDIM (K)
----- Normal LU Strassen 07z, 12 0Z,13 07z, 14 =====Normal LU Strassen 07,23 0z, 24 07, 25 =====Normal LU Strassen 0OZ, 36 0Z, 37 0Z, 38
LU decomp. n=2048, MPFR 256bits, Xeon LU decomp. n=2048, MPFR 512bits, Xeon LU decomp. n=2048, MPFR 768bits, Xeon
1.E-42 1.F-194
_ 1E43 1E-113 0 500 1000 1500 2000
S 1fas S 1E-115 ~ 1E-19
w —_ o
o 1E45 1117 =
2 ¢ i
& 1F46 S 1E119 9 1E-198
£ LE47 3 1.E-121 B
5 1p = °
& 1E48 X 1£123 = 1£-200
1.E-49 = B
1.E-50 1E12 No—_ " A = 120
0 500 1000 1500 2000 I B v? -----------------------------------------
NDIM (K) 0 500 1000 1500 2000 LE20
NDIM (K) NDIM (K)
----- Normal LU Strassen 07z, 12 0z, 13 0Z, 14
_____ Normal LU Strassen 07,23 07,24 07, 25 =====Normal LU Strassen 0Z, 36 0z, 37 07,38
« LU w/ Ozaki scheme is not faster than row-wised LU decomposition over 768bit-
precision MPFR arithmetic
[01060] Exploring Arithmetic and Data Representation 17
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Conclusion; Oza
middle-precision LU decompositio

Prec. Method K |Second| Rel.Err.
DD Rgetrf N/A|l 15.8 [2.4E — 01
106bits| Normal LU 1 5.1 |1.9E — 01
Strassen+AVX2| 32 7.4 |1.8E + 01

[ 076 128 | 4.5 |[9.4E + 01
TD Normal LU 1 | 118.6 [3.9E — 17
159Dbits|Strassen+AVX2| 32 | 95.6 [5.9E — 17
| 0z 7 96 | 19.8) [1.7E — 17
QD Rgetrf N/A| 207.4 |3.8E — 34
212bits| Normal LU 1 | 155.3 [1.4E — 33
Strassen+AVX2| 64 | 180.8 [1.5E — 32
(0Z 12 160 | 83.2)|5.8E — 33

Ki scheme is effective for
A
Prec. Method K |Second| Rel.Err.
MPFR | Rgetrf |[N/A| 398.6 |2.1E — 50
256 bits|Normal LU[ 1 | 250.0 | 1.5E — 49
Strassen | 96 | 273.7 | 8.3E — 50
| 0Z 13 |[320]167.6 ] 3.2E — 50
MPFR| Rgetrf |N/A[492.3 [2.5E — 127
512 bits|Normal LU| 1 | 341.1 [2.6E — 127
Strassen | 32 | 390.4 |3.1E — 126
| 0Z25 |576] 333.4 |4.1E — 126
MPFR| Rgetrf [N/A| 627.8 [5.1E — 205
768 bits|Normal LU| 1 | 481.4)|1.9E — 203
Strassen | 32 | 491.1 |3.6E — 203
OZ 38 | 736 | 536.6 |3.7E — 203




Complex GEMM: 4M and 3M methods

 Multiplication of Complex matrices
AeC™ BecCc>™™ = AB e C™"

« AM method : 4 real multiplications, 2 real additions
AB = {Re(A)Re(B) — Im(4)Im(B)} + {Re(A)Im(B) — Im(A)Re(B)} - i € C™"

 3M method : 3 real multiplications, 5 real additions

T, = Re(4)Re(B) € R™", T, = Im(a)Im(b) € R™*"
AB = (T; — T;) + {(Re(4) + Im(4))(Re(B) + Im(B)) — Ty — T,} - i € C™*™

Implementation of 3M method

1. MPC library https://www.multipleprecision.org/mpc/
2. Bini: MPsolver GNU MP’s mpf-based 3M method

3. BLIS: 3M and 4M CGEMM based on DGEMM



https://www.multipleprecision.org/mpc/

Benchmark test of CGEMM(1/3)

A, Be C**n —> C := AB

Real and imaginary parts of each element
(ru — 0.5) X exp(rn)

'CPU and OS] Intel Xeon W-2295 3.0GHz 18 cores, Ubuntu 20.04.3 LTS
(C/C++] Intel Compiler version 2021.5.0

Compiler Option] -O3 -std=c++11 -fp-model precise

‘with AVX2] -axCORE-AVX2 -march=skylake -mtune=skylake mcpu=skylake
MPLAPACK] 2.0.1, GNU MP 6.2.1, MPFR 4.1.0, MPC 1.2.1




Benchmark test of CGEMM(2/3): DD and QD prec.
Completi: 0D pree eon « Ozaki scheme(DD, QD +

Complex MM: DD prec, Xeon

N IMKL DGEMM)

e » DD prec.—6 divisions
« QD prec.—12 divisions
- wo " e ™ e There is no difference of

----- 3M_AVX2 4M_AVX2 ====-MPBLAS_AVX2

—sM oz —3m.0z6 — smoz —3M am 3M_075 3M_0Z6 =——=3M_0Z7 === MPBLAS a C C u ra Cy b e tW e e n 4 I\/l

Complex MM: QD prec, Xeon

o Complex MM: QD prec, Xeon . a n d 3 I\/l m eth O d S

— 300 1E-53
© [
S 250 S 1E-55
P fr
2 200 o 1E-57
E o
i 150 % 1E-59
£ 100 2 61 e = — !
o
Y 50 1E-63

0 L — 1E-65

0 200 400 600 800 1000 0 200 400 600 800 1000
Dimension: n Dimension: n

—3M aAM —— MPBLAS —3M am 3M_0Z710

----- 3M_AVX2 AM_AVX2 -==-=-MPBLAS_AVX2 3M OZ11——3M 0712 =——MPBLAS

——3M_AVX2 AM_AVX2 3M_0Z10 [01060] Exploring Arithmetic and Data Representation
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Benchmark test of CGEMM(3/3): 256bits and 768bits

Complex Matrix Multiplication: MPC 256bits, Xeon Complex Matrix Multiplication: MPC 256bits, Xeon

5000 1.E-66
s « MPBLAS and Strassen
g 4000 1.E-68 .
& 2500 are built on MPC
£ 3000 S 1E70
= 2500 2 1E71 - . .
5 2000 2 1E72 . | eizmmmememmedanmmmm i 3 I\/l Oza k| SC h eme IS
£ 1500 S 1E73 S i /'-'.:___r\-———
o7 pNEE made of IMKL DGEMM
© 500 1E75 M

0 1E-76 /

0 500 Di;(iizion: n 1500 2000 0 500 1000 1500 2000 [ 2 5 6 b itS g 1 3 d iVi S i O n S

Dimension: n

n L]
—— MPBLAS ====- Strassen 0Z_3M 12 0Z_3M 13 — MPBLAS  ———-- Strassen 0Z_3M 12 0Z_3M 13 — O Z a k | S C h e m e | S th e

0Z_3M 14 07Z_4am12 0Z_4M 13 0Z_4M 14 0Z_3M 14 07Z_4M 12 0Z_4M 13 0Z_4M 14 f
Complex Matrix Multiplication: MPC 768bits, Xeon a S t e St
4000 Complex Matrix Multiplication: MPC 768bits, Xeon
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Conclusion and future work

Conclusion

« Ozaki scheme is usually more efficient than Strassen in middle-
precision (From DD to QD and 512bit-length MPFR).

« For complex GEMM, 3M method based on optimized real GEMM
is better than 4M method

Future work

« Benchmark test with real and complex GEMMs requiring more
number of divisions of matrices

* Implementation of complex LU decomposition

* Implementation of optimized sparse matrix-vector multiplication
(SpMV)

« Application to solve ill-conditioned algebraic equations
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