
ARTICLE

Undrained monotonic and cyclic shear response and particle
crushing of silica sand at low and high pressures
Masayuki Hyodo, Yang Wu, Noritaka Aramaki, and Yukio Nakata

Abstract: A series of undrained monotonic and cyclic triaxial tests were performed on silica sand at two initial densities and
different confining pressures from 0.1 to 5 MPa to investigate their shear response and crushing behaviour. The influence of
particle crushing on the undrained shear strength and pore-water pressure was examined. To clarify the evolution of particle
crushing, undrained monotonic and cyclic tests were terminated at several distinctive stages and sieving analysis tests were
subsequently performed on the tested specimens. In the undrained monotonic test, specimens exhibited remarkable dilation
behaviour and experienced no apparent particle crushing at low confining pressures. An increase in the mean stress suppressed
the dilatancy due to a faster increase of the pore-water pressure, giving rise to the occurrence of particle crushing. In the
undrained cyclic test, a higher confining pressure and cyclic stress ratio resulted in a much higher relative breakage. At a specific
cyclic stress ratio, the relative breakage increased as the cyclic loading progressed. The confining pressure and shear strain
amplitude played a significant role in controlling the evolution of particle breakage. The correlation between the relative
breakage and plastic work for specimens under isotropic consolidation, undrained monotonic, and cyclic loadings has been
validated experimentally.

Key words: undrained shear behaviour, particle crushing, phase transformation state, cyclic stress ratio, plastic work.

Résumé : Une série d’essais triaxiaux monotones et cycliques non drainés ont été effectués sur du sable de silice à deux densités
initiales et différentes pressions de confinement de 0,1 à 5 MPa, pour étudier leur réponse au cisaillement et leur comportement
d’écrasement. L’influence des particules de broyage sur la résistance au cisaillement et de pression de l’eau interstitielle a été
examinée. Pour clarifier l’évolution du broyage des particules, des essais monotones et cycliques non drainés ont été exécutés à
plusieurs étapes distinctes et des essais d’analyse de tamisage ont ensuite été effectués sur les échantillons testés. Dans l’essai
monotone non drainé, les échantillons présentaient un comportement de dilatation remarquable et n’ont éprouvé aucun
écrasement de particule apparent à des pressions de confinement faibles. Une augmentation de la contrainte moyenne a
supprimé la dilatance due à une augmentation plus rapide de la pression de l’eau interstitielle, ce qui donna lieu à l’apparition
de broyage de particules. Dans l’essai cyclique non drainé, une pression de confinement et le rapport cyclique de contrainte
supérieurs ont conduit à un rapport de rupture beaucoup plus élevé. À un rapport spécifique de contrainte cyclique, la rupture
relative a augmenté alors que le chargement cyclique a progressé. La pression de confinement et l’amplitude de cisaillement de
déformation ont joué un rôle important dans le contrôle de l’évolution de la rupture des particules. La corrélation entre la
rupture relative et le travail plastique pour les échantillons sous la consolidation isotrope, les chargements monotones et
cycliques non drainés avaient été validés expérimentalement. [Traduit par la Rédaction]

Mots-clés : comportement au cisaillement, particules de broyage, état de transformation de phase, rapport cyclique de stress,
travail plastique.

Introduction
Particle crushing of granular material has attracted many re-

searchers in the past half century (Vesic and Clough 1968; Miura
and O-Hara 1979; Miura et al. 1984; Hardin 1985; Hagerty et al.
1993; Lade et al. 1996; Nakata et al. 1999; Coop et al. 2004; Ovalle
et al. 2015). Hard-grained sand is crushed in concentrated areas of
significantly high mean and shear stresses, such as around the tip
of a pile and at the bottom of a high dam (Yasufuku and Hyde 1995;
Kuwajima et al. 2009; Wu et al. 2013; Wu and Yamamoto 2014).
Particle crushing suppresses the dilatancy behaviour and increases the
compressibility of granular material. Breakage of sand grain pro-
duces new smaller fine particles and alters the overall grading
curve, further affecting the mechanical and hydraulic character-

istics. Accurate estimation of the particle crushing in engineering
practice is beneficial for formulating a reasonable design plan and
reducing the risk and loss from catastrophes.

Investigations on particle crushing in drained conditions have
gained more attention than those in undrained cases. However,
the liquefaction of weak-grained sand in port island areas was
observed during the Hanshin earthquake in Kobe, Japan in 1995.
In recent years, the methane hydrate existing at the bottom of
seabed at high pressure and low temperature conditions has be-
come a promising energy source. The static mechanical features
of methane hydrate bearing sediment have been studied (Hyodo
et al. 2005, 2013; Masui et al. 2005). However, the liquefaction
strength of methane hydrate bearing sediment and hard-grained
sand at high pressure remains unclear.
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Despite the decrease in effective mean stress acting on the
grains, some studies revealed the occurrence of particle crushing
in undrained monotonic tests. Hyodo et al. (1996) confirmed the
occurrence of breakage of Masado and Shirasu soil after un-
drained monotonic tests at low confining pressures. Several
researchers (Lade and Yamamuro 1996; Bopp and Lade 2005;
Shahnazari and Rezvani 2013) illustrated that the degree of parti-
cle crushing in undrained tests was lower compared to the
drained tests because the effective mean stress sustained by soil
particles was lower. Agustian and Goto (2008) observed substan-
tial particle breakage of scoria specimens after undrained cyclic
loading. The crushing behaviour of granular material subjected to
cyclic loading in drained conditions has attracted the attentions
of several researchers in recent decades (Donohue et al. 2009;
López-Querol and Coop 2012; Sun et al. 2014).

In those studies, the influential parameters affecting the parti-
cle crushing of sand in undrained monotonic and cyclic tests were
not well examined. Moreover, most of the particle breakage was
observed for weak-grained sand in undrained tests at low confin-
ing pressures. In particular, the dynamic characteristic of hard-
grained sand at high pressures is not fully understood, and the
effect of particle breakage caused by cyclic loading is often ne-
glected. Researchers (Hyodo et al. 2000, 2002; Orense et al. 2015)
performed the undrained monotonic and cyclic undrained tests
on dense sand and showed the degree of particle crushing at
different stages during shearing. Although the surface area S was
employed to quantify the particle crushing, it was difficult to
compare with other indexes, such as relative breakage Br (Hardin
1985; Einav 2007).

This paper presents an experimental study on the undrained
monotonic and cyclic shear response of silica sand at two initial
densities over a wide range of confining pressures. The data for
dense sand had been previously reported by (Hyodo et al. 2002). It
is reanalyzed and data of medium-dense silica sand are supple-
mented to investigate the influence of initial density on the un-
drained shear and liquefaction strength, deformation, and crushing
behaviour. This investigation intends to clarify the major param-
eters governing the crushing behaviour of Aio sand subjected to
undrained monotonic and cyclic loadings, examine the evolution
of particle crushing in the entire loading process, and quantify the
particle crushing using a reasonable index, relative breakage Br

(Einav 2007). It facilitates the comparison of the results obtained
with published data in the literature. The influence of particle
crushing on the undrained shear strength and pore-water pres-
sure is examined and the different crushing mechanisms of
medium-dense and dense sands are explained. Furthermore, the
correlation between the relative breakage and plastic work per
unit weight for specimens in undrained monotonic and cyclic
tests are examined and its differences due to loading mode and
initial density are interpreted.

Material and experimental method
Tested Aio sand (Yasufuku et al. 1994; Nakata et al. 1997a, 1997b)

is a beach sand from the Yamaguchi prefecture in the south-west
region of Honshu Island in Japan. Aio sand is characterized by the
gradation shown in Fig. 1 and contains many subangular to angu-
lar hard grains. It is categorized as a silica sand and mainly con-
sists of quartz and feldspar with rough surfaces, as shown in Fig. 2.
The grain-size distribution (GSD) curve of Aio sand varies from
2 mm down to 0.074 mm. The specific gravity Gs and uniform
coefficient Uc of Aio sand are 2.64 and 2.74, respectively, and the
maximum and minimum void ratios are 0.958 and 0.582, respec-
tively.

Tests were conducted using a high-pressure triaxial testing ap-
paratus. The high-pressure apparatus equipped with the hydrau-
lic servo system provides a maximum cell pressure of 50 MPa and
a wide range of cyclic loading frequencies from 0.001 to 100 Hz. All

specimens were formed by air pluviation methods to attain the
target void ratios ei = 0.760 (medium-dense state with initial rela-
tive density of 50%) and 0.657 (dense state with initial relative
density of 80%) and an initial density �d = 1590 kg/cm3. The cylin-
drical specimens had a diameter of 50 mm and a height of approx-
imate 100 mm. The specimens were isotropically consolidated to
different effective mean stresses of 0.1, 3, and 5 MPa. The axial
strain, axial displacement, cell pressure, and excess pore-water
pressure were automatically recorded via a computer.

A series of undrained compression and extension monotonic
tests were performed on specimens at confining pressures from
low to high at a constant shear strain rate of 0.1%/min. To clarify
the evolution of particle crushing of silica sand subjected to un-
drained monotonic loading, a series of undrained monotonic tri-
axial tests were performed and terminated at several distinctive
stages. Further, at a specific density and confining pressure, an-
other three tests, including one drained isotropic consolidation
test and two undrained monotonic triaxial tests terminated at the
phase transformation (PT) point and steady state (SS) point, were
performed. The SS (Castro and Poulos 1977; Poulos 1981) was re-
garded as synonymous to the critical state (CS) in many investiga-
tions (Been et al. 1991; Verduguo and Ishihara 1996; Yamamuro and
Lade 1998) and this study conformed to this consensus.

The cyclic loading was axially conducted by uniform sinusoidal
cycles on specimens under stress controlled at different cyclic

Fig. 1. Original and ultimate grain-size distribution (GSD) curves of
Aio sand. d, grain diameter; dM, maximum grain diameter; �, fractal
dimension. [Colour online.]

Fig. 2. Optical microscope image of Aio sand. [Colour online.]

208 Can. Geotech. J. Vol. 54, 2017

Published by NRC Research Press

C
an

. G
eo

te
ch

. J
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.n
rc

re
se

ar
ch

pr
es

s.
co

m
 b

y 
Y

A
M

A
G

U
C

H
I 

U
N

IV
E

R
SI

T
Y

 o
n 

02
/0

5/
17

Fo
r 

pe
rs

on
al

 u
se

 o
nl

y.
 



stress ratios (CSRs) �d/2�c
′ with a frequency of 0.05 Hz. Herein, the

imposed CSR was defined as the ratio of the deviatoric stress �d to
the confining pressure �c

′. The undrained cyclic tests were spe-
cially terminated after the first cycle, at the PT point, and at the
failure state point under the same given experimental conditions
of confining pressure �c

′, initial void ratio, and CSR �d/2�c
′. A siev-

ing analysis was performed on the original specimens before test-
ing and on tested specimens after different stages subjected to
undrained monotonic and cyclic loadings.

Isotropic consolidation tests and compression
characteristics

Isotropic consolidation tests
Figure 3 shows the void ratio plotted against the isotropic con-

solidation pressure for Aio sand at two initial void ratios under
isotropic consolidation pressures from 0.02 to 10 MPa. At the same
density, the four curves, which terminated at different consolida-
tion pressures, are shown. The yield stresses py

′ located at the point
of the maximum curvature on the isotropic compression curve,
which are marked with arrows in Fig. 3, for medium-dense and
dense sands are around 2 and 3 MPa, respectively. Many research-
ers (Yasufuku et al. 1991; Hagerty et al. 1993; Nakata et al. 2001;
Chuhan et al. 2003) noted that a major split in particle crushing
commenced when the consolidation pressure exceeded the stress
level at the yield point. Therefore, the confining pressures in un-
drained monotonic tests were selected as 0.1, 3, and 5 MPa, which
were below, approximately equal to, and beyond the yield stress
py

′ on the isotropic compression curves for Aio sand. The compres-
sion index of Aio sand increases with a rise in the isotropic con-
solidation pressure regardless of the initial density. The two
curves merge into one curve at an isotropic consolidation pres-
sure around 9 MPa.

Evaluation of particle crushing
To quantify the amount of particle crushing, a series of param-

eters has been proposed to describe the variation in the GSD
curves before and after grain breakage (Marsal 1967; Miura and
Yamanouchi 1975; Lade et al. 1996). Hardin (1985) proposed a rel-
ative breakage index considering the variation in the overall GSD
curve. This widely employed relative breakage, Br, is defined as an
area ratio in eq. (1).

(1) Br �
Bt

Bp

where Bt is the total breakage, and Bp is the breakage potential.
The relative breakage, Br, varies from 0 to 1.

The increase in understanding revealed that the actual ultimate
GSD differed from the assumption of an arbitrarily specified cut-
off value for diameter size. It has been widely recognized that the
GSD tends to be fractal. Einav (2007) revised the relative breakage
theory using continuum breakage mechanics and defined the ul-
timate cumulative distribution as (d/dM)3−�, where d is the grain
diameter and dM is the maximum grain diameter. The fractal
dimension � = 2.6 was adopted for natural sand (Coop et al. 2004).
Figure 4 illustrates the definition of modified relative breakage Br.
The breakage potential Bp is the area filled with the strip grid
between the initial grading distribution curve Fo(d) and the ulti-
mate grading distribution curve Fu(d). The total breakage Bt is the
gray area between the initial grading distribution curve Fo(d) and
the current grading distribution curve F(d) after crushing. The
ultimate grading distribution curve Fu(d) is also shown in Fig. 1.

Figure 5 shows that the relative breakage Br increases with the
increasing isotropic consolidation pressure. The relative breakage
at the medium-dense state is larger than that at the dense state. It
is believed that the specimen prepared at the dense state has a
larger coordination number. Therefore, it results in a lower aver-
age contact stress acted on the particle and less particle crushing
in the specimen at a higher density. Similar experimental results
had also been reported by several researchers (Miura and Yamanouchi
1972; Yamamuro and Lade 1996; Shahnazari and Rezvani 2013).

Undrained monotonic shear response and particle
crushing

Stress–strain relationship
Figures 6a and 7a show the stress–strain behaviour of Aio sand

in undrained monotonic compression and extension triaxial tests
with initial void ratios ei of 0.760 and 0.657 prior to isotropic
consolidation, respectively. The corresponding effective stress
paths of Aio sand are shown in Figs. 6b and 7b, respectively. The
specimens show quite different responses at a wide range of con-
fining pressures, which are below, approximately equivalent to,
and beyond the yield stress py

′ determined from the isotropic com-
pression curve. In the monotonic compression tests, the experi-
mental results demonstrate that both medium-dense and dense
specimens exhibit significant dilation behaviour at a low confin-
ing pressure �c

′ = 0.1 MPa (�c
′ � py

′ � 2 MPa for the medium-dense
state, 3 MPa for the dense state). However, the dilation is largely
suppressed as the confining pressure is increased to 3 and 5 MPa
(�c

′ � py
′ � 2 MPa for the medium-dense state, 3 MPa for the dense

state). The specimen attains the PT points marked in Figs. 6a and

Fig. 3. Isotropic compression curves of Aio sand with two initial
void ratios of 0.760 and 0.657.

Fig. 4. Definition of breakage index, Br, by Einav (2007).
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7a at a small axial strain level, and the axial strain rapidly in-
creases with limited mobilized strength gains beyond the PT
point. For Aio sand at confining pressures of 3 and 5 MPa, the
effective stress path initially moves toward the right side (dilation
side) and finally terminates in the net contraction side. The un-

drained shear behaviour of hard-grained sand at high pressures
was noted to be similar to that of carbonate sand, a weak-grained
sand, at low pressures (Coop 1990; Hyodo et al. 1998). However, the
shape of crushable sands such as decomposed sand, calcareous
sand and volcanic soil is quite angular. The initial shear behaviour
of crushable soil is affected by its angular shape, but this influence
gradually becomes weak accompanied by particle breakage dur-
ing shearing. The stress ratio at the PT point in the compression
side is approximately equal to 1.42 and that in the extension side
is –0.75. This difference results from the loading mode and natu-
rally anisotropic characteristics of Aio sand.

Figure 8 shows the state paths of specimens in undrained mono-
tonic tests in the specific volume v and logarithmic isotropic con-
solidation pressure space. A unique CS line that fits well with the
all test termination points can be drawn and expressed with the
equation adopted by Li and Wang (1998); Vilhar et al. (2013). The CS
line is curved at low pressures and becomes straight at high pres-
sures. The void ratio after isotropic consolidation ec and state
parameter � prior to shearing (Been and Jefferies (1985)) of each
test are depicted in Fig. 8. The disappearance of strong dilation
behaviour of specimens accompanied by a faster increase of the
pore-water pressure is noticed as the state parameter changes
from negative state to positive state. Figure 9 presents that the
normalized shear strength q/2�c

′, where q is deviatoric stress, at CS
point tends to decrease as the state parameter varies from nega-

Fig. 5. Relative breakage plotted against the isotropic consolidation
pressure for Aio sand with two initial void ratios, ei, of 0.760 and
0.657. [Colour online.]

Fig. 6. Undrained monotonic shear behaviour of medium-dense Aio
sand with initial void ratio 0.760 at variable confining pressures:
(a) stress–strain behaviour; (b) effective stress path.

Fig. 7. Undrained monotonic shear behaviour of dense Aio sand
with initial void ratio 0.657 at variable confining pressures:
(a) stress–strain behaviour; (b) effective stress path (Hyodo et al. 2002).

210 Can. Geotech. J. Vol. 54, 2017

Published by NRC Research Press

C
an

. G
eo

te
ch

. J
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.n
rc

re
se

ar
ch

pr
es

s.
co

m
 b

y 
Y

A
M

A
G

U
C

H
I 

U
N

IV
E

R
SI

T
Y

 o
n 

02
/0

5/
17

Fo
r 

pe
rs

on
al

 u
se

 o
nl

y.
 



tive state to positive state. The plots for both of medium-dense and
dense Aio sands can be described using a unique expression.

Evolution of particle crushing in undrained monotonic tests
Figures 10a and 10b present the GSD curves of medium-dense

specimens at different intermediate stages in undrained mono-
tonic tests at confining pressures of 0.1 and 3 MPa. The experimen-
tal results indicate that there is a slight difference in the GSD
curves at different stages at a low confining pressure of 0.1 MPa. A
remarkable change in the grading curves for specimens at differ-
ent stages was noticed at a confining pressure of 3 MPa (�c

′ � py
′ =

2.0 MPa), as shown in Fig. 10b. It is clear that the major change in
the GSD curves occurs between the PT point and the CS point.
Owing to the effects of the “necking” phenomena in the extension
side, the evolution of particle crushing is only discussed in the
compression side. Figure 11 shows the relative breakage Br plotted
against the confining pressure for both medium-dense and dense
Aio sands. Less particle crushing occurs at a low confining pres-
sure of 0.1 MPa. The relative breakages, determined after consoli-
dation, at the PT point, and at the CS point, increase as the
consolidation pressure increases. The amount of particle crushing
significantly increases after the PT point and continues to increase
until the CS point regardless of the initial density. The variant
tendencies of the relative breakage with the confining pressures
for both medium-dense and dense sands are quite similar. The
relative breakages, determined after consolidation and at the PT

point, are smaller for dense sand. At the CS point, the dense
specimen that sustained a higher deviatoric stress has a larger
relative breakage.

Figure 12 shows the relative breakage plotted against the axial
strain of Aio sand at the medium-dense and dense states. The

Fig. 8. State paths and end of test states on the specific volume and
stress plane. [Colour online.]

Fig. 9. Normalized undrained shear strength at critical state (CS)
and state parameter. [Colour online.]

Fig. 10. GSD curves of medium-dense Aio sand before testing, after
consolidation, at phase transformation (PT) point and CS point: (a) at
confining pressure of 0.1 MPa; (b) at confining pressure of 3.0 MPa.

Fig. 11. Relative breakage after consolidation (AC), PT point and CS
point at variable confining pressures in undrained monotonic
triaxial test. [Colour online.]
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experimental results demonstrate that the relative breakage ex-
hibits an approximately linear relation with the axial strain at all
confining pressures. Moreover, this increasing rate of relative
breakage with the axial strain is remarkable at higher confining
pressures. A small amount of particle breakage before the PT
point results from the specimen reaching the PT point at an ear-
lier stage with a small axial strain. Moreover, the effective mean
stress on the particles decreases during this stage. Beyond the PT
point, the continually increasing deviatoric and axial strain cause
a larger amount of particle crushing in undrained monotonic
tests. The effective mean stress also reverses to increase until
reaching the CS point, although it is still less than the initial
consolidation pressure.

Influence of particle crushing on undrained shear strength
and pore-water pressure

The mechanical strength and deformation behaviour experi-
ence significant change before and after particle crushing in un-
drained monotonic tests. The pore-water pressure, ud, is adopted
to describe the dilatancy characteristics of sand. To eliminate the
effect of the confining pressure, the normalized undrained mobi-
lized strength, q/2�c

′, and the normalized pore pressure ratio,
ud/�c

′, are adopted and deliberately decided at the PT and CS
points. Figure 13 shows the variations in the normalized mobi-
lized undrained shear strength and normalized pore pressure ra-
tio at the PT point and the CS point with the increasing confining
pressures for the medium-dense and dense Aio sands. The un-
drained mobilized strength at the PT point �q/2�c

′�PT of the
medium-dense Aio sand initially increases, as the confining pres-
sure varies from 0.1 to 3 MPa, and subsequently decreases at a
confining pressure of 5 MPa. However, the normalized undrained
shear strength of medium-dense Aio sand at the CS point �q/2�c

′�CS
consistently decreases as the confining pressure increases. For
dense Aio sand, both the mobilized undrained shear strength
�q/2�c

′�PT at the PT point and �q/2�c
′�CS at the CS point decrease with

increasing confining pressure. In drained triaxial tests, several
researchers (Miura and O-Hara 1979; Yamamuro and Lade 1996;
Russell and Khalili 2004; Indraratna et al. 2015) also reported that
the peak shear strength decreased as the confining pressure was
increased. The consequence of this tendency is the continual
breakdown and rearrangement of the bearing particles in the
specimens. The normalized pore pressure ratios �ud/�c

′�PT and
�ud/�c

′�CS exhibit the opposite tendency to the normalized shear
strength with changes in the confining pressures. The normalized
pore pressure ratio �ud/�c

′�CS at the CS point varies from a negative
value to a positive value. A positive pore-water pressure indicates

the contractive behaviour of sand accompanied by a decreasing
undrained shear strength in undrained monotonic tests. In con-
trast, the dilative behaviour of sand usually corresponds to a high
undrained shear strength.

Undrained cyclic shear response and particle
crushing

Stress–strain relationship
Figures 14a and 14b show the undrained cyclic response of dense

Aio sand. The dense specimens are isotropically consolidated to a
confining pressure of 0.1 MPa (�c

′ � py
′ � 3 MPa for the dense state)

and cycled at a CSR �d/2�c
′ of 0.390. The effective mean stress

quickly reduces and the specimen becomes softer when accompa-
nied by the generation of the excess pore-water pressure u as the
cyclic loading proceeds. A larger axial strain, triggered by the
rapid build-up of the excess pore-water pressure u, eventually
causes the dense specimens to decrease in strength. An axial
strain amplitude is produced in the extension side in excess of 5%.
The effective mean stress of dense Aio sand at pressures decreases
to zero. The cyclic mobility characterized by the progressive soft-
ening of a saturated sand specimen when subjected to cyclic load-
ing at constant water content (Castro 1969), is identified. The
experimental results reveal that the stress ratio at the PT point
subjected to monotonic loading is well consistent with that ob-
tained in the cyclic loading in undrained conditions, as shown in
Fig. 14b. Similar results have been reported in previous studies
(Hyodo et al. 1998; Wijewickreme et al. 2010; Konstadinou and
Georgiannou 2013; Salem et al. 2013).

Figures 15a and 15b present the stress–strain relationship and
effective cyclic stress path of dense Aio sand at a confining pres-
sure of 5 MPa (�c

′ � py
′ � 3 MPa for the dense state). Castro and

Poulos (1977) illustared that sands lied above the CS line showing
the contractive behaviour and were subject to possible liquefac-
tion under dynamic shear loads. However, the effective mean
stress of dense Aio sand at high pressures does not reach zero at
failure state even if the specimen experiences a larger number of
cycles. A substantial rise in pore pressure and axial strain is caused
by the increasing cycles. This cyclic failure criterion is defined as
the condition when a double amplitude (DA) of axial strain 	DA =
5% is reached. The excessive deformation originated from the
progressive stiffness degradation owing to the generation of ex-
cess pore-water pressure.

Liquefaction resistance strength curve
Figure 16 presents the liquefaction resistance strength plotted

against the cycle number of medium-dense and dense Aio sands.
The liquefaction resistance strength is defined as the ratio of the
applied cyclic stress to the confining pressure, �d/2�c

′. The dense
Aio sand has a higher liquefaction resistance strength. The cyclic
resistance strength of medium-dense and dense Aio sands tend to
decrease as the applied confining pressure �c

′ is increased. Similar
results on other types of sand have been reported by (Castro and
Poulos 1977; Hyodo et al. 1998; Salem et al. 2013). Particle crushing
has been identified as the major contributor to this tendency. The
experimental results show that the slope of the liquefaction resis-
tance strength curve increases with increasing density and de-
creasing confining pressure.

Effect of cyclic stress ratio (CSR) on particle crushing
Figures 17 and 18 show that the relative breakage Br plotted

against the CSR of medium-dense and dense Aio sands, respec-
tively. Particle crushing is also assessed in isotropic consolidation
tests to differentiate the particle damage solely by cyclic loading.
Thus, the relative breakage Br is a nonzero value at �d/2�c

′ = 0. At a
low confining pressure �c

′ = 0.1 MPa (�c
′ � py

′ � 2 MPa for the
medium-dense state, 3 MPa for the dense state), a minimal rise in
the relative breakage Br is observed with increasing CSR �d/2�c

′, as

Fig. 12. Relative breakage plotted against axial strain at variable
confining pressures.
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shown in Figs. 17 and 18. The relative breakage of medium-dense
and dense Aio sands indicates a markedly increasing tendency
when the confining pressure, �c

′, is approximately equal to or
greater than the yield stress, py

′ (py
′ � 2 MPa for the medium-dense

state, py
′ � 3 MPa for the dense state). The experimental data are

slightly scattered at a confining pressure of 5 MPa, as shown in

Fig. 18. It is still noted that the relative breakage is slightly higher
for dense specimens. The dense specimens require a higher cycle
number to attain the liquefaction strength curve at the same CSR
as shown in Fig. 16. Thus, additional plastic work is dissipated on
the dense sand and it gives rise to the slightly higher particle

Fig. 13. Normalized undrained shear strength and normalized pore pressure ratio plotted against confining pressure. [Colour online.]

Fig. 14. Undrained cyclic response of dense Aio sand at confining
pressure of 0.1 MPa: (a) stress–strain curve; (b) effective cyclic stress
path (Hyodo et al. 2002).

Fig. 15. Undrained cyclic response of dense Aio sand at confining
pressure of 5.0 MPa: (a) stress–strain curve; (b) effective cyclic stress
path.
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breakage for dense specimens. It is interesting here to note that
the particle crushing indeed occurs after a number of cyclic load-
ings in undrained conditions; although, the effective mean stress
continually decreases. This is attributed to the high-level strain
developed as the cyclic loading progresses.

Evolution of particle crushing in undrained cyclic tests
To investigate the evolution of particle crushing in undrained

cyclic loading at a given CSR, the tests were terminated at three
distinctive stages, including after the first cycle, at the PT point,
and at the failure state point when the DA of axial strain 	DA = 5%
is reached. Figure 19 shows the designated stress paths of dense
Aio sand at two CSRs. The undrained cyclic test on dense Aio sand
is also terminated at an additional stage after twenty cycles (N =
20) at a CSR �d/2�c

′ = 0.203. Figure 20 shows the variation in the
GSD curves of Aio sand at dense state (�c

′ = 5 MPa, �d/2�c
′ = 0.285)

before testing and after several distinctive stages. A gradual shift
of the grading curves is confirmed, accompanied by the stress
paths proceeding from one cycle to the PT point and finally the
failure state.

Figure 21 shows the evolution of the relative breakage Br of
dense Aio sand with increasing cycle number N at two CSRs and a
confining pressure �c

′ = 5 MPa. The separate points from (b-1) to
(c-4) correspond to those in Fig. 19. Contour lines representing the
PT state point and the failure state point are also drawn, intersect-
ing with the curve expressing the evolution of the relative break-
age. Moreover, the contour lines exhibit an opposite variable
tendency to the relative breakage evolution curve with the level of
cycle number N. A lower cycle number N is required to reach the
failure state at a higher CSR.

At a specific CSR, the relative breakage increases as the cycle
number N progresses. However, the cycle number corresponding
to the failure state is greatly dependent on the CSR. No remark-
able particle crushing occurs after the first cyclic loading, but a
slight difference in the relative breakage is observed after the first
cycle at two different CSRs. A larger amount of particle crushing
occurs at a higher CSR of �d/2�c

′ = 0.285. Most of particle crushing
is produced and the stiffness of specimen degrades after the spec-
imen passes through the PT point (�d/2�c

′ = 0.285, N = 3; �d/2�c
′ =

0.203, N = 40). This results from the high-level axial strain induced
by the particle rotation and translation. Orense et al. (2015) stud-
ied the crushing behaviour of pumice sand in a series of un-
drained cyclic tests and presented a similar variable tendency of
particle crushing as for the number of cycles. It is inferred that the
particle breakage evolution curve becomes flatter as the CSR de-
creases.

It is noted that the level of confining pressure is a crucial pa-
rameter in causing particle crushing in both undrained mono-
tonic and cyclic tests. This is attributed to the decrease in dilative
behaviour accompanied with the rapid rise in pore pressure when
the mean stress increases. Within the range of undrained cyclic
loading, the level of confining pressure and shear strain ampli-
tude play a significant role in governing the development of par-

Fig. 16. Liquefaction resistance strength of Aio sand with two initial
void ratios of 0.760 and 0.657. [Colour online.]

Fig. 17. Relative breakage plotted against cyclic stress ratio (CSR) of
medium-dense Aio sand. [Colour online.]

Fig. 18. Relative breakage plotted against CSR of dense Aio sand.
[Colour online.]

Fig. 19. Stress path at different CSRs of dense Aio sand in undrained
cyclic test (Hyodo et al. 2002). [Colour online.]
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ticle crushing. A rise in the CSR (decrease in the required cycle
number in accordance with the failure state) also increases the
amount of particle crushing. The density minimally affects the
degree of particle crushing. The influence of density is not consis-
tent with the results from undrained monotonic loading. It is
deduced that the effect of parameters on the evolution of particle
crushing within the undrained cyclic test attenuates in a descend-
ing order of level of confining pressure, shear strain amplitude,
CSR (corresponding cycle number), and density.

Effect of loading mode on particle crushing
Figure 22 shows the original and re-determined GSD curves of

dense Aio sand after both undrained monotonic and cyclic tests to
investigate the effect of loading mode on the particle crushing in
undrained conditions. The experimental results reveal that a rise
in the CSR results in a larger relative breakage at a confining
pressure �c

′ in excess of the corresponding yield stress py
′ . There-

fore, the grading curves after cyclic loading subjected to the max-
imum CSR are selected at the same level of confining pressure
(�c

′ = 3 MPa, �d/2�c
′ = 0.328; �c

′ = 5 MPa, �d/2�c
′ = 0.290). Substantial

particle crushing occurs under monotonic loading compared with
cyclic loading in undrained conditions. Such tendencies become
obvious as the confining pressure is increased. This is due to the
fact that the deviatoric stress in monotonic tests continually in-

creases, accompanied by shearing, and its maximum value is sig-
nificantly higher than that in the cyclic tests.

A distinctive difference in the GSD curves measured at CS in
monotonic tests and failure state in cyclic tests is seen in Fig. 22. In
undrained monotonic tests at high pressures, it is inferred that
the crushing mode of particles contains the splitting of the parti-
cles and the breaking of asperities. The splitting of particles is
caused by the continually increasing deviatoric stress, whilst frag-
mentation of the original grain is liable to occur in the corner
points where the damaged grain is interlocked with the neighbor-
ing grains. For specimens subjected to undrained cyclic loading,
the majority of the crushing mode is speculated to be the breaking
of asperities of the particle. The direction switch of the cyclic
stress from cycle to cycle changes the contact network among the
grains such that the particles sustaining the larger contact forces
are also altered. In contrast to the particle breakage under mono-
tonic loading, the developed high-level axial strain induced by
particle rotation and translation is regarded as the dominant fac-
tor in giving rise to the occurrence of particle damage.

Relationship between plastic work and relative
breakage

Miura and O-Hara (1979) reported that the increase of the sur-
face area increment 
S was closely correlated to the plastic work
Wp. Lade et al. (1996) established a unique relationship between
the particle breakage index B10 and the total energy dissipation,
based on a series of tests on Cambria sand. The total energy dissi-
pation is approximately identical to the plastic work Wp because
the elastic work is minimal compared to the magnitude of the
total energy dissipation. Daouadji et al. (2001, 2010) integrated the
influence of particle breakage with the elastoplastic theory by
altering the location of CS line according to the evolution of the
GSD computed using a function of plastic work Wp. Zhang et al.
(2013) proposed a similar equation and confirmed a close relation-
ship between relative breakage and plastic work independent of
particle strength and confining pressure. The plastic work Wp is
regarded as a comprehensive and suitable parameter to correlate
the relative breakage Br because it contains both the stress and
strain components.

Determination of plastic work
The method to determine the plastic work per unit volume of a

specimen, Wp, in undrained monotonic tests is specified here. The
total energy dissipation or work increment, dE, is composed of an
elastic (recoverable) component, dUe, and a plastic (irrecoverable)
component, dWp (Roscoe et al. 1963). dUe and dWp can be ex-

Fig. 20. GSD curves of dense Aio sand at different stages in
undrained cyclic test at confining pressure of 5.0 MPa.

Fig. 21. Evolution of particle crushing at different CSRs of dense
Aio sand at confining pressure of 5.0 MPa in undrained cyclic test.
[Colour online.]

Fig. 22. Effect of loading mode on particle crushing in undrained
conditions.
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pressed by the products of stress and strain increments as shown
in eq. (2).

(2) dE � dUe � dWp � p ′�d	v
e � d	v

p� � q�d	d
e � d	d

p�

where p′ � ��1
′ � �2

′ � �3
′ �/3 is the effective mean stress; �1

′, �2
′ , and

�3
′ are the effective principal stresses; d	v � d	v

e � d	v
p is the volu-

metric strain increment; q � �1
′ � �3

′ is the deviatoric stress; and
d	d � d	d

e � d	d
p is the deviatoric strain increment. Superscripts e

and p indicate the elastic and plastic portions, respectively. It
follows the assumption by Roscoe et al. (1963) that the qd	d

e is zero
during the calculation process. Particle crushing has been proven
to be an irrecoverable change and solely associated with the plas-
tic work per unit volume of a specimen, Wp. Wp is obtained by
extracting the elastic part, Ue, from the total work, E.

(3) Wp � � p ′ d	v � � q d	d � � p ′ d	v
e

The requirement of constant volume (d	v � d	v
e � d	v

p � 0) in
undrained monotonic tests should be satisfied. Thus, the plastic
work per unit volume of a specimen Wp in eq. (3) can be rewritten
as the eq. (4).

(4) Wp � � q d	d � � p ′ d	v
e

The elastic volumetric strain rate can be calculated using the
equation d	v

e � dp ′/p ′/�1 � ei� and the swelling index  is decided
as 0.0117 with reference to the test results (Yasufuku et al. 1991).
Owing to the elastic volumetric strain rate, d	v

e is much smaller
compared to the total deviatoric strain d	d in eq. (4). Thus, the
amount of plastic work is greatly dependent on the magnitudes of
the deviatoric stress and strain. The same method for calculating
Wp was employed by Miura and O-Hara (1979).

The total energy dissipation per unit volume per loading cycle E
during undrained cyclic loading can be decided using a simple
method as the area of the stress–strain hysteresis loop (Figueroa
et al. 1994; Ueng et al. 2000). The plastic work per unit volume per
loading cycle Wp in the undrained cyclic test is assumed to be
identical to the total energy dissipation per unit volume per load-
ing cycle E in this study. Besides, the plastic work per unit volume
Wp in the drained isotropic consolidation process is determined
as the effective mean stress multiplied by the plastic volumetric
strain 	v

p.

Correlation between plastic work and relative breakage
Figure 23 presents the plot of relative breakage, Br, against the

plastic work of Aio sand at two densities in drained consolidation,
undrained monotonic and cyclic tests. It is seen that the dissipa-
tion of plastic work per unit volume of the specimen, Wp, in the
process of isotropic consolidation is much smaller than that con-
sumed during shearing. In undrained monotonic tests, the rela-
tive breakage, Br, can be approximately expressed by the plastic
work per unit volume of specimen, Wp, using an experienced
equation (Lade et al. 1996; Hu et al. 2011) regardless of the test
termination stage and confining pressure at each density. How-
ever, an increase in initial density reduces the slope of this expe-
rienced curve. It is due to the axial strain level of medium-dense
sand being larger than that of dense sand at the same level of
plastic work. The occurrence of particle crushing in dense speci-
mens in turn leads to the increase in deviatoric stress and the
corresponding plastic work. Nguyen and Einav (2009) pointed out
that the total energy dissipated for particle breakage involved a
portion for creation of surface and another portion for load redis-

tribution of stored energy from surrounding particles. A rise in
the density of a specimen increases both the coordination num-
ber of particles and the portion for load redistribution of stored
energy in the plastic work when particle breakage occurs. A
unique correlation curve can be drawn between the relative
breakage, Br, and plastic work per unit volume of specimen, Wp,
for all specimens in undrained cyclic tests regardless of confining
pressure and density. The slow increasing speed of relative break-
age with plastic work increment is attributed to a relatively
smaller amount of particle crushing in undrained cyclic tests. In
comparison with the results from undrained monotonic tests,
both the magnitudes of the relative breakage, Br, and plastic
work, Wp, are smaller as the deviatoric stress of specimens sub-
jected to cyclic loading varies from the maximum deviatoric stress
to the minimum deviatoric stress within a fixed range.

Conclusion
A series of undrained monotonic and cyclic triaxial tests were

performed on Aio sand at two initial densities and a wide range of
confining pressures. To examine the evolution of particle crush-
ing, the tests were terminated at several distinctive stages. The
sieving analysis tests were conducted on the original and tested
specimens and the amount of particle crushing was quantified.
The influence of particle crushing on the undrained shear
strength and deformation characteristics was investigated. The
relative breakage was experimentally verified to be a function of
the plastic work for Aio sand in undrained conditions and the
specific expression of the function was dependent upon the load-
ing mode in undrained conditions and the initial density under
undrained monotonic loading. The major findings of this study
can be summarized as follows.

1. Both medium-dense and dense specimens exhibit significant
dilation behaviour at a confining pressure of 0.1 MPa. The
disappearance of strong dilation behaviour of specimens ac-
companied by a faster increase of the pore-water pressure is
noticed as the state parameter changes from negative state at
confining pressure of 0.1 MPa to positive state at confining
pressures of 3 and 5 MPa. Negative pore-water pressures at the
CS point are observed for specimens at two densities at a con-
fining pressure of 0.1 MPa. It increases to a positive value as the
confining pressure increases from 0.1 to 5 MPa.

Fig. 23. Correlation between relative breakage and plastic work
under isotropic consolidation, undrained monotonic and cyclic
tests. a, curve-fit parameter. [Colour online.]
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2. In the undrained monotonic test, less particle crushing occurs
at a low confining pressure of 0.1 MPa and particle crushing
becomes remarkable as the confining pressure exceeds the
level of the yield stress on the isotropic compression curve.
Increasing mean stress suppresses the dilative behaviour ac-
companied by a rapid rise in pore-water pressure, thus result-
ing in the occurrence of particle crushing and a remarkable
contractive behaviour of the specimen. The relative breakage
also increases with the increasing density. It is important to
note that the majority of the particle crushing occurs between
the PT point and the CS point of the specimen. The relative
breakage approximately linearized with the axial strain at
each confining pressure, and the rate of increase is dependent
upon the confining pressure.

3. The difference in the particle breakage for medium-dense and
dense sands results from the different crushing mechanism
and the relatively larger deviatoric stress sustained by the
dense specimen. The medium-dense specimen gradually be-
comes denser state owing to the filling of the voids among the
particles with the grain fragments. The majority of the plastic
work is consumed for dilatancy, and the undrained shear
strength is gained. However, the plastic work for dense sand is
mainly used for particle crushing with less used for dilatancy.
This explains the decrease in the normalized undrained mo-
bilized strength of dense sand at the PT point with certain
confining pressures.

4. The confining pressure has a considerable effect on the lique-
faction resistance strength of Aio sand. The cyclic resistance
strength of Aio sand at two densities tends to decrease as the
applied confining pressure �c

′ is increased. The liquefaction
resistance strength reduction is mainly caused by particle
crushing.

5. The relative breakage increases with the amplitude of the CSR
�d/2�c

′, regardless of the density. At a given CSR �d/2�c
′, confin-

ing pressure, and density, the relative breakage increases as
the cycle number N progresses. Less particle crushing is ob-
served after only one cyclic loading at two CSRs. The majority
of particle breakage is produced and the stiffness of specimen
degrades after the specimen passes through the PT point. This
is due to the high-level axial strain induced by the particle
transformation and rotation. Similar to the undrained mono-
tonic loading, the occurrence of particle crushing is attributed
to the decrease in dilative behaviour accompanied with the
rapid rise in pore pressure once the mean stress increases.

6. The particle crushing of Aio sand is greatly affected by the
loading mode in undrained conditions. A distinctive differ-
ence in the GSD curves measured at CS in monotonic tests and
failure state in cyclic tests is seen and this is due to different
crushing modes of grains. In undrained monotonic tests, both
of the deviatoric stress and axial strain continually increase as
shearing stress persists. However, the deviatoric stress varies
from the maximum deviatoric stress to the minimum devia-
toric stress within a fixed range subjected to cyclic loading,
and a large amount of particle crushing only commences
when accompanied by the developed high-level axial strain.
Additionally, the contact network among particles and the
particles sustaining the larger contact forces changes from
one cycle to the next, further reducing the possibility of par-
ticle breakage.

7. The correlation between the relative breakage and plastic
work per unit volume for specimens under isotropic consoli-
dation, undrained monotonic and cyclic loadings had been
experimentally validated. It is demonstrated that a larger
amount of plastic work is dissipated during the shearing pro-
cess in comparison with that in isotropic consolidation. In
undrained monotonic tests, the increasing rate of relative
breakage with the plastic work decreases with a rise in the

density. It is resulted from that a larger amount of plastic work
is consumed for particle crushing and a higher deviatoric
stress is obtained for dense sand. In undrained cyclic tests, the
slope of the approximation curve between the relative break-
age and plastic work per unit volume is less dependent on the
density and lower than those determined in monotonic load-
ings as a consequence of a relatively smaller amount of parti-
cle breakage.
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