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Abstract

The aim of this paper is to develop the general L, theory for the barotropic compressible Navier-Stokes
equations with the free boundary condition in the exterior domain in RN (N > 3). By the spectral analysis,
we obtain the classical L -L4 decay estimate for the linearized model problem (with variable coefficients)
in view of the partial Lagrangian transformation.
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1. Introduction
1.1. Model

The motion of viscous gases in some moving exterior domain 2; C RN (N > 3) is described
by the following barotropic compressible Navier-Stokes equations with the free boundary condi-
tion:

30 +div((pe + p)v) =0 in U Q x {t},
O<t<T

(pe+P)(@V +V-VV) =Div (S = P(pe + pI) =0 in ) Q) (g
O<t<T

(S(v) — P(pe + p)I)nr, = —P(po)nr,, Vi, =v-nr, on [ J Tixi.
O<t<T

Given the reference mass density p, > 0 and the initial condition

(vas Qt)|[=O=(pO»V07Q)7 (12)
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we need to determine the unknown mass density p + p., velocity field v = (v, ..., vy) T, and
the moving exterior domain €2;. In (1.1), the Cauchy stress tensor

S(v) = uD(v) + (v — p)div vl for constants u, v > 0,

and the doubled deformation tensor D(v) = Vv 4 (Vv)". Here, the (i, j)th entry of the matrix
Vv is gjvj, Iis the N x N identity matrix, and M7 is the transposed matrix of M = [M;;].
In addition, DivM denotes an N-vector of functions whose i-th component is Z;-V:] i M;j,
divv= Y, 9;vj, and v- V=YY v;d; with 9; = 8/x;.

For the last equation in (1.1), nr, is the outer unit normal vector to the boundary I'; of €;, and
Vr, stands for the normal velocity of the moving surface I';. Moreover, the pressure law P(-) is
a smooth function defined on R . In fact, P(p,) coincides with the pressure of the atmosphere.

The long time issue for the compressible Navier-Stokes equations in R3 is first studied by
Matsumura and Nishida in [23] provided the initial data with the H3(R3) regularity. Moreover,
the authors in [22] obtained the decay properties of the solutions. For instance, they proved the
following L;-L1 type estimates for the perturbation (p, v) near the equilibrium (p., 0),

(0. Wl L,®3) < Co(l 4174, (1.3)

for some constant Cop depending on the small quantity ||(oo, wo) |l R3)n#3R3)- The decay rate
in (1.3) was recently improved in [19] by assuming negative Besov regularity for the initial data.
Beyond the classical works [22,23], Danchin [4] constructed the global solution with the hybrid
Besov regularity in the L, framework. Furthermore, the extension to the general L, framework
was done in the works [1,2,10]. Very recently, the decay property of the solution of the com-
pressible Navier-Stokes equations in the Besov norms was investigated by [5,24].

A natural question to (1.3) is whether the general L ,-L, type estimates hold, especially for
the boundary value problem in the exterior domain. Namely, the L, norm of the solution decays
provided the initial states in some L, space. For example, recalling the Cauchy problem of the
heat flow in RV (N > 2), we have

1% gl gy < Co~ NP 2 g e (1.4)

forany 1 <g<p<oo,x e N(I)V and t > 0. Here Ny denotes the set of all nonnegative integers.
The extension of (1.4) for the incompressible flow in the exterior domain was first done by
Iwashita [14]. In [14], as well as the later contribution [21] by Maremonti and Solonnikov within
the framework of the potential theory, the L,-L, decay property of the Stokes operator A
associated to the Dirichlet boundary condition in the smooth exterior domain & c RY (N > 3)
is established:

le" sl < Ct~ NP2 ||| (g, s
IVe' AsugllL, ) < Ct=" P4 ug| 1, (),

fort>1,1<qg <p<ooand

(N/g—N/p)/2+1/2 for 1 <p <N,

o1(p,q,N) =
1p.gq.N) N/(2q) for N < p <oo.
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Moreover, [21] proves that the gradient estimate of ¢'s in (1.5) is also sharp for p > N. If one
considers the Stokes operator A in the 2-D exterior domain, the theory in [3,21] implies that
the L,-L, decay rate becomes worse in the plane than the higher dimensional case. For other
discussion on the decay property of the semigroup generated by the Stokes operator, we refer to
[11,18,26,30] and the references therein.

However, concerning the compressible system, one can not expect such L,-L, estimates
for all indices (p,q) as in (1.4) or (1.5) even for the Cauchy problem in view of the results
[12,13,25,17]. Roughly speaking, the linearized equations of (1.1) are no longer purely parabolic
(see (1.12), for instance). For the compressible system with the Dirichlet boundary condition,
the L,-L, type estimate was studied in [7,16] in the exterior domain, and the optimal decay
rate like (1.3) in the half space Ri was verified in [15]. More recently, the global wellposedness
issue of the compressible Navier-Stokes equations in the exterior domain with non-slip boundary
condition has been revisited in [8,28] in view of the L ,-L, type estimate. The aim of this paper
is to prove the L,-L, type estimate for the linearized model of (1.1) with the free boundary
condition whenever €2 is a smooth exterior domain in RN (N > 3).

1.2. Main result

To analysis (1.1), it is necessary to transfer (1.1) to the model in some fixed reference domain.
For the local well-posedness issue of (1.1), it is sufficient to use the (full) Lagrangian trans-
formation by choosing the initial domain €2 as the reference domain (see [6] for more details).
However, to construct the long time solution of (1.1) via the technique from [23], the so-called
partial Lagrangian coordinates are more helpful due to the hyperbolicity of the mass equation
and the free boundary condition (1.1)5. For the seek of the generality of our mathematical theory,
we will treat some system (i.e. (1.8) below) with the slightly variable coefficients, while our main
result also applies for the system with constant coefficients (see the comment after Theorem 1.1).

To define the partial Lagrangian coordinates, we assume that 2 C R" with the boundary T is
an exterior domain such that © = RV \ 2 is a subset of the ball Bg, centred at origin with radius
R > 1. Let k be a C* function which equals to one for x € Bg and vanishes outside of Byg. For
such « and some fixed T > 0, we define the partial Lagrangian mapping

T

x=Xw(y, T)=y+/fc(y)W(y,S)ds (VyeQ), (1.6)
0

with w = w(-, 5) defined in 2. Moreover, we may take w in some maximal regularity class
we Hy(0,T: Lg(@") N L(0.T: H; (@)")
for1 < p <ocoand N < g < oo. To guarantee the invertibility of X, we assume that
T
f e (YW, ) g1y ds <8 <1 (1.7)
0
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for some small constant §. By (1.6), (1.1) can be reduced to the following linearized model
problem with ignoring all nonlinear terms, !

B,p—i—ylav:o in Q xRy,
¥19;v — Div (S(v) — y20I) =0 in QxR,, (18)
(Sv) — y2pl)Ar =0 on T'xR,,
(0, V)lt=0 = (po, Vo) in Q,
where we have set that
Vi=pe. 12=Pp). 1+V=(VyXy) (. T), J=(det@+V)) ",
divv=(I+V):Vyv=J"!div,(JA+V)v),
DivM = J~'Div (/M + V)) = Div ,\M + (VV,|M), (1.9)

DY) =A+V)V,v+ (V,») (1+V),
S(v) =uDW) + (v — w)(divwI, Ar= I+ V)nr.

Above, for any matrices A =[A jx] and B = [B«], A : B denotes the trace of the product AB,
that is,

N
A:B= Z AjiByj,
Jik=1

and (BV,|A) stands for an N-vector with the ith component 3 ;  BjkdA;;. In particular, it is
easy to see that

Div (fD =V, f +(VV, | fD = A+ V)V, £,

for any smooth function f. For simplicity, we denote V = (I+ V) V, in what follows. Hereafter,
we assume that

ITE =1, V@ + IV, (TEL Wl @) <o(<< 1) (1.10)

with some small constant 0 = ¢(§) and N < r < oco. By the assumption (1.10), (1.8) can be
regarded as the perturbation of the standard Lamé operator, which is the motivation of our main
result.

Following [6], it is not hard to see that there exists a Co-semigroup {7 (#)};>0 generated by
the operator

! The details of the linearization of (1.1) will be present in Appendix A. Although the convection term v - Vp in the
mass conservation law can not be simply regarded as a perturbation term for the global well-posedness issue of (1.1), it
is fundamental to derive the decay properties of (1.8).
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-5 I~ /a
Aq(p,v) = (y1 divv, —y, Div (S(V) — )/2,01))

in the space H;’O(Q) = H;(Q) X L,,(Q)N for 1 < p < oo (see Theorem 5.3 in section 5). Some-
times, we also denote the solution of (1.8) by (p, v) = T(¢)(po, Vo) and v =P, T (t)(po, Vo). Now
our main result for the L ,-L, decay estimate of {7 (¢)},>0 reads as follows.

Theorem 1.1. (L ,-L, decay estimate) Let Q be a C3 exterior domain in RN with N > 3, and
let (1.10) be satisfied for some N < r < oco. Assume that (pg, Vo) € Lq(Q)1+N N H,%’O(Q) with
H;’O(Q) = HI],(Q) X L,,(Q)N Jor 1 <g <2<p<r<oo, and {T(t)};>0 is the semigroup

associated to (1.8) in H,l,’O(Q). For convenience, we set

llCe0. YO)lllp.g = ll(P0- V)l () + (o0, Vo)l 1.0y
Then for t > 1, there exists a positive constant C such that
IT () (po. Vo) I,y < Ct~ NN (o0, o)l p.g.

IVT () (po. Vo)L, < Ct 7PN (o0, Vo)l p.g-
IV2PuT (£)(po. VO) I, () < Ct~ 2P 4™ (00, V)l p.q.

where the indices o1(p, q, N) and o2(p, q, N) are given by

(N/g—=N/p)/2+1/2 for2<p=<N,
o1(p.q,N) =

N/Q2q) for N < p < o0,

3/(2q) for N =3,
02(p,q,N)=1(N/q—N/p)/2+1 for N>4 and 2<p<N/2,

N/Q2q) for N>4 and N/2 < p < o0.

Remark. Let us give some comments on Theorem 1.1 above.
(1) (1.8)is a system with variable coefficients only near the boundary I". Notice that
V=0, J=1, divv=divy, D»=D(®), S(v)=S(v) (1.11)
outside of the ball B, by the choice of « in (1.6).

(2) Taking V=0and J =1 in Theorem 1.1, we have in particular the same decay properties for
the system with constant coefficients,

op+y divv=0 in Q xRy,
0;v — Div (S(v) — y»pI) =0 in xRy,
Y10 (S(v) = y2p0I) + (1.12)
(S(vV) — y20I)np =0 on I'xRy,
(0, V)|r=0 = (00, Vo) in Q.

Of course, the assumption (1.10) is not necessary for (1.12) any longer.
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(3) For simplicity, we will not seek for the optimal assumption on the regularity of 2. The
assumption of  in C? class is for the technical reason, as the property of the Bogovskii
operator will be used in the later proof.

To establish the L ,- L, estimates in Theorem 1.1, we use the so-called local energy approach.
More precisely, we shall establish the following theorem.

Theorem 1.2. (local energy estimate) Let Q be a C exterior domain in RN for N >3, N <r <
oo, | < p<r,and L > 2R. Denote that*

Q=QNB., Hy*Qu)=H,Q) x HyQ)",
Xp.L(Q)=1{(d.f) € Hy(Q) : suppd., suppf C Q. }.

Then for any (po, vo) € X, 1.(R2) and k € Ng = N U {0}, there exists a positive constant C y.
such that

N/2—k

k —
19, T @) (oo VOl 12,y = CpkoL (o0, o)l 10> V1= 1.

To prove Theorem 1.2, we consider the resolvent problem of (1.8):

A+ yidiva=d in £,
yiiu —Div (S(u) — yonl) = in Q, (1.13)
(§(u) — yznl)ﬁr =0 on TI.

In fact, it is easy to study (1.13) whenever A is sufficient large (see Theorem 5.1). The case A
is uniformly bounded from above is more involved, which is the core concern of this paper. Es-
pecially, one difficulty appears when we handle (1.13) for A = 0. Namely, there always exists
non-trivial stationary solution for the stationary Lamé system (see [20, chapter 6] for more de-
tails). Here, one can first consider the following simplified model problem in the whole space
R3:

—Au-— Vdiva+ Vy =f. (1.14)

Obviously, (u, n) = (0, F) always solves (1.14) as long as f = V F for some F € C{° (]R3), which
is quite annoying for our study of (1.13) with A = 0. To handle such trouble, we introduce some
weighted inner product structure for the rigid motion space (see subsection 3.2) to eliminate the
homogeneity effect from the stationary Lamé system.

This paper is folded as follows. In sections 2 and 3, we will discuss the case where A in (1.13)
is closed to zero. Afterwards, via the sections 4 and 5, we study (1.13) when A is uniformly
bounded from below and also from above. Finally, we combine the previous results and prove
Theorems 1.2 and 1.1 in the last section. In Appendix A, we give the derivation of (1.8) from

(1.1).

2 E stands for the closesure of E for any subset E C RY.
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Notation. For convenience, we introduce some useful notation. For any domain G in RY,
l<p=<ooand ke N, L,(G) (L 0c(G)) stands for the (local) Lebesgue space, and H,’f(G)

(H ;f’]oc (G)) for the (local) Sobolev space. Moreover, we write

HYHG) = HE(G) x HUG)Y,  Hyy (G)=Hy 1, (G) x H} 1, (G)Y.

In addition, the Besov space B;)p(G) fork—1<s<kand 1 < p,q < oo is defined by the real
interpolation functor

B} ,(G)=(Lq(G). qu(G))s/k’p.

Sometimes, we write W; (G) = B;, 7(6) for simplicity.
For any Banach spaces X, Y, the total of bounded linear transformations from X to Y is
denoted by L(X; Y). We also write £(X) for short if X = Y. In addition, Hol (A; X) denotes the

set of X-valued analytic mappings defined on the domain A C C.
To study the resolvent problem (1.13), we introduce that

={1eC\{0}:|argh| <7 —¢}, Zp={reXs:|A|>b},
K=frec:(u+ L2y m2 (L2 (1.15)
u+v m+v
Vepb=2epNK, U,={1eC\(—00,0]:r| <b}
forany 0 <& <m/2 and b > 0.

2. Important propositions for local energy decay

In this section, we will consider several model problems in the bounded domain Q5 = Q2N
Bsg, which play a vital role in the construction of the solution of (1.13) in the next section.

2.1. The divergence equation with variable coefficients

First, we consider the modified divergence operator in (1.9), that is,

— . al ou;j .
diva=divu + E ija—zf in Q5 = QN Bsg, 2.1
Yk

jok=1
with V =[V;] satisfying (1.10) for some 0 <o <l and N <r < 00.

Proposition 2.1. Let 1 < p < r. Then, there exist positive constants og = oo(p,r) and M =
M ((p, R) such that the equation (2.1) admits a solution u € H[%(Q5R)N possessing the estimate:

||u||H§(g25R) = M||f||H,1,(SZ5R)
forany 0 < o < oy.
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Hereafter, the following estimate in any uniform C! domain G will be constantly used,
lghliL, ) = CliglLua) Il (2.2)
forany vt > N and 1 < p <. In fact, when p =t > N, we have
lighliL,c) = Cligle,6)IhliLaG) = CllglLae) 1l u)q)-

For 1 < p < v, the Holder’s inequality for 1/t + 1/s = 1/p and the Sobolev embedding theorem
yield that

lghliL, ) = CliglLualhliL, ) = Cliglae il aG):-

Proof. To construct the solution u of (2.1), we solve the following equation with Dirichlet
boundary condition

N 320
Af + Vik =f inQsg, Olsq., =0, 2.3)
jJ{Z_l J ay]ayk 5R

where 0Q25p = I' U S5g denotes the boundary of Q5. As V satisfies (1.10), the left-hand side
of (2.3) can be regarded as the perturbation of the Laplace operator. Thus we use the standard
Banach fixed point argument to find 6.

Givenw € H 3(95 r) with w|3q,, =0, we consider the following equation

2

N
AO=f— ) Vi

Jok=1

in QSR, 9|;)Q =0. (2.4)
9y ;0K o

Then it is not hard to see from (2.2) that

92w
Vg aer]
9y ;j0yk

<C(IlV \AY ; ,
Hi@s0) (VI Lo 252 + I IIL,(QSR))IIwIIH;(QSR)

with the constant C depending solely on p, r and Qsp.
Next, in view of (1.10), there exists a solution 8 € H;(Q5 g) of (2.4) fulfilling

M
||9||H;(Q5R) = ?(”f”le(QSR) + CU”CU”H;(%R))a (2.5)
where M is a positive constant depending on Q255 and p. Thus, if w satisfies the estimate
lollp3@spy = MIF L @s)-
then (2.5) yields that

||9||H2(95R) = (M/z)”f”H;(QSR) + (C0M2/2)||f||H;(QSR)o
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Choosing o > 0 small enough such that CMo( < 1, we have

191 132500 = MUt (@5

For simplicity, we write the solution mapping of (2.4) by 6 = ®(w) for w € Hg (Q5g) with
wlags =0.

To verify the contraction property of ®, we take 6; = ®(w;) € H;(S25 Rr) for i =1,2. Then
the difference 6; — 6, satisfies the following Poisson’s equation

82(w —w) .
A1 —62) = Z Vigm =2 inQsg, (601 — 62)lpas, =O0.

Thus, by (2.5) we have
161 — 92”1113)(9512) <M/2)Co|lw — w2”H3(QSR) < (1/2)llwr — a)2”H3(QSR)’
for CMog < 1. Therefore, the Banach’s fixed point theorem implies that there exists a unique
solution 6 € H;(QsR) of (2.3) with ”9”H;(S25R) < M||f||Hp1(Q).
At last, setting u = V6, we have the desired result. This completes the proof of Proposi-
tion2.1. O

2.2. Modified Stokes and reduced Stokes operators

Recall the notion in (1.9) and the assumption (1.10), we first consider the resolvent problem
of the modified Stokes equations as follows

y1Av — Div (uD(v) — yr0l) =f in Qsg,
divv=0 in Qsg, (2.6)
(uD(v) — yza)I)ﬁmSR =0 on 9Qsg,

where my, = I+ V)n,o and g~ denotes the unit outward normal vector to 9€2s5g =I"U
S5R.

2.2.1. Analysis of (2.6) for .. #0
We will establish the following theorem by assuming A # 0 in (2.6).

Theorem 2.2. Assume that Q2 is a C? exterior domain. Let 1 < p<r,0<e<m/2 and Ao > 0.
Then, there exists a o1 depending on [, €, Ao, p, r and Q55 such that if 0 < o < o1, then for
any A € Xg 5, f € L,,(Q5R)N, problem (2.6) admits a unique solution (v, ) € Hg(Q5R)N X
H ; (R25R) possessing the estimate:

IMIVILL @50 + 21V sy + 1V 20250 + 100l 1 @sp) < CIEILL (@500
with some constant C depending on [, €, Lo, p, r and Q5p.
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The proof of Theorem 2.2 is similar to Proposition 2.1. By the notion in (1.9), (2.6) is rewritten
as

y1Av — Div (/LD(V) — yza)I) =f+ F(u, w) in Qspg,
divv=g(v) =divg(v) in Qspg, 2.7
(uDV) — prol)i,,  =H(, ) on 3Qsg,

with

F(v,w) =Div (LVVV + 1 (VVV) 1) + (VV | uD(v) — pr0l),
g =-V:Vyu, gv)=-Vv—(J-DIA+V)'y,
H(, 0) = —p(VVV+ (VVV) e — (uD(v) — y20I) Vi, .

Thanks to (1.10), (2.6) can be regarded as the perturbation of the following linear equations:

y1Av — Div (MD(V) — yza)I) =f in  Qsg,
divv=g=divg in Qsg, 2.8)
(uD(v) — yrwI)n, =h on JdQs5g.

025 p
For (2.8), we know the following theorem from [27, Sec. 4].
Theorem 2.3. Assume that 2 is a C* exterior domain. Let 1 < p <00, 0 <& < /2, and hg > 0.

Then, for any A € E;;,, f€ L,(Qsp)", g € H;(QSR), ge L,(Qsp)N and h e H;(QSR)N,
problem (2.8) admits a unique solution (v, w) € HI%(SZSR)N X Hli (25R) possessing the estimate:

IMIVILL @50 + 2 (IV1 3 @5 + 1012 p@500) + 1] 20500 + 190 111 0250
< CIflz @50 + 1M1 WL, @50 + 18 W @550 + 141812, @500)
with some constant C depending on u, €, Lo, p and Qsp.

Now, let us give the proof of Theorem 2.2 by the standard Banach fixed point theorem and
Theorem 2.3.

Proof of Theorem 2.2. Given (u,0) € Hl%(Qs AN x H},(QS r), we consider

y1Av — Div (MD(V) — yza)I) =f+F(u,0) in  Qsg,
divv = g(u) =divg(u) in Qsg, 2.9)
(,uD(V) — yza)I)nmSR =H(,0) on 0825sR.

By (1.10) and (2.2), it is not hard to find that
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IFQ, 0) 12,050 = Co (1l 2050 + 101 13 020)-

”g(u)”Hﬁ(QSR) SCU||u||H§+1(Q5R)’ v k=0, 19 (2 10)
gL, @sp) < CollullL,@sz)

IH@, )l 1t 055y < Co (Iull o g ) + 101k 5p) ¥ k=01,

for some constant C > 0. For simplicity, we set

Ni(u, 6: Qs58) = M [ull L @50 + M2 (10l 51 5 + 1011 250) + 10l 520250 + 101 1 @5

Then, for any fixed A € X, ;,, we obtain from (2.10) that

[IF (u, 9)||LP(QSR) + |)‘|1/2 ” (g(ll), H(u, 9)) “Lp(QsR) + ” (g(u), H(u, 9)) ”H}(QSR)

+ Mg L, (@s5)) < CoNx(W, 05 Qsg).  (2.11)

Thus, by Theorem 2.3 and (2.11), there exists a solution (v, ) of (2.9) in Hg(QS N x H; (SA5R)
satisfying

N (v, 0; Q5r) < (M/2)(Ifll 2, @sp) + CoNx(u, 0; Qsg)). (2.12)

Thus, if N, (u,0; Q258) < M|fl|L,(@sp), then choosing o > 0 so small that CoM < 1 in (2.12)
we have

Ny (v, 0; Q5R) < M|fll L, (255)- (2.13)

Next, for (u;, ;) € H;(QSR)N X H;(QSR) (i =1,2), let (v;, w;) be the solution of (2.9) with
respect to (u;, 6;). Noting that the functionals F, g, g and H are linear, we have

y1A(V1 — v2) — Div (uD(v] — v2) — ya(@1 — w2)I) =F(u; — uwp, 6; — 62) in  Qsg,

div(vi —v2) = g(u; —up) =divg(u; —up) in  Qsg,

(uD(v) — v2) — ya(w1 — w)I)n,,  =H(u; —uz, 6 — 6,) on 0Qsg.

9Qsp
Applying Theorem 2.3 and using (2.10) yield that

Ny (Vi — V2, w1 — wp; Qsg) < C(M/2)o N (u) —up, 8 — 615 QsR). (2.14)
Since the quantity N, (v, w; Qs5g) gives an equivalent norm of HE(QSR)N X H; (Q25R) for L #0,
the solution mapping of (2.9): (u, 8) — (v, n) is contraction by choosing C Mo < 1. Thus, there
exists a unique (v, w) € H[%(QSR)N X H[i (25p) satisfying equations (2.6). Moreover, by (2.12),
this (v, w) satisfies (2.13). This completes the proof of Theorem 2.2. 0O

In fact, the proof of Theorem 2.2 also implies the following result.
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Corollary 2.4. Leth € Wll,fl/p (0R25R). Under the assumptions in Theorem 2.2, the system

YIAV — Div (uﬁ(v) — yzwl) =f in Qsg,
divv=0 in Qsg,
(Mﬁ(v) — )/za)I)ﬁmSR =h on 0Q5R,

admits a unique solution (v, w) € H[%(QsR)N X H; (25r) possessing the estimate:

12
VI @50 + 1M 21V 15 + IV 2002500 + 19012500

< C(IfllL,@sp) + ||h||Wp1—1/p(BQSR)),
with some constant C depending on |, €, Lo, p and Q5p.

2.2.2. Reduced Stokes problem from (2.6)

To solve (2.6) with A = 0, we introduce some reduced Stokes problem associated to (2.6).
First, we review the reduced problem for the standard Stokes system. By the transformation
(1.6), we set that

Qrr={x=Xw(y,T)|yeQsr}, Trr={x=Xw( T)|yecdQsr}
u) =v(X; 7)), ) =w(X3'x, 1)), fo)=f(Xy5 x, 7).

Write 1 for the unit outward normal to I'g 7. Then (2.6) turns to the resolvent problem of the
standard Stokes operator in Qg T,

yi2u —Div (uD() — y2¢T) =T in Qgr,
div,u=0 in Qg7 (2.15)
(,uD(u) - yQ{I)ﬁ =0 on [g7.

For (2.15), we introduce the weak Dirichlet problem:
(Vall, Veg)ag r = (£ Ve@)ag, forany g € H), o(Qr 1), (2.16)
where fe L,(Qr 1)V, 1< p,p'=p/(p—1) < 00, and
H\;’o(QR,T) ={¥ € Lpioc(Qr,7): VY € Ly(Qr, 7)Y, Vlrg,r =0}
Note that in view of Poincaré’s inequality,
H) (k1) =H, o(Qr.7) = (¥ € Hy(QR.T) : ¥rg, =0}

Givenu € HI%(QR,T)N, let K(u) € H; (Qr. 1)+ ItI\III,O(QR,T) be a unique solution of the weak
Dirichlet problem
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(VXK(u), ngo)QR .= (Divx(,uD(u)) — V,div ,u, ngz))Q for any ¢ € P/I\;,’O(QR,T)
s R.T

(2.17)
subject to

K(u) =< uD(n,n> —divyu onTg7. (2.18)
And then, the reduced Stokes equations corresponding to equations (2.15) is the following:

y1au — Div  (uD(u) — K (wI) = in Qg7

(2.19)
(uD() — K@I)i=0 on Tgr.

For more discussion on (2.19), we refer to the lecture note [27].
It is not hard to see that the weak Dirichlet problem (2.16) is transformed to the following
variational equation:

(Vu, IV@)as, = £, JVp)a, forany g € H), ((Qsp). (2.20)
with V = I+ V)V,, J = (det@+V)) "', and

H) o(Qs5r) = {¥ € Lp1oc(2sr) : VY € Ly(Qsr)Y. ¥las, = 0}.

(2.20) can be solved uniquely for any f € LP(Q5R)N (1 < p <r < 00). In fact, employing the
standard Banach fixed point theorem as in the proof of Theorem 2.2 and the unique solvability
of the weak Dirichlet problem in 5, we can show the unique existence of the solution to equa-
tions (2.20). Thus, for any u € H ;(95 ®)"V, let K (u) be a unique solution of the weak Dirichlet
problem:

(vk(u), JV(p)QSR = (m (/Lﬁ(u)) — Vdivu, JV(p)Q for any ¢ € 1:7;,’0(9513), (2.21)

SR
subject to

Kuw=02"'< uﬁ(u)ﬁmw N —divu on dQsp, (2.22)

where we have set 0 = |ﬁ395R 2= |1+ V)naQSR 2. By (1.6), the reduced Stokes equations (2.19)
are transformed to the following equations:

y1Av —Div (uD(v) — K(WI) =f in Qsg,
_ _ B (2.23)
(/,LD(V) — K(V)I)HE)QSR =0 on 05g.
Let J, »(£25g) be a modified solenoidal space defined by
Tp(Qsr) = (g€ Ly(Qsp)" | (8 JVp)as, =0 forany ¢ € H,, 1(Qsk)). (2.24)
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Assume that (v, w) € HI%(SZ5R)N X H;(SZ5R) is a solution of equations (2.6) for some f €

J »(Q258) by Iheorem 2.2. Then v also satisfies (2.23). In fact, it suffices to verify K(®v) = Yro.
Forany ¢ € H ;, 0(§25R), by (2.6) and the solenoidality of f, we have

0=, JV9)as, =11V, ] Vo), — (DN (D) — VAV, J Vp)ay,
— (Vdivy, J Voo, + (Vno), I Ve) g

=y1A(v, J V@), + (v(yzw —KW), Jw)g
SR

By integration by parts, ¢|sas, = 0 and divv = 0, we obtain that
v, IVp)as, = — (div (@A+WV)Tv), ga)Q = (Jdivv, 9)q,, =0. (2.25)
SR
Then we have

(V(yza) — IZ(V)), JV(p)Q =0 foranyge ﬁ;,’O(QsR).

SR

From the boundary condition in (2.6), it follows that
po=00"<DWi,, A, >-divv=K() ondQs,

where we have used divv = 0. Thus, the uniqueness of the weak Dirichlet problem yields that
Y20 = K(v), which shows that v € H[%(Qs r)N solves equations (2.23). Moreover, thanks to

(2.25), divv = 0 yields that v € J,(Q2sR).
From these observations and Theorem 2.2, we have the following theorem.

Theorem 2.5. Let 1 < p <r,0<e¢e <m/2, and Ao > 0. Then, there exis_ts a o1 depending on u,
&, ho, p, r and Qsp such that if 0 < o < o1, then for any A € X ;,, £ € J,(Q5R), problem (2.23)

admits a unique solution v € H,%(Q5R)N N Jp(2sR) possessing the estimate:

IMIVILL (@5p) + 472

IVl i) 2500 T IV E2(258) = CUENL, @50)
with some constant C depending on i, €, Ao, p, v and Q5p.
2.2.3. Analysis of (2.6) for . =0

To study (2.6) for the parameter A = 0, we consider the following reduced model:

i—m(pﬁ(v) —KWI)=f in Qsg,
(2.26)

(D) = KW, =0 on 0Qsg.
First, we introduce the rigid motion associated to (2.15). Set
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e;=0,..., 1 ,...,0 for j=1,...,N,
——
rj (.x) = jth component (2'27)

xpep —xee (k,£=1,...,N) for j=N+1,...,M.

Above, M is a constant only depending on the dimension N. For any vector u satisfying D(u) =

0, u is represented by a linear combination of {r;} =1 namely u =3 j=1a,;r; with some a; €

R. For convenience, we denote {p j}y:] for the orthonormalization of {r; ?4:1, that is, {p j}y: .
satisfies

(P P)ry =8 forjk=1,.... M. (2.28)

By the transformation (1.6), we define p;(y) =p;(x) for j =1, ..., M, which, thanks to (2.28),
satisfy the orthogonal conditions:

B JP)as, =8jx for jok=1,...,M. (2.29)

In addition, D(p,;) = D(p;) = 0 and divp; = divp,; = 0. For convenience, we introduce the
spaces

Ra(Qsgr) = Span {pi, ..., pu},

_ . (2.30)
Ra(Qsr)t ={ve Li(Qsr)" | (v, Jpj)as, =0 for j=1,..., M}.

Now, let v € H7(Q5)™ NJ,(Qsr) be a solution of (2.23) for some f € J,(2s58) NRa(sr)*
and A € X, ;, by Theorem 2.5. Then, v € 7_251(9513)L as well. In fact,

0= (£, /B = (v, Bz, — (DI (D) — RWI), Jb;)
SR

= 1123, TBase — (D) = ROy, IB5).
SR

+ / (WD(v) — KWI)A+V):V,p; J dy (2.31)
Qsg

_ 2 — =, - = -
= A TBay + 5 / D) : D)) I dy — (TR, TPy
QR

=y1A(V, JPj)sg-
Under these preparations, we have the following theorem.

Theorem 2.6. Let 1 < p <r. Then, for any f € J_,,(§25R) NRa(Qs5r)*, problem (2.26) admits a
unique solution v € H[%(Q5R)N NJp(2s5g) N Ra(Qs5r) - possessing the estimate:

IVl k2 (@50) =< CllEllL, @5
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Proof. In view of Theorem 2.5 and the Fredholm alternative principle, to prove Theorem 2.6,
it is enough to verify the uniqueness in the L, (25 )Y framework. Namely, if v € H22(§25 VN
D (Qs5r) NRa(s5r)L satisfies the homogeneous equations:

—Div (uD(v) — KWI) =0 in Qsg,

(uD(v) — KWDA,, =0 on 995k,

sk
then we shall show that v = 0. By the similar argument to (2.31), we have
—_— j— - M P J—
0= (—DIV (uD(v) — K(V)I),JV) == / D(v) : D(v) Jdy.
Qsp 2
Qsp

Therefore, D(v) = 0 in Qsg, and then v is a linear combination of {f)j}j}’lzl. Since v e 7_2d(S25R)L,
we have v = 0. This completes the proof of Theorem 2.6. O '

We now consider the Stokes equation:

— Div (uD(v) — y0l) = in Qsg,
divv=0 in Qsg, (2.32)
(uD(v) — yzwl)ﬁmSR =0 on 9Qsp.

From Theorem 2.6, we have the following corollary.

Corollary 2.7. Let 1 < p <r. Then, fgr any f € fP(Q5R) N ﬁd(QsR)L, problem (2.32) admits
a unique solution v € HI%(Q5R)N N Jp(2s58) N Rd(Q5R)J- and w € Hli (R25R) possessing the
estimate:

||V||H,%(QSR) + ||CU||HI1(QSR) < ClifllL,(«sz)-

Proof. Let v e H3(95R)N N fp(Q5R) N 7_311(525R)L be a solution of equations (2.26), whose
existence is guaranteed by Theorem 2.6. For any ¢ € ﬁ;, 0(§25R),

0=(f, ] Vp)a, = —(ﬁ (uD)), J%) +(VR™). I Vg)q.

Qsg

=—(Vdivyv, JV@)QSR.
Moreover, by the boundary condition in (2.26), we have

divv=0"!<uDv)n,, .0, >—-K(v)

s’ TR
=0 < (uD(v) — KW)A,,_ M, >=0 ondQsg.

305 7 T 9Q5R

Then, the uniqueness of the weak Dirichlet problem yields t[lat divv =0 in Q5. Thus, v auto-
matically satisfies equations (2.32) with imposing w = yz_l K (v), which completes the proof of
Corollary 2.7. O
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2.3. Modified compressible model problem

In this subsection, we consider the following problem:

ylﬁv =d in  Qsg,
—Div (S(v) — ypol) =f in Qsg, (2.33)
(S —pol)i,,  =h on 995z,

with S(v) = uD(v) + (v — w)(div v)L Concerning (2.33), we have the following theorem.

Theorem 2.8. Let | < p <r. Then, for any d € H)(Qsg), f € L,(Q2s5g)" and h € H}(Qsr)"
satisfying the orthogonal condition:

(£, JB)ase + (0, Tjags, =0 (j=1,.... M), (2.34)

problem (2.33) admits a unique solution v € Hg(Q5R)N N 7_3(1(52513)l and w € H; (25R) pos-
sessing the estimate:

”V”HPZ(QSR) + ||w||le(525R) = C(||f||L],(§25R) + 1, h)||H1],(95R))'

Proof. Let v, H,%(Q5 )Y be a solution of the divergence equation: ylmv | =d in Q5 pos-
sessing the estimate:

IVill 2 @50) = Clldll g} @sp)-

The existence of such vj is guaranteed by Proposition 2.1. Therefore, to construct the solution of
(2.33), it suffices to solve the following system:

divu=0 in  Qsg,

—Div (uD(u) — yr0l) =f+ F) in Qsg, (2.35)
=h+ H; on 0RQ25g,

(uﬁ(u) — yzwl)ﬁmSR

with F; = Div (S(vy)), and H; = —§(V1)EBQSR. Then v = v| 4+ u and w satisfy the equations
(2.33). Moreover, the divergence theorem of Gauf} yields that

i} ) 1 (- _
(F1,Jpj)asg + (H1, JPjlaqsy = —5 / S(v1) :D(p;)J dy =0. (2.36)
Qsp

To obtain the solution of (2.35), we consider the following two linear systems:

divvo =0 in Qsg,
Y1202 = Div (uD(v2) — yaanl) =f + Fi i Qsg, (2.37)
(uD(v2) — yrwol)i,,  =h+ H on 9sg,

995

167



Y. Shibata and X. Zhang Journal of Differential Equations 325 (2022) 150-205

divv3 =0 in Qsg,
—Div (uD(v3) — y2w3]) = yiAov2 in Qsg, (2.38)
(uD(v3) = prasl)i,, =0 on 3Qsg,

where A > 0 is fixed large number. At least formally, (u, @) = (v2, w2) + (v3, w3) gives a solu-
tion of (2.33). Thanks to Corollary 2.4, there exists a solution of (2.37) such that

||V2||H’§(QSR) + ||w2||ng(95R) <C(f+ FillL,@sp + I+ H1||H;(95R))
= CUIfllL, @sp) + I, W 1 @)
Additionally, v, € 7_351(95 #)L. In fact, (2.34) and (2.36) yield that
V120(v2, JB))ssy = (DIV (1D (v2) = yaw2), JB; )+ (F+ F1, JB) sy
SR
=(h+ Hy,Jpjoasy + E+ F1, Jpj)as;, =0.

On the other hand, to solve (2.38), we notice that y1Aqvy € fp(Qs g) from the divergence
equation, as

(v2, I V@) asp = (JoV2, Myasz)a0s, — (divve, J@)as, = 0.

Then, by Corollary 2.7, there exists a solution v3 € H[%(Q5R)N N 7_2,1(S25R)J- and w3 € H[l (25R)
of the system (2.38) satisfying

IV3ll 25 F 103l it (@) = Cllidovallz, @se) < CUEIL, @5p) + 1 W g1 @57
Combining the discussion above, we find one solution (v, w) of (2.33) by defining
(v, ) = (V1 + V2 + V3, 02 + 03) € H}(Qsp)" x H,(Qsp).
Moreover, we have
IVl 2 @50) F Nl ) (@50) = c(lcs, Wl sp + gl @sp))-

To meet the orthogonal condition, i.e. v € R4(Q25 R)L, we refine the definition of the velocity
field by

M
V=v—) (v.Jp))as:B; € Ra(Qsp)".
j=1

Since D(p i) =0 and divp ; =0, we see that V and o satisfy equations (2.33) with the desired
estimate.

We now prove the uniqueness. Let v € H[%(QsR)N NRy(Qsp)t and w € H;(QsR) for 2 <
p <r satisfy the homogeneous equations:
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divv=0 in  Qspg,
—Div (uD(v) — y20I) =0 in Qsg, (2.39)
(uD(v) — ygwl)ﬁaQSR =0 on 9sg.

By the previous discussion on the existence _issue of (2.33), given any g € Ly(Qsp)N N
Ra(Qsg)T, there exists (u, 0) € (HF(Qsp)Y NRa(Qs5r)L) x Hj (Qsp) fulfilling the equations:

divu=0 in Qsg,
— Div (uD(u) — 201) =g in Qsg, (2.40)
(uD(u) — Y20, =0 on 9Qsk.

By the divergence theorem of GauB3, (2.39) and (2.40), we have

0= (m (uD(V) — y201), Ju)Q

SR

- ((,uﬁ(v) — o)y, . Ju) e

/ D(v) : D(w)Jdy + (Jyro, divu)gs,
Qe 2

Qsg

=% / D(v) : D(u)Jdy
Qsg

= (Jv, m(uﬁ(u) — yzel))QSR = (JV, 8-

For any f € Ly(Qs5p)N, we set

M
fL=F—) (} JPjasP; € La(Qs0)" NRa(Qsp)".
Jj=1

Then we obtain from v € Ry (S25x)" that

M
IV, Dage = UV, )5, + Y (TP asg (JV, Base = (JV, )5, =0.
j=1

The arbitrary choice of f yields that Jv = 0, and thus v =0.
Now, the equations (2.39) are reduced to the form:

Vo=(0+V)Vy,0=0 in  Qsg,

oy =+ V)n, =0 on  9Qsg.

Therefore, Vyw = 0 in Qsg, and then w =0 by the_boundary condition.
Next, we assume that (v, ) € (H;(Q5R)N NRa(Qsr)L) x H;(Q5R) for some 1 < p <2

satisfies the equations (2.39). Notice that the embedding H;,(QSR) < L4(Rsg) with 0 <
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N(1/p — 1/q) < 1. Then, by Theorem 2.2, there exists (u,6) € H;(QSR)N X qu(SZ5R) sat-
isfying

yiau — Div (,uﬁ(u) — )/291) = yY1AV in  Qsg,
Wu =0 in QSR’
(uD(u) — yzel)ﬁmSR =0 on 9%,

for some A > 0. In fact, we have (u,0) = (v,w) € qu(QsR)N X qu(Q5R) by the uniqueness in
Theorem 2.2. If ¢ > 2, we have (v,w) € H22(Q5R)N X H2] (R25g) and the uniqueness of (2.39)

from the previous discussion on the case p > 2. Otherwise, we repeat such argument in finite
times. This completes the proof of Theorem 2.8. O

3. Resolvent problem for A near zero

In this section, we will study the behaviour of the solution of the system (1.13) whenever A
lies near the origin. The main result reads as follows.

Theorem 3.1. Let (d,f) € X, 1 (Q) for 1 < p <rand L > 2R >‘0. Then there exist a constant
A1 > 0 and two families of the operators (M, V) for any A € U, = {A € C\(—00,0] : |A] <
A1} with
M. € Hol (U5 £(Xp,1(): H} 1o (D)), Vi € Hol (U3 £(X,,1(R): H2 1o (")),
such that (n,u) = (M,;, V,)(d, ) solves (1.13). Moreover, there exist families of the operators
M e Hol (UA, L L(X L (R H e (sz))) (i=1,2),
V) € Hol (Us: £(Xp,1(): H joe (@) (=0,1,2),
such that

M, = AV "2 log MM + M2,
V, = (A2 1og m)" M) VY + AN 2 log MV, + VE,

forany x € Uy, and o(N) = (=D +1)/2.
3.1. Resolvent problem in RN
In this subsection, we review the result of some model problem in RV:

AN+ yrdiva=d in RV,

(3.1)
yisu—Div (S) — yopl) =f  in RY,

with the parameters in (3.1) satisfying u, v, y1, y2 > 0. Now, we recall the notion in (1.15) and
the results in [29, Subsec. 3.1].
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Theorem 3.2. Let 1 < p <00, 0 <& <m/2, and Aoy > 0. Then there exist two families of opera-
tors

(P(). V() € Hol (= N K; L(Hy *®RY); H2®Y))),

such that (n,u) = (P(A), V(A)) (d,f) is a solution of (3.1). Moreover, there exists a constant
Cs.2y SO that

2
/2
il gy vy + ZO A2 1l 25 gy = Coano 16 Dl g1 gy
J:
forany A € Vg 3,.
Theorem 3.3. Let 1 < p <00,0<e<m/2, L>R >0, and N > 3. Set
X, (RY)={d,b) e H;'O(RN) :suppd, suppf C By }.
Then the following assertions hold:
(1) There exist a constant Ay > 0 and two families of operators
M, € Hol (U}LO; [:(XP)L(RN); H‘Ii,loc (RN)))a
V; € Hol (UM; L(XpL®Y); H2,, (RN)N)>,
such that for any (d,f) € Xp,L(IRN) and .. € KN l'];\o
My, V. H = (P3), V). .
Moreover, there exist families of operators
M, € Hol (UAO; L(X,p L (RY); H;(BL))) (i=1,2),
V/ € Hol (UAO; L(X ). (RY); Hg(BL)N)) (j=0,1,2),
such that
M = (N Plog ML + M2,
V) = (AN/Z_I(logA)”(N))VS + (N2 logk)Vi + Vf
forany » € Uy, and o(N) = ((—=DV + 1) /2.
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(2) There exist operators
Mo € L(Xp LRV H) oo RY)), Vo e L(X, RY); Hy . RMY)
such that for any (d,f) € XI,,L(RN), (no, ug) = (Mo, Vo)(d, f) is a solution of

yidiva =d in ]RN,
—Div(Sw) —yonl) =f  in RY,

satisfying the estimates:

IVn0llz, @)+ D 185 u0llL, @N) < CrLp.n IOl y10gw)-
la|=2

1
sup [N Mmool + D sup k1Yot ug ()] < Cop w1 D, @)
|x|>2L ae|=0 ¥1Z2L

for some constant Cr , n > 0. Furthermore, we have

Jim (IM@. 0 = 0l 35, + IV (@ ) = ol 25, ) = 0.
largA|<m /4

3.2. Construction of the parametrix

Without loss of generality, we shall prove Theorem 1.2 for L = 5R. We first consider the
auxiliary problem:

ylqu =d in Qspg,

—Div(S) — yonl) =f in Qsg,

_ ~ 3.2)
(S) — yanI)np =0 on T,

(S(w) — V27II)“55R =0 on Ssg.

Here, ng R denotes the unit outer normal to Ssg = {x € RV | |x| = 5R}. Let 3R < by < by <
by < bz < 4R and set

Dy py={x €RY |by <|x| <b2}, Df , ={x€Dpp,|x;j>0 (j=1,....,N)}

Let ¢ € CgO(RN) such that supp ¢ C Dy, »,, and ¥ = 1 on some ball B C D;‘I by Recall the
basis {rj}g/’ | of the rigid motion in (2.27). We introduce a family of vectors Qy = {Qj}?[:p

another normalization of {r j}ﬁ”:l in such a way that

g, 90)y = (¥ q;, Qry = / Y(x)q;(x) - q(x) dx =3 j. (3.3)
]RN
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Here and in the following, given function a(x), a(y) is defined by a(x) = a(y) in view of (1.6).
Since x = Xw(y, T) =y for y ¢ Byr, we obtain from (3.3) that

Sik=q;, qry = (Vqj, e = W, J@e = (WA, JQk) a5k

(3.4
for ﬁj €{q;,q;} with j,k=1,..., M. Moreover, for simplicity we write

o £1 Qgrif(f,Jq;)qs, =0forany q; € Qy;
o f1 9y if (f q;)y =0forany q; € Qy.

In fact, f L Qp is equivalent to f € Ry(Q5z)" by (2.30) in the previous section. Thus Theo-
rem 2.8 yields the following result for (3.2).

Theorem 3.4. Let 1 < p <r. Let (d,f) € H;’O(QSR) with £ L Qg. Then there exist operators
(T, W) € L(H, (Qsr), Hy?(Qsr))

such that (n,a) = (J, W), f) is a unique solution of (3.2) with u L Qg. Moreover, the follow-
ing estimate holds,

1l @5 + 18200250 < CUIdl 3050 + 1L (@500):
for some constant C > 0.

To prove Theorem 3.1, we introduce cut-off functions ¢, Y, and Yo such that 0 <
(ps w()v I//.()O S ]’ (p5 w03 I//.()O S COO(IRN)v and

1 for |x| < by, 1 for |x| < by,
(x) 215 ?

1o for x| > by, “)o for x| > b3,

1 for |x| > by,

= .5
Voot =0 0 for x| < by, )
For any (d,f) € H;’O(Q5R), we have

IWoodll gy @ny + 1¥oofll,@yy = CUIdll ) (o) + IEllL,@)- (3.6)
Then, by Theorem 3.3 and (3.6), there exists a A > 0 such that (1, uy) = (M, Vi) (Wood, Yoof)
solves the following equations for any A € K N U, (see (1.15) for the definition of K):

Ay + yidivuy, = Yood in RY, a7
yidu, —Div(Sw) — yamI) =voof  in RV, '
and satisfies the estimate:

130 113 8oy + 101 228y < CUI 1132 + WElL 2 20)- (3.8)
Moreover, we set (19, ug) = (Mo, Vo) (Wood, Yoof) € H;’lzoc (RM) fulfilling that
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yidivug = Yood in RV, 39)
— Div(S(uo) — yanol) = Yiof ~ in RV, '
and
Alellr'jllo(”m - 770||ng(36,\,) + [luy — uOHHI%(BGR)) =0. (3.10)
[A]=0
On the other hand, let us set
M
_ = _ N
fr, =Y (of. J@)as ¥a;.  fL=vof —fr, € Lp(Qsp)".
j=1
Obviously, f; | Qpg. In fact, (3.4) implies that
M
(f1. JA0)ase = Wof. T@ase — Y (Wof. J&)) a5 (W4, JG)asp =0,
Jj=1
forany £ =1,..., M. Then, Theorem 3.4 yields that there exists a (unique) solution (ny, uz) €
H ;’2(95 r) with uz L Qg of the following equations:
yidiva; = Yod in  Qsg,
— Div (Suy) — yang) =11 in Qsg, Gi1)
(g(uﬁ) — ygnul)ﬁr =0 on T, .
(S(uy) — VZWnI)DSSR =0 on Ssg,
possessing the estimate
12 13 @ + 1081 2202500 < CU 113 + IFlLL00)- (3.12)

We now introduce parametrices:
h=od.H=>0—-@m+en, W=Wd.H)=1-gu +euy
for A € U;LO U {0}. Notice that
S@) — il = (1 = @) (S@) — y2ml) + ¢(S(uy) — yansl) + Vi(d. D),
with
Vild, £) = pn((u; —u) @ Vo + Vo ® (uz — wp)) + (v — 1) ((ug — w;) - Vo)L, (3.13)
and supp V. (d, f) C Dy, p,. Then it holds that
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AT+ yidivii, =d + D, d, ) in Q.
Y12t — Div (S@,) — i I) =f+ Fa(d. D) in Q, (3.14)
(S@,) — ymI)ar =0 on T,

where D; (d, f) and F; (d, f) with A € Uj,, U {0} are defined as

Dy, f) =hgn: +y1Ve - (u; —w),

Fald, B = —pfr, + virgus + ((S(ux) —yamd) — (S(uy) — Vznul))vw —DivV,(d,f).
Moreover, by (3.8), (3.10), and (3.12), we have

Q,.(d,H) =(Ds, Fa)(d, D) € X, 5r(Q) forany A € Uy, U {0},
lim |9y — Qollzix, sp() =0 (3.15)

)-GUAO
|A|—0

In particular, by Rellich’s compactness theorem, Qg is a compact operator on X, 5z (£2). More-
over, Z + Qy is invertible due to the following lemma.

Lemma 3.5. Given Qy = (Fo, Go) as above, T + Qo has a bounded inverse in L(X, 5r(2)),
which is denoted by (I + Qp)~ .

The proof of Lemma 3.5 is postponed to the next subsection, and we continue the proof of
Theorem 3.1. Notice that

T+ 0i=T+ Q)T+ T+ Q0 (1 — Q).

Then by (3.15) and Lemma 3.5, we can choose A1 < Aq such that

IZ + Qo)™ (1 — QO)ll£(x, s < 1/2

for any A € U 2, - Moreover, the inverse of 7 4 Q,, exists for any A € U », formulated by
0 .
T+ "= (-T+20) (- 2) T+~

J=0

Thus we can define the operators (M, V) as

(n,u) = (M, V)(d, ) = (P, W) o (Z+ Q1)1 (d, D),

for any (d,f) € X, 5r(2) and A € U;L]. In fact, (n,u) clearly satisfies (1.13) by (3.14). Fur-

thermore, the existence of operators Mi (i =1,2) and Vi’ (j =0,1,2) is immediate from
Theorems 3.3 and 3.4. So the details are omitted here.
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3.3. Proof of Lemma 3.5

Before proving Lemma 3.5, we start with the following lemma, which plays an essential role
in the later proof.

Lemma 3.6. Let | < p <r and N > 3. Assume that Q2 is a C3 exterior domain in RN, Let

(u,n)e H ;’IZOC(Q) satisfy the homogeneous equations:

divu=0 in
—Div (uD(u) — yo1I) =0 in (3.16)
(/Lﬁ(u) - yznl)ﬁr =0 on T.

Assume in addition that 1(y) = Coo + O(ly|" VD), u(y) = 0(ly|"¥=2), and Vu(y) =
O(ly|"™N=D) as |y| = oo, where Coo is some constant. Then, u =0 and n = 0 for almost
all y € Q. In particular, Coo = 0.

Proof. Case p > 2. It suffices to consider (n,u) € HZI’I%)C(Q) in this situation. Let ¢ be a
C>®(R™) function which equals 1 for y € By and 0 for y ¢ B>. Let ¢7 (y) = ¢(y/L) for any
large L > 6R. Set C = y»C and 11 = y2(n — Cxo). Then, (77, u1) € Hzl‘2 (R2) solves equations:

loc

divu=0 in €,
—Div (uD(m) — 1) =0 in Q, (3.17)
(uD(w) — 7I)nr = Cir on T.

Then, by the divergence theorem of GauB3, (3.17), and (1.11), we have
0= —<ﬁ (uD() — FI), J¢>Lu)Q

= —(Cir. Jprwr + 5 / Daw) : Dgrw) Jdy — (7, &V (prw),,
Q

= —C/E(mu) Jdy + %/ﬁ(u) - D(u) Jdy + 11,

Q Q
with
w .
Iy = ) / D) : (VoL ®u+u® Ver)dy + / n(Vor -u)dy.
L<|y|=2L L=|y|=2L

Using the radiation condition, we have

mizer [yl Ray s e D

L=|y|=2L
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as L — oo, because N > 3. Moreover, (1.11) implies that

/ div(¢ruw)J dy = / (Vér) -udy.
Q L=ly|=2L

Since diva =0 for y € RV \ Byg, by [26, Lemma 6] there exists a v € Hy (RV)" supported in
Dpg, R, forsome 2R < Ry < L/2 < 3L < Rz suchthatdivv=0in RV and (Vopr)-u= (Vor)-v
in RV Hence,

/ (V1) -udy = / (V1) -vdy = / div (¢.v) dy = 0.

L=|y|=2L [yI<R3 [yI<R3

Thus, letting L — oo yields that

/ D(u) : D(u) Jdy =0,
Q

which implies that D(u) = 0 in €, or equivalently, u € Span{qy, ..., qu} (see subsection 3.2).
But, u(y) = O(|y|”"¥=2) - 0 as |y| — oo, and so u = 0. By (3.16), Vi =0in Q2 and n =0 on
I'. This shows that n = 0. Since n — C, — 0 as |y| = 00, Coo = 0.

Case | < p < 2. For (n,u) € )7, () with | < p <2, we use the hypoellipticity of the

,loc
Stokes operator. Let @ be a C*°(RY) function which equals 1 for x € RY \ Byg and 0 for
X € Byg. Let B be the Bogovskii operator, and set

(v, ) = (ou = B[(Vw) - u], ppo () — Ce0)).

We see that (¢, v) e H 1.2 (RN) satisfies the Stokes equations:

p,loc
V—puAv+Ve=f, divv=0 inRY
with

f=—2u((Vo) - V)u— pu(Aw)u+ nAB[(Vo) - u]
+72(0 — Coo)Vo + wu — B[(Vo) -u] € H)(RV)".

Notice that suppf C B4g. By the Sobolev imbedding theorem, f e L, (RM)N | where ¢ is an
exponent such that 0 < N(1/p — 1/gq) < 1. By the standard result for the Stokes equations, we
have (¢, V) € qu,z (RV), which yields that (1, u) € th2 (RN \ Byp).

Lloc Lloc
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We next consider the interior problem:

divu=0 in  Qsg,

yiiu—Div (uD(u) — y2nI) = yiAu in - Qsg. G1s)
(1D(u) — yanI)Ar =0 on T,

(uD(w) — yanl)ng, =h on  Ssg,

with h = (MD(U) — VZUI)nssR € qu_l/q (Ss5r) by the discussion above. Since u € H[%(QsR)N -
Lq(Q5R)N, choosing A > 0 so large if necessary, by Corollary 2.4 (n,u) € qu’z(Q5R), and so

1,2
we have (n,u) € quloc
1,2

(n,uw) € Hz”loc(Q). This completes the proof of Lemma 3.6. O

(). If p < g <2, then repeated use of this argument finally implies that

Proof of Lemma 3.5. According to the compactness of Qg and the Fredholm alternative the-
orem, it is sufficient to verify the injectivity of Z + Qp. Let (d,f) € Ker(Z 4+ Qp), that is,

(d, 1) + Qo(d, ) = (0,0). Since supp Qo(d, f) C Dy, p,, supp (d, ) C Dp, p,- As Yo = Yoo =1
in Dy, p,, we have

(d, ) = (Yood, Yoof) = (Yod, Yof). (3.19)
In particular, £} = vof — fr, =f—fr, with

M

fr, =Y _(F.q)esVq;. (3.20)
j=1

Then, in view of (3.14), (0, tip) = (1 — @) (10, ug) + ¢(13, uy) satisfies the homogeneous equa-
tions:

yidiv lip =0 in Q
— Div (4D(llg) — y»7oI) =0 in
(Mﬁ(ﬁo) - Vzﬁol)ﬁr =0 on T,

and the radiation condition:
o) = O(x|” ™), Ho() = O(Ix|” ™M), ViEllp(x) = 0(Ix|~N D)
as |x| — oo by Theorem 3.3. Thus, by Lemma 3.6,
no=0, up=0. (3.21)
Then the choice of ¢ yields that
ni(x) =0, w(x)=0 forl|x|<b;, nox)=0, wuwp(x)=0 for|x]|>by. (3.22)
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‘We now introduce the extensions

(Mg, uy) (x) for x € Qsg \ Bar,

Na, W) (x) =
(72, 1) (x) 0 for x € Bop.

By (3.22), (3.11), (3.19), and (1.11), (7, 0y) € H,l,’Z(B5R) satisfy equations:

yidivy =d in  Bsg,
—Div (S@y) — y27j:d) =f — f, in Bsg,
(Sa@y) — yz’ﬁtl)nSSR =0 on Ssg.
On the other hand, by (3.22), and (3.19),
yidivug =d in  Bsg,
— Div (S(ug) — y2nol) =f in  Bsg, (3.23)
(S(ug) — )/27701)1155 <=0 on Ssg.
Setting (0, v) = (1 — no, U3 — up), we have
divv=0 in  Bsg,
— Div (/LD(V) — yZGI) =—fg, in  Bsg, (3.24)
(uD(v) — V291)“55R =0 on Ssg.

We now take the inner product (-, q;)ps; on the both side of (3.24) and use the divergence
theorem of Gaul3,

(R, )5 = (— Div (uD) - 1201). q;)

Bsg
m .
=L / D) : D(a;) dy — (126, div )5y = O,
Bsg

which yields that (f, q;) s, = (fr,, q;) Bsz = 0. Thus, fz, = 0 due to (3.20). Furthermore, (v, 6)
solves the homogeneous equations:

divv=0 in  Bsg,
— Div (,uD(v) — ;/291) =0 in Bsg,
(/LD(V) — yQGI)nSSR =0 on Ssg.

Therefore, 8 = 0 and D(v) = 0 in Bsg. In particular, no = 13 and D(up — uz) = 0 in Qsg.
According to (3.21) and (3.22), we have

0=rmn0+ ¢z —no) =no in Qsg.
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On the other hand, by D(up — uy) = 0 on Qsg, we assume that up = u; + q, for some q, €
Span {9y }. Since uy L Qp in Qsg and (3.22), we have (ug, qj)qs, =0 forall j=1,..., M,
which yields that (ug, q.)qs, = 0. Thus, by (3.21), we see that

0= @0, g)ese = (0 + (1 =) (W0 — W), Q) = ((1 = 9)Gu, Q) =0,

which implies that (1 — ¢)q, - q, = 0in Q5sg. Then q, = 0 by the choice of ¢. Again using (3.21),
we have

0=ug+ ¢ —up) =up — ¢q, =up in Qsp.

Therefore, (19, ug) = (0, 0) in 25, which, combined with equations (3.23), yields that (d,f) =
(0, 0). This completes the proof of Lemma 3.5. O

4. Some auxiliary problem

In this short section, we introduce some model problem which will be useful for our later
study on the resolvent estimates of the Lamé operators. For any fixed A € ¥, and 0 < ¢ < /2,
we consider the following system in the uniform C? domain G:

[{u—Div(aD(u)+(ﬁ—a+ykl)divul)zf in G, @

(@D@) + (B —a +yA~Hdivul)nyg =g on 9G,

with the constants «, 8, ¥ > 0 and the parameter ¢ € C. For A € X, and ¢y > 0, we introduce
that

B, ={zeZ:|agz —argla + B+ yr D <7 —el,

Eg,x ={ze€ E;’A t|argz —argo + B + yk_1)| <m—¢},

[a]

- 2, for Jx =0,
S h = 22 . -1\—1,\x x
{ze &, J((,B +yA™h) z)xs)» >0} for IA#0,

Ea,k,{g ={ze ES,A Hzl > o}
Then the result on (4.1) reads as follows:

Theorem 4.1. Let 0 < e <n/2, o, B,Y,b >0, 1 < p <00, and A € X, . Assume that G is a
uniform C* domain in RN. Then for any (f, g) € L,,(G)N X H; (G)N, there exists ¢y > 0 such

that (4.1) admits a unique solution u € HI%(G)N forany ¢ € B¢ . Moreover, we have

2 1
> 1219 w6 = C (Il + 215121V gl )
j=0 j=0

for some constant C depending solely on ¢, a, B8,y,b, p, N.
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Proof. The elliptic estimates of (4.1) can be established via the standard localization approach
(for instance see [6,9]), and so we omit the detail here. O

Remark 4.2. Let us give some comments on Theorem 4.1.

(1) It is not hard to see that B, ¢ forany 0 <e <m/2, A € ¢, and ¢y > 0. In fact, as
%0 y
yA~Lstill lies in =, with y > 0, we see that

larg(se + B+ YA~ <7 —e

2

en C Eé’)\. On the other hand, for any o > 0, we

for any s, o, B > 0. In particular, Ry C E
have

S(B+ya )T )=y (A +yI7IIN? >0 (31 #£0),
which implies R C E; 3 as well. Thus {w e Ry 1w > o} C B¢ x ¢
(2) In Theorem 4.1, G can be bounded or unbounded. Moreover, Theorem 4.1 can be extended

to the uniform domain G of the class W,z_l/r with 7 > N and r > max{p, p/(p — 1)} in the
framework of the R-boundedness theory. We refer to [6] for more details.

5. Resolvent problem for A away from zero

According to Theorem 3.1, we shall study the (1.13) whenever X is uniformly bounded from
below in this section. In next subsection, we first consider the case where A is far away from the
origin. Then we study (1.13) whenever A lies in some ring-shaped region.

5.1. Resolvent problem for large A
Recall the notion in (1.15). The main result of this subsection reads:

Theorem 5.1. Let 1 < p <r <00, and 0 < & < 7w /2. Assume that Q2 is a C? exterior domain in
RY for N > 3. Then there exist ., > 0 and two families of operators

(Poo(3), Voo(3)) € Hol (Ve L(H,*(); Hy2(52))),

such that (n,u) = (’Poo A), Vo (k))(d, f) e H[%’Z(Q) is a unique solution of (1.13) for any A €
Ve,n, and any (d, f) € H;’O(Q). Moreover, we have

Il a2y + 0l 20) < C(||d||le(sz) + Ifllz, ) (5.1

for some constant C depending solely on A2, €, p, L, v, 1, ¥2, N.
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The proof of Theorem 5.1 is similar to Theorem 2.2. In fact, we can rewrite (1.13) by

AN+ yrdiva=d + p(u) in £,
yiiu — Div (S(w) — y2nI) =f+F(n, u) in Q,
(S) — y2nI)nr = H(n, u) on T,

with

p(w)=—y1V:Vu,
Vi) =p(VVu+ (VVw) ') + (v — p)(V: V),
F(n.,u) =(VV | S(u) — y2nI) + Div V; (u),
H(7,w) = — (S(w) — y2nI) Var — Vi (wnr.

Moreover, (1.10) and (2.2) yield that
[ (o). Harw) | 1 ) + IFGL WL, 2 < Colln. VW)l g1y (5.2)

for any 1 < p <r < oo. Then Theorem 5.1 can be proved by taking advantage of (5.2), the fixed
point theorem, and the following result in [6]. So the details of the proof are left to the reader.

Theorem 5.2. [6, Theorem 2.4] Assume that Q2 is a C? exterior domain in RN for N > 3. Let
O<e<m/2,and 1 < p < o0. Set

Yp(Q) = Hy(Q) x L™ x Hy()N.
Then there exist Ay > 0 and two families of operators
(Poo (0, Voo () € Hol (Va3 L£(Y,(R); Hy (),

such that the following system:

rn+yidiva=d in Q,
y1Au — Div (S(u) — yzr;I) =f in Q, 5.3)
(S() — y2nI)np =h on T,

admits a unique solution (n,u) = (ﬁm(k),voo(k))(d,f, h) e H;’Z(Q) for A € Vg, and for
(d,f,h) € Y, (). Moreover, we have

Il 1@ + allp2@) < C(||(d,h)||H,g(sz) +1Ifllz, )
for some constant C depending solely on A2, €, p, L, v, 1, ¥2, N.
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The existence of the semigroup {7 (¢)};>¢ associated to (1.8) is immediate from Theorem 5.1.
For 1 < p, g < 0o, we define

Dp(Ag) ={(n,w) € Hy'(Q) |ue Hy( @, (Sw) — yanI)ar =0},

Dpqg() = (H'(R). Dy(Ag)) cHI@ x By V(@

1-1/q.9
Theorem 5.3. The operator Ag generates a Co-semigroup {T (t)};>0 in H,l,’O(Q) forany 1 <

p <r < oo, which is analytic as well. Denote the solution of (1.8) by (p, v)(¢t) = T (t)(po, Vo)-
Then there exist positive constants yy and C such that the following assertions hold.

(1) For (po, vo) € Hy (), we have
10- DOl 100y + (1 (0. VDOl 100 + 10D 1D, (4g)) = C (00, ¥0) | 1.0

(2) For (po, vo) € Dp(Ag), we have

13 0. VOl 10 gy + 100 D1, (4g) = Ce™ 100, V0)IID, (Ag)-

(3) For (po, vo) € Dp 4(2), we have

le™"" @rps 1, s + e 0V IL,@® L) + eV, @4 m2 )
= C(llpoll ) + ||V0||B§§31—1/q>(9))-
5.2. Resolvent problem for X in some compact subset
Thanks to Theorem 5.1 and Theorem 3.1, it remains to study (1.13) whenever A is uniformly

bounded from above and also from below. To this end, let us take some suitable positive constants
A and A} such that

O<r—A <l 0<i—hkl,

with A; and X, given by Theorem 3.1 and Theorem 5.1 respectively. For fixed constants
uw, v, y1,y2 > 0, we set

Yiy2 2 an2 Yiy2 2
K :{AE(C 0} : (RA + +&) +JIV > (———+¢ }
= {recyon e T 4o ez (U2

D.={re T, NK;: x| <|Al <A}

64
In this section, we address the resolvent problem (1.13) whenever A lies in D], above. The main
theorem of this section reads as follows:

Theorem 5.4. Suppose that Q is a C* exterior domain in RN for N > 3. Let 0 < & < 71/2,
N <r <oo, 1 < p<r,and : € D,. Then there exist two families of operators
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(Puia G, Vnia (%)) € Hol (DL: £(H}*(€); Hy2(@) ),

such that (n,u) = (Pm,’d()\), Vm,-d()\))(d,f) € H;’Z(Q) is a unique solution of (1.13) for any
X € D and for any (d,f) € H;’O(Q). Moreover, we have
Il 1) + Il p2) = C(||d||H,;(sz) + Ifllz, )

for some constant C depending solely on )Jl, )»’2, & Pyt UV, V1, V2, N

To check the solvability of (1.13) for A in D], we will study some model problem in the
bounded domain Q25 in Subsection 5.2.1. Afterwards, we construct the solution operators by
fixing A, and then extend the result to the whole region D] by the compactness of Dy,.

5.2.1. Some model problem in Qs5g
Recall the notion in (1.15). We consider the following system in Q5 for any fixed A € £, NK:

An+yrdiva=d

in  Qsg,
yisu—Div (S —yonI) =f  in Qsp,
_ (5.5)
(S() — yanI)nr =0 on T,
(S(u) — V2771)n35R =0 on Ssg

The result for (5.5) can be established as follows.

Theorem 5.5. Let 2, ¢, p, r be given as in Theorem 5.4. Then there exist continuous linear op-
erators

(Po), Vo)) € L(Hy (Qsr); Hy* (k)

for any fixed A € £, N K such that (n,u) = (Po(k), Vo()»))(d, f) e H;’2(§25R) is a unique solu-
tion of (5.5) for any (d,f) € H;’O(QsR). Moreover, we have

1l ) sp) T Il B2 050) = C;\(lldHng(QSR) + Ifll L, sp))
for some constant C), depending solely on A, ¢, p,r, i, v, y1,v2, N

To solve (5.5), we consider

An+ yrdiva=d

in  Qsg,
y1Au — Div (S(u) — yan) =f in Qsg, 5.6)
(S — yan)nmSR =g on 99sp.

Applying Theorem 4.1, we have the following theorem for (5.6).
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Theorem 5.6. Let 2, ¢ be given as in Theorem 5.4 and 1 < p < 0o. Set that
_ gl N 1 N
Y)(Qsr) = H)(Qs58) x Ly(Qsp)" x HA(Qsp)".
Then there exist continuous linear operators
(Po). Von) € L(Y(Qsr): Hy* (258))

for any fixed . € ¥, N K such that (n,u) = (730(A), ﬁo(k))(d, fge H;’2(§25R) is a (unique)
solution of (5.6) for any (d, £, g) € Y,,(Qsg). Moreover, we have

||’7||H1;(QSR) + ||u||H[27(95R) <Ci(lld, g)”H[g(QSR) + ||f||Lp(s25R))
for some constant C;, depending solely on A, ¢, p, i, v, y1, V2, N.
Proof. Now, let us construct 50(A) and 170 (A). We reduce (5.6) by inserting n = 2 ld - y1divu)

into (5.6),,

au—Div (D) + (B —a +ya " Hdivul) =F  in  Qsg,
(5.7)
G

(aD() + (B — a + y22~ Hdiv ul)n,, = on 9k,
with
(@ B) =y '(w.v), F=y =2y 'yaVd, and G=y 'g+ 27"y "yadny, . (5.8)

So we shall study the solvability of (5.7) in what follows.
According to Theorem 4.1 and Remark 4.2, there exists ) € Eg 3¢, for some ¢y > 0 such that

{Qu —Div (D) + (B —a +ya Hdivul) =F  in  Qsg, 59)

(@D@) + (B —a + 22~ Hdivul)n,, =G on 9Qsg,

admits a solution Ry, (F, G) =u € H}(Qsg)" forany (F, G) € L,(Qsr)" x H}(Qsr)" . More-
over, we have

1l 2250 = Cr UL @50 + 1G] 113 250 (5.10)
Next, we rewrite (5.9) by

au—Div (@D@) + (B — o + A Hdival) =F+ (. — )R, (F,G)  in Qsg,
(@D@) + (B —a + 22~ Hdivul)n,, =G on 9Qsg,

and then denote
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for any (F,G) € LP(Q5R)N X H;(QsR)N. By the Rellich’s Theorem, we know that 7, is
compact on L, (25 Y x H 1% (S258)". Furthermore, we claim that Z + 7, is invertible from
L,(Qsp)N x H;(QsR)N into itself. By the existence of (Z+T,) "L, u=R¢, o (Z+T,) "' (F,G)
is a solution of (5.7). According to (5.8) and (5.10), we obtain

lall g2 s) = Cx(lldllﬂlgmm + £l L, 2s8))- (5.11)
Then the bound of n follows from (5.6); and (5.11).
At last, we prove the claim above. In fact, the existence of (Z + 7})_1 is reduced to the

injectivity of Z+ 7, due to the Fredholm alternative theorem. So let us consider the homogeneous
equation

(Z + T (Fo, Go) = (Fo + (A — &) R, (Fo, Go), Go) =0 (5.12)

for some (Fg, Gg) € LP(Q5R)N X H;(Q5R)N. Immediately, we see from (5.12) that Go = 0, and
that

Fo+ (A — )R, (Fp,0) =0.
Now, set ug = R, (Fp,0) € H[%(Q5R)N, which satisfies
Aug — Div (ozD(uo) +(B—-—a+ yzk_l)div uOI) =0 in Qspg,
(@D(ug) + (B — o + 22~ Hdiv ul)n,, =0 on 9Ssg.

By the discussion on (5.14) in the proof of Lemma 5.7, we can conclude that ug = Fy = 0. This
completes our proof for the injectivity of Z + 7. O

The existence in Theorem 5.5 is immediate from the fixed point argument and Theorem 5.6.
To handle the uniqueness issue in Theorem 5.5, we consider some (n,u) € H ;’Z(G) satisfying
the following system:

An+ pyrdiva=0 in G,
Ayiu—Div (S) —ynI) =0  in G, (5.13)
(S) — yonI)iyg =0 on 9G,

where G € {€25g, Bsg, €2}, nyg is the unit normal vector on the boundary G, and nyg = (I +
V)n,g. Noting that n = —A~!y;divu, we obtain from (5.13),,

au—Div(eD) + (B —a+1"'p)divul) =0 in G,

_ _ (5.14)
(D) + (B —a + 2" yy)divul)iyg =0 on G,

with (o, ) = yl_l (u, v). For (5.14), we can prove the following lemma, which also yields the
uniqueness of (5.13).
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Lemma 5.7. Let 0 <e <7 /2, 1 < p <00, and G € {Q5p, Bsg, Q). Assume that u € H;’Z(G)
solves (5.14) for A € ¥, N K. Thenu(y) =0 forany y € G.

Proof. Step 1. We first consider the case p = 2. Taking the inner product (-, Ju)g for (5.14),
and integration by parts yield that

ozxuﬁuuiz@+%/ﬁ(u):ﬁ(u)de+(ﬁ—a+yzr1)H\/7EuHiz(G) (5.15)
G

=AAg +aA; + (@ + B+ 1A~ HA,,
with

2 = 2 -2
Ao = ”ﬁuan(G)’ Ar= Z ”“/71)(“)1'1' ||L2(G)’ Ay = ”ﬁdl"““Lz(G)'

I<i<j<N
Now we take the real and imaginary parts of (5.15),
NAAo+ Al + (@ + B+ 1A 2R A2 =0, IAAg— 12|A| 231 A2 = 0. (5.16)
To see u = 0 from (5.16), it suffices to show Ay = 0. If JA =0, then KA > 0 as A € X,. Thus

the first equality in (5.16) gives us Ag = 0.
On the other hand, for JA # 0, we insert Ag = y2|k|_2A2 into the first equality in (5.16),

aAi + (4 B+ 2 A 2R(A)Ar = 0.
Observe that Ag = 0 is equivalent to A =0 as A # 0.
(1) (S #0 and RA > 0). If RA > 0, we have ¢ A1 + (o + B)A, <0, which yields that A} =

Ar=0.
(2) (IA#0and RA < 0). By the definition of K, A fulfils that

@+ B’
2y

<NA <O.

Hence o« + B + 2y |A| 7201 > 0, and then A; = A, = 0.

This completes the proof for p = 2.

Step 2. Now we assume that G = Q5 or Bsgr. By Step 1 and the boundedness of G, we have
the uniqueness for 2 < p < co. Suppose that 1 < p < 2. We take advantage of the hypoellipticity
of (5.14). Namely, we rewrite (5.14) by

A —Div (D) + (B —a + A" 'yp)divul) = (A, —A)u  in G,
(D) + (B —a + 2 yy)dival)iyg =0 on 9G,
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for some large number A, > 0. Notice that the embedding Hli (G) = Ly(G) for 0 < N/p —
N/q < 1. Then we see thatu € Hq2(G)N . By applying this idea in finite times, we can prove that
ue H; (G)V.

Step 3. At last, we study (5.14) in Q. We will see that u € H22(Q) by the hypoellipticity of
(5.14). Recall the definition of ¢ in (3.5), and set w = pu. Then we have

)\w—m(aﬁ(w)-l—(ﬂ—a—i—)ﬁlyz)ﬁwl)=fu in Qsg,
. (5.17)

(@DW) + (B —a+2" " y)divwl),, on 3Qsg,
with
f, = —DivU — (aD(u) + (8 — o + A~ yo)divul) Vo,
U=a(Vop@u+u® V) +(B—a+1 ') (Ve wl

Moreover, we have f, € H ;(Q5R)N . Then the discussion in Step 2 implies that w = gu €

H}(Qsgp)" forall 1 < p < oo. Thatis, u € H(Qp,)" for 3R < by < by <4R.
Next, we consider v = Yoot for ¥, in (3.5), which satisfies

AV —Div (aD(v) + (B —a + 2" pp)divvl) = g, in RY, (5.18)
with
g, = —DivU — (aD() + (8 — a + A~ pr)divul) Ve,
U=a(Vifoo ®U+U® Vhoo) + (B — ¢ + 27 112) (Voo - WL

Then we have suppg, C Qsg and ||g,|| H(@sr) is finite. Thus we can use Theorem 3.2 and

the argument in Step 2 to get v = you € H%(RN)N for all 1 < p < oo. Then we have u €
H;(Q\Bbl)’v by (3.5). This completes our proof. O

5.2.2. Solvability of (1.13) by fixing A
Here we simplify the strategy in Subsection 3.2 to construct the solution operators of (1.13)

for 1 € D.

Theorem 5.8. Let 2, €, p, r be given as in Theorem 5.4, and )\ € Dg. Then there exist continuous
linear operators

(Pmia (). Vimia (V) € L(H)*(Q); Hy ()

for any fixed A € D, such that (n,u) = (’Pmid(A), Vm,'d()»))(d, f) e Hé’z(Q) is a unique solution
of (1.13) for any (d,f) € H,l,’O(Q). Moreover, we have

Il @) + lullp2@) = CA(||d||H,}(sz) + Ifllz, @)
for some constant C,, depending solely on A, ¢, p,r, i, v, y1,¥2, N.
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Thanks to Lemma 5.7, we only focus on the constructing P,,;4(A) and V,,iq(1). By Theo-
rem 3.2 and Theorem 5.5, we introduce that for A € Dg,

M, w) = (P, V) Wood, Yool), (2, u2) = (Po(M)Vo(L)) (Wod, o),
m=0d.H=0—-pm +en, W=¥dH)=0-pu +guy,

where @, Yo and Vo are given in (3.5). Then 77, and u;, fulfil

A + yidiv U, = d + D;.(d, ) in
YA, — Div (S@,) — o) =f+ Fud, ) in Q,
(S@,) — y>mI)nr =0 on T,

where V), is defined in (3.13), and

Dyd.f) =y1Ve - (uy —wy),

Fuld, ) =((Sw) = yamI) = (S(uz) = y2151) ) Ve — Div V3 (@, ).
Moreover, we have

Qi(d,f) = (D;, F)d.H e HY(Q), V reD,
which is a compact operator on H ;’O(Q) in view of the Rellich compactness theorem and
supp Q,.(d,f) Csupp Ve C Dy, p, ={x € Q: by < |x| < bo}.

In addition, Z + Q,, is invertible due to the following lemma.
Lemma 5.9. For any \ € D.,, T+ Q; has a bounded inverse (I + Q;)~" in E(H;’O(Q)).
Proof. According to the compactness of O, and the Fredholm’s alternative theorem, it is

sufficient to verify the injectivity of Z + Q,. For any (d,f) € Ker(Z + Q) C H;’O(Q),
suppd, suppf C Dy, »,. Thus

(d. 1) = (Yood, Yoof) = (Yod,, Yof).

By Theorem 3.2 and Theorem 5.5, we denote

(., w) = (P(), YW) (@, 6), and (nz,uz) = (Po(R), Vo(M))(d, f)

for all & € D.. Then (7, ")) = (1 — @) (5, W) + @(n4, uy) satisfies

ATy + yidiv @, =0 in Q,
i, —Div (S@) — ) =0 in @,
(S@i,) — i I)ar =0 on T.
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Hence Lemma 5.7 yields that

(T, W) = (1 —@)(r, wp) + @, ug) = (0,0)  in Q, (5.19)
and that

n3(x) =0, uy =0 for |x| <b;, n.(x)=0, u, =0 for [x]| > by.

Next, set that

~ ~ (4, ug) (x) for x € Qsg \ B2g,
(g, ay)(x) =

0 for x € Bap.
Then (p, v) = (7; — nx, Uy — uy) satisfies

Ap+yidivv=0 in  Bsg,
y1Av — Div (S(v) — y20I) =0 in Bsg,
(Sw — ysz)nSSR =0 on Ssg.

By modifying the proof of Lemma 5.7, we obtain that (p, v) = (0, 0) in Bsg. In particular,

(g, ug) = (5., W) in Dy, p,.

Then (5.19) implies that (n;,u) = (0,0) in Dy, p,, and (d,f) = (0, 0) for suppd, suppf C
Dy, b,. This completes our proof. O

Completing the proof of Theorem 5.4. By Theorem 5.8, we have
H (Pmid()\)’ led()"))(dv f) || H]')l(g) S C}\ ” (d7 ﬂ ”H]I,’O(Q)
for any A € D;. Then

for any ¢ € By, (A) for some r;, > 0. As D, is compact, we can choose finite A1, ..., Ay, € D,
such that D, C U,I{Vil By, (). Then we have

|| (Pmid()‘«)s led()\,))(d, f) ||H11,’2(Q) = C”(d’ D"H;,O(Q)
forany A€ D,. O
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6. L p-L, estimates of the linearized problem

In this section, we will prove L ,-L, estimates of (1.8). In next subsection, we show Theo-
rem 1.2 by using the results in sections 3 and 5. Then we review a preliminary result for some
model problem in the whole space R", which plays the key role in the proof of Theorem 1.1. At
last, we derive the L ,-L, decay estimates for (1.8) in subsection 6.3.

6.1. Local energy estimates

This short subsection is dedicated to the proof of Theorem 1.2. Without loss of generality,
we ﬁake L = 5R. Recall the definition K, and D, and choose 0 < ¢ < &’ < 7/2 such that
Ml ™=¢) € K,. Then we introduce

F'=r ,Ulr'; Uy oUDLUD_UT_ogUI'_;UI'_ 5,
where 't x, k =0, 1, 2, D4 are defined by
F+’2 = {)\’ :rei(ﬂ—g/)’r © 00 —> )\/2}’ F+’1 — {)\’ :rei(n—g’)’r )\,/2 N )\’/1},
[y o={r=2Acos(r — &) +is,s:A]sin(m — &) — 0},
Dy ={r=se",s: Mjcose’ >0}, D_={xr =se T 50> A cose’},
I_o={r=A cos(—m +¢&')+is,s:0— A|sin(—7 + &)},
r_i={r= rel e M—=A), To,={H= rel Tt 4 : Ay — oo}
Next, we denote that

2
1
T = 5 [ 0T+ A0 on.vo)dr= Y- (0 + T0),

r k=0
with

1
() =5~ / ML+ Aq) (0o, Vo) dA, k=0,1,2,
l

Iy kUl

1
J(t) = / M 0T+ Ag) ™ (po, vo) di.
2mi
DLUD_

By Theorem 5.4 and Theorem 5.1, it is not hard to see that

||1k/ (t) ”H;.Z(Q) = Cg’e_()tk/ cose)t

/
(oo, Vo)l yro(yr V121, k' =1,2.
Thank to Theorem 3.1, Ij is bounded by

— (A cose)t

Mol 1.2 (5 = Ceve (oo, Vo)l 10> V2= 1.
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Now, let us study J (¢). According to Theorem 3.1, we can rewrite J (t) = Jo(t) + J1(¢) + J2(¢)
with

1
Jo =5 / AN (10g )M (0, VO) (00, vo) dA.,
Tl
DLUD_

1
I =— / AN 2 log MM, V) (po, Vo) d .,
Tl

D UD_

1

nO =5 - / M (M2, V2)(po, vo) d.
Tl
DLUD_

By the analyticity of operator (Mz, Vf) near Dy U D_, we have J>(t) = 0. Moreover, direct
calculations yield

—N/2
” JO(t)”HpLz(QSR) S CE t ”(PO, VO) ||H]|,’0(Q)’
—N=D)
1O 12 (g ) = Cert (o0, o)l 10> V£ 21

Summing up all the bounds, we obtain that

IT@ (0. V)l 125y < Cet ™21 (00, ¥O) I 10 Y121 and N = 3.

At last, note that

1 _
T o0, v0) = 5 - / Ik OT + Aa)™ (oo, Vo) d.
r

By the similar calculations, we can obtain the desired estimates for the higher derivatives in
Theorem 1.2.

6.2. Some result for the problem in RN

0+ yidivu=0 in RY xRy,
ydu—Div(Sm) —ynl) =0  in RY xRy, 6.1)
(M, W) ];=0 = (Mo, o) in RV,

For (6.1), we recall the following result proved in [17].

Theorem 6.1. [/7, Theorems 2.3 and 2.4] There exist no, n°, u°, and u™ such that (n,u) =
1" 4+ n°°,u® + u®) solves (6.1), and the following assertions hold for non-negative integers
£, m and n.
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(1) Forallt > 1, there exists a C = Cyy ¢, p,q > 0 such that

Do 1973 YDl ey < CoN VAP0 (g wo) |, ey
la|=¢

with 1 < g <2 < p < o0. Moreover,

> 1970 0% ) Ol ®yy < Cl00, wo)ll, @y), ¥O<t<2,
|oe|=¢

for1<q <p=<ocand(p,q)#(1,1), (00, 00).
(2) Let ()T =L if£>0and )T =0if £ <0. Let 1 < p < oo. Then, there exist positive
constants C and c such that for any t > 0,

—ct (,—n/2
D0 0, @) < Ce C’(r "2lnoll gomsent gy + 1m0l @Y
lae|=¢ r

—n/2
+1 ||u0||H’(12m+efn71)+(RN) + ”u0||H;€’”+(RN))’

m oo 00 —ct,—n/2
> 0w Wl vy < e (7m0l i g, + 100t v,

lot|=¢

—n/2
417 ||u0||H;2m+£7n)+(RN) + ||“0||H,()zfz)+(RN)>~
6.3. Proof of Theorem 1.1

To obtain the decay estimates of (o, v) = T (¢)(po, Vo), we borrow the cut-off functions ¢, g
and V¥« in (3.5). The proof is mainly divided into two steps, where we treat the bound of (p, v)
in Qsg and Q\Bsg respectively. For simplicity, we only check the L,-L, decay estimates for
t > 3 with the large time behaviour of the solutions involved. Afterwards, the bound for all 7 > 1
can be obtained by refining the constant C in Theorem 1.1.

Step 1. In this part, we would like to verify the following estimate in Qsg,

IT @00Vl 1205y = 12N 20. VO g V12 3. (6.2)

To prove (6.2), we introduce (1, u) by solving the following system:

on + yrdiva=0 in RNXR+,
y10,u — Div (S(u) — yan) =0 in RY x Ry,
(1, W |i=0 = (Y000, Yoo V0) in RV,

In addition, Theorem 6.1 and the definition of ¥/« in (3.5) imply that

10 WOl 4126, = Cor (10" WOl 12 @ny + 100D 12 gx)) 63)

<Cpqart N0, Vo)l pgs ¥1>1.
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Next, (8, w) = (p,Vv) — (1 — ¢)(n, u) fulfils that

30 + y1divw=d, in QxRy,

y19w —Div (S(w) — 1»01) =f,,  in QxRy, 64
(S(w) — y26T)ar =0 on I'xRy,

(0. W)|1=0 = (¢p0. ¥Vo) in £,

with
dy=vVe-u, f,,= —(S(u) - ygnI)Vgo + DivU,
U=—u®Ve+Vepu) — (v—w (Ve -ul,

where we have used the fact that (1 —¢)V =0 from (1.11) and (3.5). Clearly,
supp (dy, £y,u, U) C Dy, p, C Q5p.

Moreover, (6.3) yields that (dy, £,.,) € Hy'' (Qsg) with

1 ) Ol g1 ) = WO gt = Cog. w1V VN0, VO pg. (6:5)

fork=0,1,and ¢t > 1.
By the definition of (8, w) and (6.3), (6.2) holds true if one can show

10 WDl 41265y = Ct VN (00. VO g, V12 3. (6.6)

To obtain (6.6), we use the Duhamel principle,

t

(0. w)(2) =T ()(ppo. Vo) +/T(t — 8)(du, £y,u)(s) ds. (6.7)
0

As (ppo, Vo) € X 5r(S2), Theorem 1.2 yields that

—NJ2
IT @) (@po. pVolll 1.2y = €1

—N/2
I (@00, ¢V0)I|H];,O(Q> <Ct Il (oo, Vo)l 0@ (6.3)
for all ¢ > 1. To bound the second term on the right-hand side of (6.7), we write

t

1
/T(t—s)(du,fn,u)(s)dsz (/+

0

t t

-2
—i—/)T(t—s)(du,fn,,,)(s)ds
0 1 t—2

=Lt)+ L)+ (1), Y>3,

and then we study I (¢) k =1, 2, 3, respectively in what follows.

194



Y. Shibata and X. Zhang Journal of Differential Equations 325 (2022) 150-205

Bound of I;(#). Firstly, Theorem 6.1 yields that

I WOl 01 vy < CA™ 21 (Woopo. YooVl @) + 1 (Yoopo. YooV0) I, &) (6.9)

<t 211000, VOl g for 0 <z <1.

Then, by Theorem 1.2 and (6.9), we have

1
1@l g2 g = C/(t — N2, Er.) ) 100y 45
0

1
< C /(f — S)_N/2||(77a u)(s)||H2’1(Q5R) ds
0

<t 1000, VOl p.g. V1= 3.
Bound of I5(¢). According to Theorem 1.2 and (6.5), we have

t—2

12Ol gy =€ [ €= 575100 dsl o, v
1

Note that
t—2 t/3 -2
/(l—s)fN/zst/(zq)dsf (/—i— / )(t—s)fN/zst/(zq)ds
1 1 t/3
1/3

S/((t+S)/2)_N/2S_N/(2q)ds
1
=2

(6.10)

(6.11)

+ / (t — )N +9)/4) VD ds = A1) + Ar(0).

t/3
For the bound of A{(#), we first assume that N/(2¢g) > 1, and obtain

t/3
Al(r) < CNt_N/Z/s_N/(Z") ds < Cynt N2,
1

Otherwise, if 0 < N/(2g) <1 for some N > 3, then we have
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1/3

s1+U—N/(2q)

M= T
1

57059 g5 < C gyt~ V2710 +N/CO),

with 0 < o < 1/2. Thus we have

A1(t) < Cynt ™MD forall 1 <g <2and N > 3.

On the other hand,
=2
As(t) < CyytN/CD / (t =) N2ds < €yt N2,
1/3

Now, combining the bounds of A(¢) and A;(¢) above, we obtain

t—2
/ (6 — ) N2NICD g < ¢, i NICD,
1

which, together with (6.11), implies that

101 120y < €t Ol 0. VO g, V123, (6.12)

Bound of I53(¢). By Theorem 5.3, we have

CrId Dl 1oy ¥ (d. D) € Hy ().

T)d, : =
17 (2)( f)HleZ(Q) {C”(d’f)”H;’Z(Q)’ vV (d,f)eD,y(Ag),

for 0 <t < 2. Then by the interpolation, we see that
—1/2
T (t)(d, f)IIle,z(Q) <Ct ||(d,f)||H11)_1(Q). (6.13)

Now, we obtain from (6.13) and (6.5) that

t
—-1/2
||I3(t)”H,lf2(QSR) =C f(t—s) / Il (du, fn,u)(5)||H,£~1(g25R)dS
t—2

! (6.14)
<c f (6 — )" Y25N2D sl oo, Vo)l pg
t—2

< CtNCD(po, o)l p.gs V=3

Finally, we can conclude the claim (6.6) by summing up (6.8), (6.10), (6.12) and (6.14). This
completes the proof of (6.2).

196



Y. Shibata and X. Zhang Journal of Differential Equations 325 (2022) 150-205

Step 2. Let us study the bound of (p, v) = T (¢)(po, Vo) near the area 2\ Bsz by holding (6.3).
Recall the definition of /o in (3.5). Then (0, V) = (Yoo 0, Yoo V) can be regarded as a solution
of

WP+ ydivi=d in RY xRy,
&V —Div(S® —ypl)=f in RY xRy, (6.15)
(P 9)i=0 = (Y0000, Yoo V0) in RV,

with
d=y1V{eo -V, f=—(S(¥) —120I) Voo — DivV
V=u"® Voo + Voo ® V) + (v — 1) (Voo - V) L.

Moreover, we have supp (3 ,Y') C Qs5g and

@ DO, < Clte. VOU401 0 am0 @50 = Cra k0O 401

forany t > 0and 1 <g <2 < p < 0o. Similar to (6.13), we can conclude

1T @) (o V)l 11 g = €1~ 21100, VO) | 10y (0 <1 <3) (6.16)

from the following inequalities in Theorem 5.3:
170 (00, ¥0)l 10,0y < CllP0 VO 100 1T D0 VO 120y < €1 1P, VO 10, -
Thus (6.16) and (6.2) yield that®

—1/2
Ct /||(p0,v0)||Hp1,o(Q), for0 <t <2,

(6.17)
Ct_N/(Zq)III(po, vo)lllp.g, forz>2.

p.q9 —

@b, , <]
According to Theorem 3.2, we denote {T(t)},zo for the (analytic) semigroup associated to
(6.15). Then the Duhamel principle furnishes

t

(B, V) (1) = T (1) (Yoo 0> Yoo Vo) + / T(t —s)d,B(s)ds. (6.18)

0

Applying Theorem 6.1, we obtain for # > 1,

3 Without loss of generality, we can divide the time interval R by ¢ = 2, as the bound of (J ,?')(t) for t € [2,3] is
uniform up to some constant C.
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1T () Woopo, YooV, Yy < Cpgt™ M4 N P21 (00, v0) llp g
IVT () Woop0, Yoo Vo)l way < Cpgt™ MNP (0o, Vo)l .4
IV2Py T (8) Woop0, YooV I, &Yy < Cpgt ™ N4 NP2 (0, ¥0) llp g
Next, to study the second term on the right-hand side of (6.18), we write

t

2 t—1 t
f?(z—s)(ﬁ,'f’)(s)ds_ / f / Tt —s)d,Ds)ds
0 2

0 P
L)+ L)+ L(), Vi=3.

(6.19)

Bound of 71 (t). For0 <s <2andt >3, we have (¢t —s) > (t +5)/5. Then (6.19) and (6.17)

yield for ¢ > 3,

1@l @y < C / (t = 5)" WINPT ds || (po. ¥o)l 10,6,
0

< o= MNP (oo, ¥o)l 10,y

2
IVTi @), myy < C / (t =) WaTNIDEERS T ds [ (00, vo)l 10,6,
0
< Ct~WN/g=N/p)/2—-1/2
< 100, o)l 1.0
2
IV*P i)l @) < C / (t = 5)" WINPT ds (oo, Vo) 10
0

< Ct=WNIa=N/P2=1y (g0 V0)||HI§’0(Q)'

Bound of 1~2(t). As supp (EZVT') C Q5p, observe that

l@voll,, < CorllddO],, vi>o0.

p.1 =
Then (6.19) and (6.17) imply for ¢ > 3,
t—1

1ROl @y < C / (t — )" N=NIP2g=NICD dis | (po, ¥0)llp.g -

t—1

IVRO L, ®y) < C f (1 — )" WNIDRZARNICD gl (09, Vo)l p.g.
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t—1

IV*P @, @y < C / (1 = 5)” N=NIP2=L=NICD s (0o, ¥0) l .-

2

To continue the discussions, we write for « > 0,

t—1 2t/3  t—1
/(t—s)f’(st/(z‘”ds=</—i—/)(r—s)*"s*N/(zq)ds
2 2 2/3

2t/3

< f ((t +5)/5) " s™N/@D g
2
-1
+ / (1 — )7 (20 +9)/5) VP ds.
2t/3

Then the similar argument to the bound (6.11) gives us

IR, @yy < Ct= NN (09, Vo)l p.q
IVLOIl, @y < Ct= PN (00, o)l g

IV*Pu (), @y < Ct= PN (0o, Vo)l pg, V123

6.22)

Bound of 73(1). According to Theorem 3.2 and the standard semigroup theory, we have

17O Dl 10w, < CIE D 10 gw)-
INT (), DIy, ®vy < Ct~ 21, DI, &),

IV P T (1)@ Dl @y) < C1~ 21 DI 1 .

for 0 <7 <2and (d,f) € Hy' (RV). In addition, (6.17) and (6.2) yield that

(6.23)

@D 11 gy < CUE DO 51000, + VO 52250) < €1 G0, V0) g

for all s > 2. Thus we obtain from (6.23) and (6.24) that

t
IBONL, @y, <C / 1@ DS 10, ds < LN VY0 ¥0) .-

t—1

t
IV®I, @y <€ / (t =) D), ww, ds
-1

t
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< Ct™NCD}(po, vl p.g.

t
IV Py, @y < C / 0 =) U@ DG 11 g, ds
-1

t

<tV Do, vo)llpg. V=3
At last, we combine (6.19), (6.20), (6.22) and (6.25) to obtain

< Ct= NN (po, Vo)l p.q»

1B, DO, &)
IV@ DO, @y < Ct= PV (00, V) llp g

IV, @y < Ct= P40, ¥o)lll g, V123
Furthermore, we immediately obtain from (6.26) that

(o VYOI, @\8sp) < Ct~ NN (00, Vo)l p.g.

IV (0. YOIz, @\850) < Ct™ 7 P L1 (00, V0l p.g-

IV2VO)lz,@\8s0) < Ct~ PN (00, Vo)l p.g

(6.26)

6.27)

Then (6.2) and (6.26) yield the desired bound for # > 3. This completes the proof of Theorem 1.1.
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Appendix A. Principal of the linearization
A.l. Formulation via partial Lagrange coordinates

Let us define

t
x:Xu(y,t)=y+/i<(y)u(y,s)dsEQ,UF,, VyeQUT,
0

for some vector u =u(-, s) definedin Q U, and 0 <t < T. By assuming the condition

T
f e u, )l g1 @ds <8 <1/2
0
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for small constant § > 0, we denote Xl;l (-, t) for the inverse of Xy(-, ¢) in (A.1). Suppose that

plx,t)= n(XJl(x, t),t), v(x,t) :u(X;l(x, t),t), Q= {x =Xu(y,t)|ye€ Q},

solve (1.1) for some function 7 defined in 2. We will derive the equations formally satisfied by
(p,u) in © in what follows.

Assume that T is a compact hypersurface of C? class. The kinematic (non-slip) condition
Vr, = v -1, is automatically satisfied under the transformation X, because x = 1 near the
boundary I'. The calculations for the rest equations in (1.1) are very similar to the full Lagrangian
transformation case. Denote that

t

0x

@ =V, Xy=1+ / Vyku(y, s))ds,
0

and Jy = det(Vy Xy). Then by the assumption (A.2), there exists the inverse of Vy Xy, that is,

t

0 _
2= (V) =T Vo, k=/vy<x<y)u<y,s>>ds,
0

where Vo(k) = [Vo;; (K) Iy xn is a matrix-valued function given by
> .
Vok) = (-k)’.
j=1

In particular, V((0) = 0. By the chain rule, we introduce the gradient, divergence and stress
tensor operators with respect to the transformation (A.1),

Va=([+ Vo) Yy, divau=(I+ Vo) : Vyu=1""div, (/(1+ Vo) u),
Dy(w) = (I+ VoK) Vu + (V)" (I+ Vo)) " =D(w) + VoK) Vu + (Vo) Vu) ', (A3)
Su@) = uDu(@) + (v = WEVWL  DiveA =Jg ' Div, (AL + Vo).
In addition, the ith component of Div yA can be also written via

N
(Div4A); = Z [1+Vo®)] , 8Aij, Vi=1,....N. (A.4)
jik=1

In particular, Div,A = 0 if A is a constant matrix. Then according to (A.3), (o, u) fulfils

201



Y. Shibata and X. Zhang Journal of Differential Equations 325 (2022) 150-205

on+ (1 —x)u-Vun + (pe +n)divyqu=0 in Qx(0,7T),
(pe +m)(du+ (1 — k)u- Vyu) — Divy(Su(@) — P(o. +mI) =0 in Qx(0,T7),
(Su(w) = P(pe + mI)ny = —P(p,)ny on T'x(0,T),
(n, w)|s=0 = (0o, Vo) in Q,
(A.5)
where nr denotes the unit normal vector to I, and ny, is defined by
0o (I + V()(k))ll]" '
7T+ Vok)nr |

It is clear that the boundary condition in (A.5) is equivalent to
(Su@ = (PCoe +m) = P(p)T) (14 Vo(K)nr = 0. (A.6)
A.2. Modified equations from (A.5)

In this subsection, we derive another linearized form of (1.1) from (A.5). We assume that

t

k= [ V&0 ds
0

satisfies (A.2). Given a smooth function
G=Gk) :RVN LR,

we use Taylor’s theorem

T T
G(k):G(/Vy(K(y)u(y,s)) ds —/Vy(lc(y)u(y,s))ds)
0 t

T
=GK) + Z Rg(/ Vy(k(Mu(y, s)) ds)e

lel=1, BN} t
=G(K)+G,
with K = fOT vy (K Mu(y, s)) ds, G = G (k) — G(K), and R, given by

1

T
R = —f(aeG)<K -0 / Vy(/c(y)u(y, s)) ds) 46,
t

0

With this notation K, we introduce that
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J(K) = (det I+ VO(K)))A =det(VyXu(T,y)), divyu=(I+VoK)):V,u,

Dr(w) = (I+ Vo(K)) Vu+ (Vo) " (I+Vo(K)) ",

(A7)

Sr(w) = uDr(u) + (v — )(divyw), DivyA = J(K)’lDiVy(J(K)A(I + Vo(K))).

Then the symbols in (A.3) are rewritten by noting (A.4) as follows,

divyu=divru+Vo: Vyu, Dy(u) =Dz )+ VoVu+ (Vovu) T,

Su(w) =S + u(VoVu+ (Vovw) ") + (v — ) (Vo : VL,
DivyA = Div7A + (VoV|A),

where the ith component of (BV|A) equals to 3, BjkdkAij.
On the other hand, as P(-) is smooth, we obtain from Taylor’s theorem that

1
2
P(pe +n) — P(pe) = P'(pe)n + % / P"(pe +6n)(1 —6)d6b.
0

Then we note from (A.9) that

Su(@) — (P(pe +m) — P(pe))I=Sr (W) — P'(p)nl + Vi(n, w),

with Vi (n, u) given by

Vi, w) = (VoVu+ (Vovw) ") + (v — ) (Vo : Vywl
n’ \
+5 / P"(pe +6n)(1 — 0) dOL.
0

Then thanks to (A.8) and (A.10), (A.5) with (A.6) can be reformulated by

0 + pedivru= f(n,u) in Qx(0,7),
pedsu — Divr (St (w) — P'(p)nl) = g(n, u) in Qx(0,7),
(St () = P'(pe)n) (I+ Vo(K))n =h(y, w) in T'x(0,7),

(1, Wr=0 = (po, Vo),
where the nonlinear terms on the r.h.s. of (A.11) are given by
f,w) =—(1 —)u- Vyn — ndivyu — p.Vo : Vyu,

g(n,u) =—nou— (o +n)(1 —x)u-Vyu
+DivyVi(n,w) + (VoVISt () — P’ (o)1),
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1

2 ~
(. w =~ (Su(w — (P + 75 [ P'(o. +0m(1 ~0)ao))Von
0

— Vi, w)(I+ Vo(K))n.
At last, it is easy to see (1.8) from (A.11).
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