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New Thought on Matsumura—Nishida Theory in the L,—L, Maximal Regularity
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Abstract. This paper is devoted to proving the global well-posedness of initial-boundary value problem for Navier—Stokes
equations describing the motion of viscous, compressible, barotropic fluid flows in a three dimensional exterior domain
with non-slip boundary conditions. This was first proved by an excellent paper due to Matsumura and Nishida (Commun
Math Phys 89:445-464, 1983). In [10], they used energy method and their requirement was that space derivatives of the
mass density up to third order and space derivatives of the velocity fields up to fourth order belong to L2 in space-time,
detailed statement of Matsumura and Nishida theorem is given in Theorem 1 of Sect. 1 of context. This requirement is
essentially used to estimate the Lo norm of necessary order of derivatives in order to enclose the iteration scheme with the
help of Sobolev inequalities and also to treat the material derivatives of the mass density. On the other hand, this paper
gives the global wellposedness of the same problem as in [10] in L, (1 < p < 2) in time and Lz N Lg in space maximal
regularity class, which is an improvement of the Matsumura and Nishida theory in [10] from the point of view of the minimal
requirement of the regularity of solutions. In fact, after changing the material derivatives to time derivatives by Lagrange
transformation, enough estimates obtained by combination of the maximal L, (1 < p < 2) in time and L2 N Lg in space
regularity and L,—Lg decay estimate of the Stokes equations with non-slip conditions in the compressible viscous fluid flow
case enable us to use the standard Banach’s fixed point argument. Moreover, one of the purposes of this paper is to present a
framework to prove the L,—L4 maximal regularity for parabolic-hyperbolic type equations with non-homogeneous boundary
conditions and how to combine the maximal L,—L4 regularity and L,—Lg decay estimates of linearized equations to prove
the global well-posedness of quasilinear problems in unbounded domains, which gives a new thought of proving the global
well-posedness of initial-boundary value problems for systems of parabolic or parabolic-hyperbolic equations appearing in
mathematical physics.
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1. Introduction

Matsumura and Nishida [10] proved the existence of unique solutions of equations governing the flow of
viscous, compressible, and heat conduction fluids in an exterior domain of 3 dimensional Euclidean space
R3 for all times, provided the initial data are sufficiently small. Although Matsumura and Nishida [10]
considered the viscous, barotropic, and heat conductive fluid, in this paper we only consider the viscous,
compressible, barotropic fluid for simplicity and reprove the Matsumura and Nishida theory in view of
the L, in time (1 < p <2) and Ly N Lg in space maximal regularity theorem.

To describe in more detail, we start with description of equations considered in this paper. Let (2
be a three dimensional exterior domain, that is the complement, Q¢ of 2 is a bounded domain in the
three dimensional Euclidean space R3. Let ' be the boundary of €2, which is a compact C? hypersurface.
Let p = p(z,t) and v = (v (x,t),v2(z,t),v3(x,t)) " be respective the mass density and the velocity field,
where M T denotes the transposed M, t is a time variable and 2 = (21, 72, 23) € . Let p = p(p) be the
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fluid pressure, which is a smooth function defined on (0, c0) such that p’(p) > 0 for p > 0. We consider
the following equations:

Orp +div (pv) =0 in Q x (0,7,
p(0yv +v-Vv) — Div (uD(v) + vdivvI — p(p)I) =0 in Q x (0,7, (1)
vir=0, (p, V)‘tzo = (px + 6o, v0) in Q.

Here, 9; = 0/0t, D(v) = Vv+ (Vv) is the deformation tensor, divv = Z?Zl 0v;/0x;, for a 3 x 3 matrix
K with (7,7) th component K;;, Div K = (Z?Zl 8K1j/8xj72?:1 Bng/(‘?xj,Zj-zl 0K3;/0z;)", p and
v are two viscous constants such that ;> 0 and p+ v > 0, and p, is a positive constant describing the
mass density of a reference body.

According to Matsumura and Nishida [10], we have the global well-posedness of Eq. (1) in the Lo
framework stated as follows:

Theorem 1 ([10]). Let Q be a three dimensional exterior domain, the boundary of which is a smooth 2
dimensional compact hypersurface. Then, there exsits a small number € > 0 such that for any initial
data (Ao, vo) € H3(Q)* satisfying smallness condition: ||(6o, vo)| i3 (o) < € and compatibility conditions of
order 1, that is vy and Oyv|;—¢ vanish at T', Problem (1) admits unique solutions p = p, + 6 and v with

0 € C°((0,00), H*(Q2)) N C*((0,00), H*(R)),  Vp € Ly((0,00), H*(Q)*),
v e C°(0,00), H3(Q2)*) N CH((0,00), H(Q)?), Vv e Ly((0,00),, H*(2)?).

Matsumura and Nishida [10] proved Theorem 1 essentially by energy method. One of key issues in
[10] is to estimate sup,¢ (g o0) [|V(+s )| 1 (@) by Sobolev’s inequality, namely

sup |IV(- t) @) < C sup V(1)) mao)- 2)
t€((0,00) t€(0,00)

Recently, Enomoto and Shibata [8] proved the global wellposedness of Eq. (1) for (6y,vo) € H?(2)*
with small norms. Namely, they proved the following theorem.

Theorem 2 ([8]). Let Q be a three dimensional exterior domain, the boundary of which is a smooth 2
dimensional compact hypersurface. Then, there exsits a small number € > 0 such that for any initial data
(60, v0) € H*(Q)* satisfying ||(60, vo)| r2(0) < € and compatibility condition: vo|p = 0, problem (1) admits
unique solutions p = p, + 60 and v with

6 € C°((0,00), H*(Q)) N C*((0,00), H'(Q)), Vp € Ly((0,00), H (Q)?),
v e C(0,00), H*(2)*) N C1((0,00), Lo(Q)?), Vw e Ly((0,00), H*(2)?).

The method used in the proof of Enomoto and Shibata [8] is essentially the same as that in Matsumura
and Nishida [10]. Only the difference is that (2) is replaced by [~ IVVIIT () dt < C [ V|2 dt
in [8]. As a conclusion, in the Ly framework the least regularity we need is that Vp € Ly((0,00), H(Q)3)
and Vv € Ly((0,00), H*(2)?). In this paper, we improve this point by solving the Eq. (1) in the L,-L,
maximal regularity class, that is the following theorem is a main result of this paper.

Theorem 3. Let Q be an exterior domain in R®, whose boundary T is a compact C? hypersurface and
T € (0,00). Let p be an exponent with 1 < p < 2 and set p' = p/(p — 1). Let 0 € (0,1) and set
(= (5+0)/(4+20) andr =2(2+0)/(4+0c) = (1/2+1/(2+0)) L. Let b be a positive constant satisfying
the condition

1 1
?<b<£—]—). (3)
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Set

7= {(eo,vo) | 6o € < N H;(Q)) NL(Q), we ( N ng}l/p)(ﬂ)?’) OLT(Q)?’},

q=2,6 q=2,6

160, vo)llz = 22:6||90||H;(Q> + 22:6||00||ng;71/@>(9) + |
q==2, q==,

(0o, v0)ll L, (22)-

Then, there exists a small constant € € (0, 1) independent of T such that if initial data (0y, vo) € T satisfy
the compatibility condition: vo|r = 0 and the smallness condition : ||(6, vo)|z < €2, then problem (1)
admits unique solutions p = p, + 60 and v with

0 € Hy((0,T), L2() N Lg(€2)) N Ly((0,T), Hy (2) N Hg (Q)), @
v € H,((0,T), L2(2)° N Le(2)*) N Ly ((0, T), H3(2)* N HE()).

Moreover, writing || (6, v)||H5,m(Q) = 10l ze) + [Vl iy (0) and setting

Er(0,v) = || <t > (0, 9)l| Lo (0,1), La@nzo@) + | <t >P V(0,91 (0,501 @)
<t > 0,9, 0,1y, 520y + I <> 00, 9)l1, ((0.1), o (@0 L0 (2
we have Ep (0, v) < e.

Remark 4. (1) T > 0 is taken arbitrarily and e > 0 is chosen independently of T', and so Theorem 3 tells
us the global wellposedness of Eq. (1) for (0, c0) time inverval.

(2) In the p = 2 case, Theorem 3 gives an extension of Matsumura and Nishida theorem [10]. Roughly
speaking, if we assume that (6p,vo) € H3(Q)*, then (6o, vo) € (Hs(2) N Hg(2)) x (Hy(Q) N Bg,(Q)),
and so the global wellposedness holds in the class as

AS H21((07 T)7 H21 (Q) N H61(Q))? \AS H21((07 T)7 L2(Q)3 N LG(Q)S) N L2((07 T)a H22(Q)3 N Hﬁz(Q)g)
under the additional condition: (6y,vq) € L, (Q)*.
(3) Since we assume that 1 < p < 2, it automatically follows that
1 3
b<l——-=——. 5
T340 (5)

(4) Following the argument in [12, Theorem 3.8.1], we can also consider the case where 2 < p < co.

As related topics, we consider the Cauchy problem, that is = R?® without boundary condition.
Matsumura and Nishida [9] proved the global wellposedness theorem, the statement of which is essentially
the same as in Theorem 1 and the proof is based on energy method. Danchin [4] proved the global
wellposedness in the critical space by using the Littlewood—Paley decomposition.

Theorem 5 ([4]). Let Q = RY (N > 2). Assume that u >0 and p+v > 0. Let BS = Bg?l(RN) and
F* = (L2((0,00), B*) N C((0,00), B> N B*™1)) x (L1((0, 00), B*T) N C((0, 00), B*~)) ™.
Then, there exists an € > 0 such that if initial data 6 € BN/?(RN)NBN/2=Y(RN) and vy € BN/2~1 (RN )N
satisfy the condition:
||90||BN/2(]RN)QBN/2—1(]RN) + H'U()||BN/2—1(]RN) <,

then problem (1) with @ = RN and T = oo admits a unique solution p = p, +6 and v with (6, v) € FN/2.

In the case where 2 = R® or RY, there are a lot of works concerning (1), but we do not mention
them any more, because we are interested only in the global wellposedness in exterior domains. For more
information on references, refer to Enomoto and Shibata [7].

Concerning the L; in time maximal regularity in exterior domains, the incompressible viscous fluid

flows has been treated by Danchin and Mucha [5]. To obtain L; maximal regularity in time, we have
to use By, in space, which is slightly regular space than HJ, and the decay estimates for semigroup on
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B;’l must be needed to controle terms arising from the cut-off procedure near the boundary. Detailed
arguments related with these facts can be found in [5]. To treat (1) in an exterior domain in the L; in time
maximal regularity framework, we have to prepare not only L; maximal regularity for model problems
in the whole space and the half space but also decay properties of semigroup in 3371, and so this will be
a future work. From Theorem 3, we may say that problem (1) can be solved in L, in time and Ly N Lg
in space maximal regularity class for any exponet p € (1,2].

The paper is organized as follows. In Sect. 2, Eq. (1) are rewriten in Lagrange coordinates to eliminate
v-Vp and a main result for equations with Lagrangian description is stated. In Sect. 3, we give an L,~L,
maximal regularity theorem in some abstract setting. In Sect. 4, we give estimates of nonlinear terms. In
Sect. 5, we prove main results stated in Sect. 2. In Sect. 6, Theorem 3 is proved by using a main result
in Sect. 2. In Sect. 7, we discuss the N dimensonal case.

The main point of our proof is to obtain maximal regularity estimates with decay properties of solutions
to linearized equations, the Stokes equations with non-slip conditions. To explain the idea, we write
linearized equations as dyu — Au = f and u|t=g = ug symbolically, where f is a function corresponding to
nonlinear terms and A is a closed linear operator with domain D(A). We write u = uq 4 u2, where u; is a
solution to time shifted equations: dyu; + A\ju; — Au; = f with some large positive number \; and us is a
solution to compensating equations: Opus — Aug = A\juq and ug|t—g = ug — u1|t=¢. Since the fundamental
solutions to time shifted equations have exponential decay properties, u; has the same decay properties
as these of nonlinear terms f. Moreover u; belongs to the domain of A for all positive time. By Duhamel
principle wug is given by us = T'(t)(ug — u1|t=0) + A1 fot T(t — s)ui(s) ds, where {T'(t)};>0 is a continuous
analytic semigroup associated with A. By using L,-L, decay properties of {T'(t)};>¢ in the interval
0 < s <t—1 and standard estimates of continuous analytic semigroup: ||T'(t — s)uol/pcay < Clluollp(a)
for t —1 < s < t, where || - ||p(a) denotes a domain norm, we obtain maximal L,-L, regularity of u,
with decay properties. This method seems to be a new thought to prove the global wellposedness and
to be applicable to many quasilinear problems of parabolic type or parabolic-hyperbolic mixture type
appearing in mathematical physics.

To end this section, symbols of functional spaces used in this paper are given. Let L,(2), H,"(Q2)
and Bg’p(Q) denote the standard Lebesgue spaces, Sobolev spaces and Besov spaces, while their norms
are written as || - |z, ), | - l#n@) and || - |[5; (o). We write H™(Q) = H3"(Q), HY(Q) = Ly(Q) and
W3 (Q) = B; (). For any Banach space X with norm || - ||x, L,((a,b), X) and H}((a,b), X) denote
respective the standard X-valued Lebesgue spaces and Sobolev spaces, while their time weighted norms
are defined by

(Pt @) @ <p<oo),

| <t>" flln, ((ap).x) =
b
esssUPye () <t > [[f(H)llx  (p=00),

where < t >= (1 + )2 Let X" = {v = (u1,...,u)) | u; € X (i = 1,...,n)}, but we write

Il = |- 1 for simplicity. Let H™(©) = {(p,v) | p € HL(®),v € HPQ)*} and [(5,9) sy =
||p||Hé’,(Q) + [[v[[mn (). The letter C' denotes generic constants and Cl,p,... denotes that constants depend
on quantities a, b, .... C'and Cg,... may change from line to line.

2. Equations in Lagrange Coordinates and Statment of Main Results

To prove Theorem 3, we write Eq. (1) in Lagrange coordinates {y}. Let { = ((y,¢) and u = u(y, t) be the
mass density and the velocity field in Lagrange coordinates {y}, and for a while we assume that

uc H;(((L T)> L6(Q)3) N L;D((O> T)7 Hg(Q)S)’ (6)
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and the quantity: | < ¢ > V|l (0,1),m1 () is small enough for some b > 0 with bp’ > 1, where
1/p+1/p’ = 1. We consider the Lagrange transformation:

w=y+/0 u(y, s)ds (7)

and assume that
T
| Ivutol @ ar < ®)

with some small number 6 > 0. If 0 < § < 1, then for z; = y; + fo (yi, ) ds we have

T
a1 — 2] > (1 7/0 IV, )l ) )yt — v,

and so the correspondence (7) is one to one. Moreover, applying a method due to Strohmer [13], we see
that the correspondence (7) is a C*+* (w € (0,1/2)) diffeomorphism from Q onto itself for any ¢ € (0, 7).
In fact, let J =1+ fg Vu(y, s) ds, which is the Jacobian of the map defined by (7), and then by Sobolev’s
imbedding theorem and Hélder’s inequality for w € (0,1/2) we have

T N 1/p
sup ||/ V(- s) ds||cw @) < Cu (/ < 5> ds) (/ | <s>° Vu(-,s)”’;{l(m ds) < oo
te(0,7) 0 0 ©
9)

and we may assume that the right hand side of (9) is small enough and (8) holds in the process of
constructing a solution. By (7), we have
Ox " ou
— =1+ 7(
Ay o Oy
and so choosing ¢ > 0 small enough, we may assume that there exists a 3 x 3 matrix Vo (k) of C* functions

of variables k for |k| < d, where k is a corresponding variable to f Vuds, such that ay =TI+ Vy(k) and
Vo(0) = 0. Let Vy;;(k) be the (7,7) th component of 3 x 3 matrix Vj(k), and then we have

a 3
1
8m J ayﬂ ; OU ( 0)

Y, s)ds,

Let X;(z) = y be the inverse map of Lagrange transform (7) and set p(z,t) = ((X¢(x),t) and v(z,t) =
u(Xy(x),t). Setting

Dle vu - Z %Zj a

7,7=1

we have divv = divu + Dy;y (k)u. Let ¢ = p. + 1), and then

0 677
5P T div(pw) = =+ (ps +m)(divu + Daiy (k) Vu).
Setting
Dp(k)Vu = Vo(k)Vu + (Vo(k)Vu) ', (11)

we have D(v) = Vv + (Vv) " = (I+ Vy(k))Vu+ ((I+ Vo(k))Vu)" = D(u) + Dp (k) Vu. Moreover,
Div (uD(v) + vdiv vI) = (I+ Vo (k))V(u(D(u) + Dp(k)Vu) + v(divu + Dgiv (k)Vu)

t
= Div (uD(u) + vdivul) + V; (k) Vu + (Va(k) / V2uds)Vu
0
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with
V1 (k)V?u = pDp (k) V*u + vDgsy (k) V2l

+ Vo (k)(uVD(u) + vVdivul + xDp(k)V3u + vDgjy (k) V2ul), (12)

(Vo (k) /O t Vuds)Vu = (I+ Vo(k))(u(diDp (k) /0 V2uds)Vu + v(dyDgiy (k) / t V2udsVu)l.

0
Here, diF'(k) denotes the derivative of F' with respect to k. Note that V;(0) = 0. Moreover, we write

Vp(p) = 0" (p )V + (0" (p« + 1) — 0" (p<)) V0 + 9" (p+ + 1) Vo (k) V. (13)

The material derivative d;v 4+ v - Vv is changed to O:u.
Summing up, we have obtained

O + psdivu = F(n,u) in Qx (0,7),
p«0pu — Div (uD(u) + vdivul — p’(p.)n) = G(n,u) in Qx (0,7), (14)
11|1" = O, (U,u)‘t:(j = (eo,VO) in Q.

/vu

F(n = p«Daiv (k) Vu + n(divu + Daiy (k) Vu),

Here, we have set

(15)

G(n,u) = nou+ Vi(k)V*u + (Vg(k)/ V2uds)Vu
0

— (0" (o« +1) =9 (p)) V) = 9" (0« +1)Vo(k) V1

and Dgiy (k)Vu, Vy(k) and Vy(k) have been defined in (11), (12) and (13). Note that Dg;y (0) = 0,
Vo (0) =0, and V1(0) = 0. The following theorem is a main result in this paper.

Theorem 6. Let 2 be an exterior domain in R, whose boundary T is a compact C? hypersurface and
T € (0,00). Let p be an exponent with 1 < p < 2 and set p' = p/(p — 1). Let o € (0,1) and set
(= (5+0)/(4+20) andr =2(2+0)/(4+0) = (1/2+1/(2+0)) L. Let b be a positive constant satisfying
the condition

1 1
17<b<€—1—9. (16)

Set
7= {(oo,vo | 6y € < () Hi( ) L.(Q), wye ( N Bgfpll/p)(g)3> er(Q)g},
q=2,6 q=2,6

160, vo)llz = > N0ollmioy + D lvol g2a-172 ) + 1160, wo) [l .-

q=2,6 q=2,6

Then, there exists a small constant € € (0,1) independent of T such that if initial data (0p, vo) € X satisfy
the compatibility condition: vo|r = 0 and the smallness condition : ||(6y,vo)||z < €2, then Problem (14)
admits unique solutions ( = p, +n and u with

n € Hy((0,T), Hy () N Hg (2)), an
u € Hy((0,T), La(2)* N Le(2)°) N Lp((0, T), HF () N HE(2)°)

possessing the estimate Er(n, uw) < e. Here, we have set

Ep(n,w) = Er(n,uw) + || <t >"0:VnllL,(0.7),L2(2)nLe(@))
and Er(n, w) is the quantity defined in Theorem 3.
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Remark 7. (1) The choice of € is independent of 7' > 0, and so solutions of Eq. (14) exist for any time
t € (0,00).

(2) For any natural number m, By (Q) C H;*(2) for 2 < g < oo and B3’y = H™

(3) Letting o > 0 be taken a small number such that HZ C C**7, we see that Theorem 6 implies

T
/ a(, 8)cren oy ds < 6
0

with some small number 6 > 0, which guarantees that Lagrange transform given in (7) is a C'*°
diffeomorphism on 2. Moreover, Theorem 3 follows from Theorem 6, the proof of which will be given in
Sect. 6 below.

3. R-Bounded Solution Operators

This section gives a general framework of proving the maximal L, regularity (1 < p < 00), and so problem
is formulated in an abstract setting. Let X, Y, and Z be three UMD Banach spaces such that X C Z C Y
and X is dense in Y, where the inclusions are continuous. Let A be a closed linear operator from X into
Y and let B be a linear operator from X into Z and also from Z into Y. Moreover, we assume that

[Az]ly < Cllzllx, [|Bzlz < Cllz]lx, [Bzlly <Clzllz
with some constant C' for any € X and z € Z. Let w € (0,7/2) be a fixed number and set
Yo={AeC\{0} | |arg | <m—w}, Zur ={AEZu|IA> Ao}
We consider an abstract boundary value problem with parameter A € ¥, »,:
Au—Au=f, Bu=yg. (18)
Here, Bu = g represents boundary conditions, restrictions like divergence condition for Stokes equations

in the incompressible viscous fluid flows case, or both of them. The simplest example is the following:

Au—Au=f in §Q, —u:g on I,
v

0

where € is a uniform 2 domain in RY, I its boundary, v the unit outer normal to I', and 9/9v = v-V with
V = (0/0x1,...,0/0zN) for & = (21,...,xn) € RY. In this case, it is standard to choose X = HZ(9),
Y = Ly(Q), Z = Hy(Q) with 1 < ¢ < oo, A=A, and B =39/0v.

Problem formulated in (18) is corresponding to parameter elliptic problems which have been studied
by Agmon [1], Agmon et al. [2], Agranovich and Visik [3], Denk and Volevich [6] and references there in,
and their arrival point is to prove the unique existence of solutions possessing the estimate:

Alllully +llullx < CUflly + A glly + llgllz)

for some « € R. From this estimate, we can derive the generation of a continuous analytic semigroup
associated with A when Bu = 0. But to prove the maximal L, regularity with 1 < p < oo for the
corresponding nonstationary problem:

dv—Av=f, Buv=g fort>0, vl—o=uvo, (19)

especially in the cases where Bv = g # 0, further consideration is needed. Below, we introduce a frame-
work based on the Weis operator valued Fourier multiplier theorem. To state this theorem, we make a
preparation.
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Definition 8. Let E and F' be two Banach spaces and let L(E, F') be the set of all bounded linear operators
from E into F'. We say that an operator family 7 C L(E, F) is R bounded if there exist a constant C
and an exponent ¢ € [1,00) such that for any integer n, {T;}7_; C 7 and {f;}]_; C E, the inequality:

q q
n 1 n

/01 er(u)ijj du < C/o er (w)fj]| du

j=1 P j=1 B

is valid, where the Rademacher functions ry, k € N, are given by ry, : [0,1] — {—1,1}; ¢ — sign(sin 2¥rt).
The smallest such C'is called R bound of 7 on L(FE, I'), which is denoted by R (g, 7)7T.

For m(§) € Lo (R\ {0}, L(E, F)), we set
Tonf = Fg_l[m(g)f[f] (6)] fe S(R7E)a

where F and .7-? ! denote respective Fourier transformation and inverse Fourier transformation.

Theorem 9 (Weis’s operator valued Fourier multiplier theorem). Let E and F be two UMD Banach
spaces. Let m(€) € C*(R\ {0}, L(E, F)) and assume that

Rewm({m(é) [ €€ R\{0}}) <m
Remm({Em'(§) | £ €R\{0}}) <
with some constant r, > 0. Then, for any p € (1,00), Tp,, € L(L,(R, E), L,(R, F)) and
| T fllL, &, F) < Cproll fll, @ E)
with some constant C, depending solely on p.
Remark 10. For a proof, refer to Weis [14].

We introduce the following assumption. Recall that w is a fixed number such that 0 < w < 7/2.

Assumption 11. Let X, Y and Z be UMD Banach spaces. There exist a constant \g, @ € R, and an
operator family S(\) with

S(\) € Hol (Syry, L(Y X Y x Z, X))
such that for any f € Y and g € Z, u = S(\)(f, A\%g, g) is a solution of Eq. (18), and the estimates:
Revxyxz,x) {(70:) SN [ A € Zux}) <7
Rexyxzyv)({(T0:) (AS(N) [ X € Sung}) <7

for £ = 0,1 are valid, where A = v + i1 € ¥, ,. S(A) is called an R-bounded solution operator or an R
solver of Eq. (18).

We now consider an initial-boundary value problem:

Ou—Au=f Bu=g (t>0), ult=o=up. (20)

This problem is divided into the following two equations:
Ou— Au=f Bu=yg (t e R); (21)
Oyu — Au =10 Bu=0 (t>0), uli=o=uop. (22)

From the definition of R-boundedness with n =1 we see that uv = S(\)(f,0,0) satisifes equations:
A —Au=f, Bu=0,
and the estimate:

Alllully + l[ullx < ClIflly-
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Let D(A) be the domain of the operator A defined by
D(A) = {'LL(] eX ‘ Bug = 0}

Then, the operator A generates continuous analytic semigroup {74 (t)}+>0 such that u = T4 (t)ug solves
Eq. (22) uniquely and the following estimates hold:

lu@®lly < me*fluolly, [0y <rot™" e luolly, 0u(®)ly < rveuolx- (23)

These estimates and trace method of real-interpolation theory yield the following theorem.

Theorem 12 (Maximal regularity for initial value problem). Let 1 < p < oo and set D = (Y, D(A))1-1/pp
where (-,-)1—1/pp denotes a real interpolation functor. Then, for any ug € D, Problem (22) admits a
unique solution u with

e My e LRy, X)NHYRL,Y) (Ry = (0,00))
possessing the estimate:

— Aot

le™ Opull L, &, vy + e ullL, @, .x) < Clluollv,peay,_1)p.,-

The R-bounded solution operator plays an essential role to prove the following theorem.

Theorem 13 (Maximal regularity for boundary value problem). Let 1 < p < oo. Then for any f and g
with e "' f € L,(R,Y) and e g € L,(R,Z) N Hy(R,Y) for any v > Ao, Problem (21) admits a unique
solution u with e~ "'u € L,(R, X) N H; (R,Y) for any v > Ay possessing the estimate:
le™ " Owullr, &, ,v) + lle " ullL, &, x) < CUle™ " fllL,@®y)
+ @+ glugmy) + e gL, @2)

for any v > X\g. Here, the constant C' may depend on Xy but independent of v whenever v > \g, and we
have set

Hy(R,Y) = {h € S'R,Y) | Ihll gy = 15 (1 + €3 2F ()], vy < o0}

Proof. Let £ and £~! denote respective Laplace transformation and inverse Laplace transformation
defined by setting

A= [

R

M F(t) dt = / eI e F () dt = Fle M fB)(r) (A = + i),

R

1 vt .
£UA0 = 5 [ =T [ e dr = F ).
We consider equations:
Ou—Au=f, Bu=g forteR.

Applying Laplace transformation yields that

AL[u](X) — AL[u](A) = L[f](A),  BLuJ(A) = L[g]().
Applying R-bounded solution operator S(\) yields that

Llu}(A) = SN (LLFIA), A*Lgl(A), L]g](N),
and so
u=LTHSNLI(f, A%, 9)](V];
where A%g = L7YA“L[g]]. Moreover,
dru = LT AS(NL[f, A%, 9)](V)]-
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Using Fourier transformation and inverse Fourier transformation, we rewrite
u=e"FHSN)Fle " (f, A%, 9)](T)](1),
Opu =" FHAS(NFle " (f, A%, 9)|(T)](t).

Applying the assumption of R-bounded solution operators and Weis’s operator valued Fourier multiplier
theorem yields that

||677t8tUHLp(]R,Y) + ||677t7-’4HL1,(]R,X)
< Cpro(lle™ fll,@yy + (1 + 7)a||6_7tg||Hg(R,Y) +lle " gllL, = 2))

for any v > Ag. The uniqueness follows from the generation of analytic semigroup and Duhamel’s principle.
O

We now explain our strategy to solve initial-boundary value problem:
Ou—Au=f, Bu=g forte (0,00), uli=o=uop. (24)

The point is how to get enough decay estimates. As a first step, we consider the following time shifted
equations without initial data

w4+ Mw—Aw=f, Bw=g forteR. (25)

Then, we have the following theorem which guarantees the polynomial decay of solutions.

Theorem 14. Let Ao be a constant appearing in Assumption 11 and let Ay > A\g. Let 1 < p < 0o and b > 0.
Then, for any f and g with <t >* f € L,(R,Y) and <t >’ g € L,(R,Z) N H}(R, X), Problem (25)
admits a unique solution w € H}(R,Y) N L,(R, X) possessing the estimate:

| <t>"wllp,@x) + 1l <t>" 0wl ®y) (26)
<o <t>? flo,ey)y + <t >t Ilms@y) +1l <t >t 9llz,®.2))-

Proof. Since ik + A1 € X\, for k € R we set w = F 1 M((ik + \1)(F[f], (ik)*Flg], F[g])], and then w
satisfies equations:

w4+ w—Aw=f, Bw=g forteR,
and the estimate:
10swllL,@,y) + [wlL,®x) < CU L, ®y) + 9z ®y) + 9L, @ 2)- (27)
This prove the theorem in the case where b = 0. When 0 < b < 1, we observe that
(<t >Pw)+ N (<t >Pw) — A<t >Pw) =<t > f+ <t >"2tw, B(<t>bw)=<t>ly,
and so noting that || <t >"2 tw|ly < C||lw|ly < C||lw|/x, we have
| <t >*wllL,(0.00).x) + I <t > 0wl ((0,00).7)
<Ol <t > twllp,eyy + I <t > fllo,@y) + 1 <t > Ilmswy) +1II <t > gllL,®.2))
<C(l <t > fllp,ey) + 1l <t>° Ilus@y) + 1l <t > gllL, @, 2))-
If b > 1, then repeated use of this argument yields the theorem, which completes the proof of Theorem 14.

O
To compensate solutions, let v; be a solution of time shifted equations:
01 + A\vy — Avy = \Mqw, Bvy =0 forteRR.
By Theorem 14,
| <t>P ol ey)+ 1l <t>"villr,®x) <Cll <t>w|r,ry) (25)

<o(l<t>? flo,ey)y +1 <t >t Ilmsmy) +1II<t >b allz,®,z))
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Here, we used the assumption that X is continuously embedded into Y, that is |w|y < C||lw]||x for some
constant C. The role of vy is to controle the compatibility conditions, that is

vy € D(A) forallt eR. (29)

Thus, if g = 0 in (24) like Dirichlet zero condition case, then we need not this step.
To solve Eq. (24), we now consider a second compensation function v, which is a solution of the
following initial problem with zero boundary condition:

&gvg — AUQ = )\1’1)1, B?)Q =0 fort e (0, OO), ’02|t:0 = Ug — (’lU|t:() + U|t:0)- (30)
To solve (30) with the help of semi-group {T'4(t)}+>0, we need the compatibility condition:
B(UQ — (w|t:0 + vl‘t:O)) = B’LLO - g‘t:O = 0 (31)

Since (29) holds, assuming the compatibility condition: Bug = g|t—o, by Duhamel’s principle, vy is
represented as

=Ta(t)(uo — (w|t=0 + v1]t=0) + /0 Ta(t — s)(A1vi(s))ds. (32)

And then, u = w + vy + v2 is a required solution of Eq. (24). Concerning the estimate of v, for t € (0,2)
we use the estimate:

IT4(t)vollpay < Cllvollpeay

where || - |[pca) denotes the norm of domain D(A). And, for ¢t € [2,00) we use so called L,-L, decay
estimate for the semigroup {Ta(t)}+>0. In this paper, we use the L,-L, decay estimate for the Stokes
equations for the compressible viscous fluid, which will be given in (68) in Sect. 5 below.

4. Estimates of Nonlinear Terms

In what follows, let 7' > 0 be any positive time and let b and p be positive numbers and an exponents
given in Theorem 3 and Theorem 6. Let U! (i = 1,2) be underlying spaces for linearized equations of
equations (14), which is defined by

Ur = {0 € H,((0,T), Hy()NH()) | 0li—0 = b, Sup 16C )l L) < pi/2},
Ut = {v e Lp((0,7), H3 (Q°NHG(Q)*)NH,((0,T), La(2)°NLg()°) | (33)

T
Vl]i—o = vo, / Vv(:,8)llL. () ds < 6}

0
Recall that our energy Er(n,u) has been defined by

Er(nu) = <t>° V)l o), m01 @) TII<t > (10,0) |1 (0,7), La(@)NLe ()
+l<t>? (W, 0,1y, m2 0 @nmro@) T I <1 > (0,01, ((0,7), 12 2))-

To estimate Loy, norm, we use standard interpolation inequality:

2 ~ 4— 30
1l 20 () < Hfllif&f Hfllif@) = meHLQ Q) + WHJCHLG(Q (34)
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In estimating L, norm, we meet Lo, norm in view of Holder’s inequality, but this norm is estimate by
Ly and Lg norm with the help of (34). In particular, for (6,v) € Ut x Uz, we know that

|| < 3 >b (07V)||Loo((0aT)vL2+a(Q) S CH Z || < t >b (07V)HL00((O)T)an(Q))’

q=2,6

| <t>" VOV p, 0 12y 0) € Co D 1 <t> VO, 01,55 @): (35)
q=2,6

I <t b at(a’V)HLP((O,T),H%J’FOU(Q) <, Z | <t >b at(e’V)HL,,((O,T),H;’O(Q))'
q=2,6

Notice that for any 6 € U} we see that
p:/2 < |px + T0(y,t)| <3p./2 for (y,t) € 2 x (0,T) and |7| < 1. (36)

For v € U2 let k, = fot Vv(-,s)ds, and then |ky(y,t)| < § for any (y,t) € Q x (0,T). Moreover, for
q = 2,2+ o and 6 by Holder’s inequality

T
sup : kvl 71 (0) < / V()] dt < C(/
0 0

te(0,T

(o}

’ l/pl
<t>TPY dt) | <t > VvllL,0m).m1 @) (37)

where bp’ > 1.
In what follows, for notational simplicity we use the following abbreviation: [|f|[mz@) = [[flm;,

1z, = Ifllzys 1fleor),x) = Ifllewx), and || < ¢ > fllo, o0m).x) = IfllL,,x)- Let (6,v) €
Ut x U2 and (0;,v;) € Uy x UZ (i = 1,2). The purpose of this section is to give necessary estimates of
(F(0,v),G(6,v)) and difference: (F(01,v1) — F(02,v2),G(01,v1) — G(02,v2))) to prove the global well-
posedness of Eq. (14). Recall that

F(0,v) = p«Daiv (k) Vv + 0div v + 0Dg;y (k) Vv,
t
G(6,v) = 00,v + V1 (k) V2v + (Vo (k) / V2vds)Vv (38)
0

= (' (ps +0) = p"(p:)) VO — p'(ps + ) Vo (k) V0.
We start with estimating ||F'(6,v)| ., ,(m1). Recall that r=! = 27"+ (2+0)~! and we use the estimates:

||f9||Lp,b(H}) < C||f||LOC(H;+,,)||9||Lp,b(H21), (39)

||f9h||Lp,b(H,%) < C(Hf”Loo(Hé)||g||LOO(H21+U) + ||f||Lx(H21+U)||g||Lw(Hg))||hHLp,b(H21)7

as follows from Holder’s inequality and Sobolev’s inequality : [|f|l.. < C|f|m. Let dG(k) denote

the derivative of G(k) with respect to k and Cg;, be a constan such that SUP||<s [Daiv (k)| < Caiv,

Sup|k|<s |dDaiv (k)| < Caiv, and supjy|<s [d(dDaiv )(k)| < Caiy . Then, noting Dg;y (0) = 0, by (37) we
have

[Daiv (kv)|| 2 < Caiv |[kvllmz < ClIVVlL, ,m2) forve U2 and ¢ = 2,2 + o and 6. (40)

Moreover, for vy, vo € Z/I% writing

t
Daiv (kv,) = Daiv (kv,) = / dDaiv (ky, + 7(ky, —kv,)) d7 (ky, —ky, ),
0
and noting that |ky, + 7(ky, — ky,)| = |(1 — 7)ky, + 7ky,| < (1 — 7)d + 76 = 0, we have
[ Daiv (kv,) — Daiv (kV2>||HC}

< Caiv (v, = kol iy + Y VR L) 16vs = Kol Loc (20)
i=1.2 (41)

< C(IV(vi = vo)llz, a2y + > IVVillz, a0 IV (v = vo)llL, , )

i=1,2
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Since 0 = 0)4—¢ + f(f ds0ds, for X € {Lq, H}} with ¢ =2, 2+ 0 and 6
T
10C D)llx < l16ollx +/ 1(0s0) (-, s)l x ds
0

o / 1/p'
§||90||X+(/0 <> at) 0,61, 05,

In particular, by Sobolev’s inequality
100 llLe. < Cll6ollzg + 10011, ,(r12))- (43)
For 6 € U} and v € U%, combining (39), (40), (41), (42), and (43) yields that
IEO. V)L, < ClUVYIL, 2, )IVVIL, 1) + (ollmy,  +10:0L, a1, DIV, a2
+ {10l ey + 11001, , 2 VYL, a1, ) + (1ol +10:01lL, g, IIVVIL, o2} (44)
X HVVHL,),b(H;)]-
Analogously, for 0; € U} and v; € U2 (i = 1,2),
[ F(01,v1) = F(02,v2)lL,,(L,)
<ClUVve=vo)l, 1, )+ > IVvillz, s, IV = vo)lln, ap)IVVLllL, a2

i=1,2
+IVvallr, g IV = Vo)L, mzy + 10661 = 02)l| L, ,cmz, HIVVLllL, a2
+ 0ollmy,, + 1002, , ez, VIV = Vo), (a2

+ ([10:(01 — 02|z, ) IVVallL, .y T 10:00 = 0L, ez, HIVVIlL, ) IV L, (a2

240 240

+ {0l g + 110021, )V (v2 = Vo)llL, \mz, ) + Z IVVille, (2, V(v = V2)llL, ,(m2))

i=1,2

+ Hat‘gHLp,b(Hl ))(HV(Vl - V2)||Lp,b(Hg) + Z ||VVz‘HLp,b(Hg)||V(V1 - V2)||L,,,b(Hg))}

240
i=1,2

+ (1001 123

240

X valHLp,h(H;)
{0l g + 110021, , IV VL, \mz, )+ (IOollmy,  + 1002, , 1, HIVY2llL, )}
x [[V(vi =v2)llr, ,ap]- (45)
We now estimate [|F'(0,v)||r, ,(u2) and [|[F(01,v1) — F(02,v2)|[1, ,(u1) with ¢ = 2 and 6. For this
purpose, we use the following estimates:
Hfg”Lp,b(H;) < O{||f||Loo(H;)||9||L,),b(Hg) + ||f||L°O(H;)||9HL,,,1,(H61)},
1fghllr, ,my) < CUSlrwmnllgl oo Pz, azy + 11w llgloe IRl L, o 2
WA ey 191 oo cry 1Rl 2,y o 20 -
And then, using (40), (41), (42), we have
B0,y 13) < CUYI 0 19y gy + (B0l + 196001, ) IV, i
+ (100l zg + 1060111, , g IV VL, arzy + (00l rry + 10601 2, s )IVYIT, ar)
+ (0ol g + 1901z, 2 IV VI L, ) IVVIL, 12 b5 (46)
[E(01,v1) = F(02,v2)l|L,, (1)
< OV =¥ty + 32 199l sy IV = w2l ) 1991,

i=1,2

+ (Vv =v2)llz, o) + Z IVVillL, oy IV (v = vo)llz, ) IV VL, o )

i=1,2
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+IVvallr, ) IV(vi = vo)llz, ,cmyy + IVVallr, ) IV (Vi = vo) Iz, , a2y
+110:(601 = 022, (1) VV1llL, o carzy + 110001 = 62)l 1, , ) IV VLl L, (12)
+ (100l mz + 10602l L, , 2 IV (Vi = v2)llz, ey + 0ol g + 10:02l,, ) IV (VL = v2)llz, (a2
+ 10601 = 02) 1, ) IVVANT oy + ||3f(91 =02z, ,m)IVVLllL, ) IV VL, a2
+ (160l a2 + 106821z, , 1) IV (v = V)l iy + D 1VVallz, iy IV (1 = va)lln, i)
i=1,2
x va1||Lp1b(H61)

+ (1600l 2 + 10402l , ) IV (v = Vo)l iy + D IVVallL, ) IV (v = v2) Iz, i)
i=1.2

X [Vvillr, , g

+ (100l sz + 106021z, , rr2)) IV 1 = V)l iy + D 1VVallL, ey IV (1 = v2)llr, o))

i=1,2
X [Vvillr, , )
+ (0ol zrr + 10:02[ 1, , 1)) IV V2L, () IV (Vi = v2)lL, (a2
+ (100l g + 10:02 2, , ez IV V2L, () IV (Vi = V)|, a2y
(H‘90HH1 + ||8t92||Lp »(HY) )HVWHLP,b(Hg)HV(Vl - V2)||Lp,b(H;)}~ (47)

We next estimate ||G(0,v)|z, ,z,) and [|G(61,v1) — G(02,v2)l|L, ,(z,). For this purpose, we use the
estimates:

||fg||Lpb < Hf||Loo(L2+a)||g||Lpb Ly)»

(48)
1 ghllz, vy S NFlLw @l @ora Il L, bo(Lo)-

Employing the same argument as in (40) and (41) and using V;(0) =0 (¢ =0, 1), for ¢ = 0,1 we have

T
Vi) Lz, < iup(;Ide'(k)l/O IVv(8)llz, < ClIVVIlL, 4Ly
<

[Vi(ky,) = Vilky,)lo.o(z,) < CIVVE = v2)llz, ,(L,)s

(49)

where ¢ = 2,2 + o and 6. Moreover, [[Va(k)||L (L.) = sSuPj<s [V1(k)|,

T
Vi)l L (L) < lilurzsldVi(k)/o IVV( )llmy < ClIVVIlL, ) (0=0,1),
<

[Vikv,) = Vilkv,) | (2o0) £ ClIV(Vi = V2)l|L, gy (1=10,1,2)

as follows from [Va(ky, ) — Va(ky, )| < sup<s [(dVi)(k)|ky, —ky,|. Writing

1
b (o 4 0) — ' (p.) = / b (p- + 70) dr 6,
0

1
V(e +01) — P (pe + 02) = / 0 (ps + 02+ (01 — 62)) dr (61 — ),
0
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by (36) and (42) we have

(0" (s +0) = 9" (p))VOllL, ,(,) < ClI00llzay, + 10011, L2y ) IVOlL, b(Lo)s
(0" (o +01) — 9" (p:))VOL — (0" (ps + 02) — 9" (p2)) V2|1, (L)
< C{l10e(0r — 02z, (L2 ) VO L,y (22) + (00l Loy + 106021, (20 ) V(01 = 02)[I1, ,(22) }s
[(p"(ps +60) = 0" (p:))VOllL, Ly < Cll0oll gz + 1001 2, ) VO L, 0 (L0))s
(0" (o +01) — 9" (p:))VOL — (0" (ps + 02) — 9" (p2)) V02|l L, (L)
< C{10:(01 = 02) |1, ) IVOlL, o2y + 00llaz + [10:02] 1, ) IV (01 = 02)lI L, (Lo) s

for ¢ = 2,2 + o and 6. Combining these estimates above, we have

(50)

IGO0, V)L, (2, < CLU00llLors + 11001, (2o 0)) 10V, ,(22) +IVOL, ,(L2))
VYL, oo VPV L, Loy + V0L, 22) ) (51)
1G(01,v1) — G(O2, v2)lL, (z,) < CUNO(O1 — 021, 4 (Loro) 10V1IL, ,(L2)
+ (10l 2oy + 1002111, o (Los O (Vi = V)l oL2) + IV Ve = V2L, o (2) IV2VAI L, (L)
+IVVallL, o Las) IV (v = V2L, o (22) + IV = Vo), o) IVV L, o (L0 ) IV VAL, i)
+ IV (vi = Vo)l o o) IV VL Ly (Laso) + 1YVl L, (Lar ) IV (V1 = V)2, 420
11001 — 02)l2, , (2) VO L, L2y o) + IV = Vo)L, (22 VO L, (L2 )
+IVVallr, (2o ) V(01 = 02)[| L, (20) + (100l Lors + 100202, 22y IV (01 = 02)IL, (1) (52)
Finally, we estimate [|G(6,V)|z, ,(z,) and [|G(01,v1) — G(62,v2)[|L, ,(z,) With ¢ = 2 and 6. For this
purpose, we use the following estimates:
I fallz,.,) < C||fHLoo(H;)||9||Lp,b(Lq),
1f9hll L, oy < ClfllLe@algllo o @il oy

And then, using (49), (50), (42) and (43), for ¢ = 2 and 6 we have

1GO. V)L, .y < CLUONmz + 1001, )OIz, Ly + IVOIL, (z,))

+ Vvl can IV?VIlz, ) + 1VOL, )} (53)
1G(01,v1) = G(02,v2)ll L, () < CUIO(O1 = 02)l1, ) 10v1ll L, 0 (Ly)

+ (160l 12 + 10202l 1, , 2 )O:(vi = Vo)L, o) + IV (V1 =v2)lz, iy IVPVa L, (L)

+ 1Vvall, o) IV (vi = v2)llz, oz, + IV = v, ) IV 2, a1V VAL, )

+ IV (vi = vo)llz, . ) IVVillL, ,cany + IV2vallL, ) IV (v = v2)llz, o)

+ [10:(01 = 02) I, , ) [IVOillL, o) + IV(Vi = Vo)L, , ) [IVO1llL, (L,

+IVvallp, ) lIV(O1r = 02)llz, Ly + 100l my + 11002, ) V(01 = 02)|L, ,(L,))- (54)

5. A Priori Estimates for Solutions of Linearized Equations

Let Vr.={(0,v) € Ut x U2 | Er(0,v) < €}. For (0,v) € Vr,, we consider linearized equations:
O + pediva = F(6,v) in Qx(0,7),
p«Opu — Div (uD(u) + vdivul — p’(p.)n) = G(6,v) in Qx (0,7), (55)
ur =0, (n,u)|t=0 = (6o, vo) in .
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We first show that Eq. (55) admit unique solutions 7 and u with
n € Hy((0,T), Hy (Q) N Hg (), (56)
u e H,((0,T), L2(Q)° N Le(2)*) N Ly ((0,T), H3 () N H(Q2)*)

possessing the estimate:
Er(n,u) < C(e + € + %) (57)

with some constant C' independent of 7" and e.
To prove (57), we divide n and u into two parts: 7 = 71 + 12 and u = uy + ug, where 77 and u; are
solutions of time shifted equations:

O + A1 + padivuy = F(0,v) in Q x (0,7),
px(Opuy + Auy) — Div (uD(uy) + vdivey I — p’(pe)m) = G(0,v) in Q x (0,7), (58)
uilr =0, (n1,m1)|t=0 = (0,0) in €,
and 72 and uy are solutions to compensation equations:
Oin2 + pxdivug = A\ in Qx (0,7),
pxOpug — Div (uD(u2) + vdivugl — p'(ps)m2) = pudiwg in Q x (0,7), (59)
wlr =0, (n2,u2)]t=0 = (Ao, vo) in Q.

We first treat with Eq. (58). For this purpose, we use results stated in Sect. 3. We consider resolvent
problem corresponding to Eq. (55) given as follows:

A+ pdivw = f in Q,
px W — Div (uD(w) + vdivwl — p'(p.)¢) = g in Q, (60)
wir=0 in €.

Enomoto and Shibata [7] proved the existence of R bounded solution operators associated with (60).
Namely, we know the following theorem.

Theorem 15. Let Q be a uniform C? domain in RN. Let 0 < w < /2 and 1 < q < oo. Set H(Q) =
H}(Q) x Ly(Q)* and Hp?(2) = Hy () x HZ(Q). Then, there exist a large number Ao > 0 and operator
families P(X\) and S(X\) with

P(A) € Hol (S0, L(Hy(Q), Hy (), S(A) € Hol (S, 5., L(H, (), H ()

such that for any X € Xy, x, and (f,g) € Hy°(Q), ¢ = P(\)([, g) and w = S(\)(f, g) are unique solutions
of Stokes resolvent problem (60) and

RL(H;’O(Q),H{}(Q))({(Ta‘r)e()‘kp()‘)) A€ Zunt) <,
RL(H;’O(Q),Hg_j(Q)%({(TaT)Z(/\j/QSO‘)) [AEZunt) <
for£=0,1, k=0,1and 7 =0,1,2.
From Theorem 14 we have the following theorem.

Theorem 16. Let 1 < p,q < oo. Let b > 0. Then, there exists a large constant \y > 0 such that for any
(f,g) with <t>"(f,g) € Ly((0,T),H}°()), problem:
Op+ Ap+ pedivw = f in Qx(0,T),
P+ (Opw + A\ w) — Div (uD(w) + vdivwI — p'(p)p) = g in Q x (0,7), (61)
wr =0, (p,w)]i=0 = (0,0) in 2,
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admits unique solutions p € H)((0,T), H}(2)) and w e H}((0,T), Ly(2)?) N L,((0,T), HZ(Q2)?) possess-
ing the estimate:
| <t>b(p, 9P L, 0,1, mi) + I <t >0 Orwl| L, 0.1y, + | <t >° w1, ((0,1),H2(2)
<Ol <t > (£, 9,01 m2°0))-

Here, C' is a constant independent of T > 0.

Proof. Our situation is that Bu = v and g = 0 in Sect. 3. Let fy and g, be the zero extensions of f and
g outside of (0,7"). Applying Theorem 14 yields the unique existence of solutions p and w defined on the
whole time interval R possessing the estimate (26). But, what fy and g vanish for ¢ < 0 implies that
p and w also vanish for ¢ < 0, which can be proved by using the uniqueness argument due to Saito [11,
Sect. 7]. Thus, these p and w are required solutions to Eq. (61). This completes the proof of Theorem 16.
O

We now consider Eq. (59). The corresponding Cauchy problem is equations:
0¢C + pudivz =0 in Qx (0,7),
px0yz — Div (uD(z) + vdivzl — p’(p.)¢) =0 in Q x (0,7), (62)
zlr =0, ((,2)|i=0 = (6o, Vo) in Q.

As was seen in Sect. 3, Theorem 15 implies generation of continuous analytic semigroup {7'(¢)};>o asso-
ciated with equations (62). Thus, by Duhamel’s principle we have

(n2,u2) = T'(t)(00,vo) + /Ot Tt —s)(Mm (e, 8), peAr1ug (v, 8)) ds. (63)
Now, we shall estimate (n1,u;) and (72, u2). Applying Theorem 16 to Eq. (58) yields that
<> Ol wn)llg, o,my,m3o0@ + I <t >" (1wl 0.1y, 0)
<O <t>? (F(0,v), GO, )L, (0.1), 1102

for ¢ = r, 2 and 6. Recalling that ||(6,vo)||z < € and Er(0,v) < ¢, by (34), (44), (46), (51), (53), and
(64), we have

| <t> (> wi)ll (0.1, 120 11 <1 >? (w0, 102 (@) < C(e? + € +¢). (65)

for g =r, 2, and 6. Here, C' is a constant independent of T" and e. By the trace method of real interpolation
theorem,

(64)

I <t>"willioo,r),,0) < CU <t >" g, o0m),Lo@) + | <t > willL,0m),H2(2)):
and so by (65),

I <t>"willror)L,) < CE + € +¢€h), (66)
for ¢ = 2 and 6, which, combined with (65), yields that
Er(n,u) < C( 4 € + ) (67)

with some constant C' > 0 independent of T € (0, 00).
To estimate 7, and uy, we shall use the following L,-L, decay estimates due to Enomoto and Shi-
bata [8]. Setting (6,v) = T'(¢t)(f,g), we have

1

10, %) (. Ol 2,2 < Coat G D) [(F @) (8> 1);
V0, %)), @) < Cpat " PO((f,8)lpq  (¢>1);

192V ( )l @) < Cogt 2 [(f.8)]pg (> 1);
186, %), )|, ) < CE 2 [(f,8)]pg (¢ > 1).
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Here, 1 < ¢ <2 <p <00, [(f,8)]pq = II(

3/1 1

2\q p

dn®:<—>+; (2<p<3), and

Moreover, we use

10,3 D22y < MU @y (0<t<2),

Y. Shibata

JMFM

f g)HH},‘O(Q) +I(f g)”Lq(Q)» and

5 (p>3).

(69)

for ¢ = 2, 24 0, and 6, which follows from standard estimates for continuous analytic semigroup. In (63),

we set
t
(3, u3) = T(t)(0o, Vo), (n§7ug)=/ Tt —s)(Mm(-ss), pAiui(s, 8)) ds.
0
Recall that
1 3 1 3/1 1 1 3/1 1 1
¢ §+2(2+a) 2" 2<§+ 240 _5) - §(§+ 240 _6>’
and
1 3
o2r) =L o@2+or)=5+7>L o)=L <3/

In particular, we use (68) estimate with decay rate ¢, replacing ¢ with r, except for the first inequality in

(68).

We first consider the case where T' > 2. Direct use of (68) with ¢ = r for ¢t € (1,7) and (69) for

t € (0,2] yields immediately that

Er(13,15) < C||(00,vo)llz < Ce?.
L,

Here, the estimate of sup,_ ., t°||ni(-,t),ul(:,

(70)

is a little bit exceptional. In fact, since b <

0—1/2<(3/2)(1/r —1/q) for ¢ = 2 and 6 as follows from (5), we have

t), u2(

sup t°]|(nz(,t
1<t<T
To estimate (n3,u3), we set

[, wa) (5 9)]) = ([ (15 w) (s 9)

We set

Er(n,w) =

and then, by (65) we have

E~’T(n1,u1) < C(€2 + e+ eh).
First we consider the case: 2 < ¢t < T. Let (n3,u3) =

(Vin2,V2u2) when ¢ = 6. Here, V™ f =

Ly < (0o, Vo)l

o)+ D (1(mw)(

q=2,6

</OT(< t > [, w) (-, 0)]))P dt) ,

(73, u3)(- )”L (Q)
t/2
ol [ o],
=1, +11,+111,.
By (68) and bp’ > 1 (cf. (16)), we have
<C/ (t—s) " [[(m,u1)]] ds

L.() ||(90aVO)HH§>0(Q))-

gy + 100 6 9)| o).

1/p

(71)
(Vn2,ViVu3) when ¢ = 2, and (n3,u3) =

(02 f | |l < m). And then,

+ [ JHE.919) or (FLTAITE - ) 0um.phw)(, )1, 0 ds
t—1
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t/2
<t/ [ <sm s (mow) ) ds
0

cort([T<os a) " ([N fomm oy as)

< Ct~'Ep(m,w).
Recalling that (¢ —b)p > 1 (cf. (16)), we have

1/p

T
/ (<t >PI(t)Pdt < CEr(m,u)P.
1

We next estimate I1,(t). By (68) we have

t—1
1020 [ =9l w) ol ds
t
By Holder’s inequality and < t >*< C, < s >? for s € (t/2,t — 1), we have
t—1
<t>'II,(t)<C (t— )" (t — )P < s S [[(m1,wy) (-, 5)]] ds
t/2

t—1

< C(/t:;l(t _ s)fe ds)l/p’ (/t/2 (t— 5)*4(< s b ([, w) (-, $)]])P ds)l/p.

Setting floo s~ ¢ds = L, by Fubini’s theorem we have

T . T-1
| st mpa<er [ s o

< CLPE7(n1, )P

2s
(t—s)~" dt) ds
+1

Using a standard estimate (69) for continuous analytic semigroup, we have
t t

HI ) <C [ Altmw) (s 8) gy ds < C | [[m, ), s)]] ds.

t—1 t—1

Thus, employing the same argument as in estimating I1,(t), we have
T
/ (<t > IIT,(t)P dt < CEp(ni,u)P.
2
Combining these three estimates yields that

T
/ (<t >" [|(n3,u3) (- t)| 1, (0)" dt < CEr(n1,m1)?,
2

when 1" > 2.

66

(72)

For 0 < t < min(2,T), using (69) and employing the same argument as in estimating I11,(t) above,

we have
min(2,T) ~
[ om0l o) b < CEr,w)
0
which, combined with (72), yields that

T
| (<58 w0l di < CEr(mow)?
0

for ¢ = 2 and 6.
Since

t
(2 02) = —Ai(m, pew) (1) — s / BTt — 5)(m, pew) (- ) ds,
0
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employing the same argument as in proving (73), we have

T
/ (<t > 1|0s(n3,03) (- )| L))" dt < CEp(m,w)? (74)
0

for ¢ = 2 and 6.
We now estimate supy_, 7 < t > [|(n3,u3)]| 1, () for ¢ = 2 and 6. Let ¢ = 2 and 6 in what follows.
For 2 <t <T,

t/2 t—1 t
IOl < L[ [ [T 9 0um dpew) )l o
t t—
- q70+IIq7O+[IIq70.
By (68), we have

t/2
Igo(t) < C/O (t = )72 [, w) (-, 5)]] ds

< O(t)2)3/2@F0) /Om <s>P< s> [(n,u) (-, 8)]] ds

R ’ 1/ ! ~
< Ct73/2(2+g) (/ <s>"P b dS) : ET(’/]l,lll).
0

Noting that (3/2(2 + 0))p’ > bp’ > 1 and using (68), we have

II,0(t) < C t/; (t— 5)_3/2(2+")H(771,u1)(-,s)]] ds
t—1 I )
< C(/t/2 (£ — 5)73/22H0) < g 5=ty ds)l/ (/t/2 (< s b [0, m) (-, 8)]]) ds)l/

<C<t >7b ET(m,ul).

By (69), we have

o) <C [ [[(m,a1)(-, )] ds

t—1
t

<C<t>"? /t < s> [[(n1,w) (-, 8)]] ds

-1

<C<t>" (/t ds)l/p/E

> (11, u1).
t—1

Since b < 3/2(2 + o), combining these estimates yields that

sup <t > [[(n3,03) (-, )|z, () < CEp(m,m). (75)
2<t<T

For 0 < t < min(2,T), by standard estimate (69) of continuous analytic semigroup, we have

sup <t > [|(n3,03) ()L, < CEr(m,w)
0<t<min(2,T")

which, combined with (75), yields that
| <t>" 03, 03)( )lre0,1),L,2) < CEr(ni,ur) (76)

for ¢ = 2 and 6. 3
Recalling that 7 = 11 + 72 and u = wy + ug, noting that Ep(n1,u;) < C(Er(n,w) + ||(6o, vo)|lz) as
follows from (66), and combining (73), (74), (76), and (71) yield that

Er(n,u) < C(e® + € 4 ¢). (77)
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If we choose € > 0 so small that C(e + €% + €3) < 1 in (77), we have Er(n,u) < e. Moreover, by (43)

tS(IéI)T) ¢ o) < Clnollag + 19l 2, 0,1y, m122))) < C(€+¢€ +€h).
e(o,

Thus, choosing € > 0 so small that C(e* + ¢ 4 €*) < p,/2, we see that sup,e(o 1) 170 1)|| L) < ps/2-
And also,

T o0 ’ 1/17/
/0 [Va(, $)l[z.. @) ds < (/0 <s>TPP ds) | <t>"Vullz, om),mi) < Cob(€ +€ + ).

Thus, choosing € > 0 so small that Cp ,(e? + € + €*) < §, we see that fOT [Vu(-,s)[| (o) ds < d. From
consideration above, it follows that (n,u) € Vr.. Let S be an operator defined by S(0,v) = (n,u) for
(0,v) € Vp,, and then S maps Vr . into itself.

We now show that S is a contraction map. Let (0;,v;) € Vre (i = 1,2) and set (n,u) = (n1,u;1) —
(m2,u2) = S(01,v1) —S(02,v2), and F = F(61,v1) — F(02,v2) and G = G(01,v1) — G(02,v2). And then,
from (55) it follows that

o + pydiva = F in Q x (0,7,
p«0pu — Div (uD(u) + vdivul — p'(p,.)n) = G in Q x (0,7), (78)
ur =0, (n,u)l=o=(0,0) in Q.
By (34), (45), (47), (52), and (54), we have
| (£, G)||Lp((07T)7H,,1.’O(Q)) + Z | (F, G)”L (0,17),H:°(Q)) = < Cle+ e+ ) Er((01,v1) — (62, v2)).
q=2,2+0,6

Applying the same argument as in proving (77) to Eq. (78) and recalling (n,u) = S(01,v1) — S(62,v2),
we have

ET(S(6‘1,V1) — S(HQ,VQ)) S C(E + 62 + 63)ET((91,V1) - (92,V2)),

for some constant C' independent of ¢ and T. Thus, choosing € > 0 so small that C(e + €2 + €3) < 1,
we have that S is a contraction map on Vr ., which proves Theorem 6. Since the contraction mapping
principle yields the uniqueness of solutions in Vr ., we have completed the proof of Theorem 6.

6. A Proof of Theorem 3

We shall prove Theorem 3 with the help of Theorem 6. In what follows, let b and p be the constants
given in Theorem 6, and ¢ = 2 and 6. As was stated in Sect. 2, the Lagrange transform (7) gives a
C1*@ (w € (0,1/2)) diffeomorphism on Q and dz = det(I + k) dy, where {z} and {y} denote respective
Euler coordinates and Lagrange coordinates on € and k = fot Vu(-,s)ds. By (8), [k|lr_ ) <d<1.In

particular, choosing § > 0 smaller if necessary, we may assume that C~! < det(I + fot Vu(:, s)ds) < C
with some constant C' > 0 for any (x,t) € Q x (0,T). Let y = Xy(z) be an inverse map of Lagrange
transform (7), and set 6(z,t) = n(X¢(x),t) and v(z,t) = u(Xy(x),t). We have

10,9z, < Cll(n, )|z,
Noting that (n,u)(y,t) = (0,v)(y + fo s)ds, t), the chain rule of composite functions yields that
VO, 9|z, < C(1 - ”kHLOC(Q)) IV, w)llz, o)
V¥, < CUL = [kllL @) 21Vl + (1 = [kl @) IVElL, @Vl @)
Thus, using [|VK| 1, ) < C|l <t > V2ull, 0,1, and [[Vul|p_ () < C[|Vu| gy (q), we have
| <t>" V(0,901 La@nLe) < Cll <t > V(0,9)|L (0,1, Lo @)nLe());
| <t>" (0,9, 0.1).L6@) < Cll <t > (0,9)L,(0.1).Lo);
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<t > (0.9 Lom),L2@nLet@) < Cl <t > (0,9)l|1,(0,1), La@)nLs (@)
| <t> V|1, (0,1, La@)nLe(e)) < C( <t >° VAL, (0.1, La@nLe(@)
+ 1 <t >" VL, 0.0).L,n |l <t > Vullp, o)1 9)-
Since 0¢(n,u)(y,t) = 0[(0,v)(y + fot u(y, s)ds,t)] = 0,(0,v)(x,t) +u- V(0,v)(z,t), we have
1060, %) 2, ) < CU10c(n, W)|L, ) + l[alle I Vnllz, @) + ullz, @ Valz. @)
Since [Vl L. ((0.7),L,0)) < [VOollL,@) +Cll <t > 0imllL,o0.1), 11 (@), We have
| <t>"0,(0,v)

Lo(0.1),Lo() < CUI <t > 0i(n,w)l L, ((0,1),L,(2)
+ (V8o ) + | <t>° Ol L, 0,1y, mrn)ll <t >Pulln o), m2 @)

+ 1l <t >"ullp_o.1).Ly@pll <t > VullL o711 9))-

By Theorem 6, we see that there exists a small constant € > 0 such that if initial data (6p,vo) € T
satisifes the compatibility condition: vo|r = 0 and the smallness condition: ||(fy, vo)||z < € then problem
(1) admits unique solutions p = p, + 6 and v satisfying the regularity conditions (4) and £(6,v) < e. This
completes the proof of Theorem 3.

7. Comment on the Proof

Let N > 3 and 2 be an exterior domain in R™. Assume that L,-L, decay estmates for continuous analytic
semigroup like (68) are valid. We choose g1 = 2, g2 = 2 + 0, and g3 in such a way that ¢35 > N and
1 n N - N (1 . 1 1 )
2 22+40) " 2\2 240 g3/
Namely, g3 = 6 (N = 3) and g3 > N > 2N/(N — 2) for N > 4. If L; in space estimates hold, then the
global well-posedness is established with ¢; = ¢o = 2. But, so far L; in space estimates does not hold,
and so we have chosen ¢; = 2 and g3 = 2 + . Let p and b be chosen in such a way that
1 N
= 7—19) >1, bp >1.
(2 Mo P
If we write equations as
Ou—Au=f, Bu=g (t>0), ult=o=up.
Here, Bu = g is corresponding to boundary conditions, and f and g are corresponding to nonlinear terms.
The first reduction is that u; is a solution to equations:
8tu1 + /\1u1 - AU1 = f, Bu1 =g (t € R)
Then, u; has the same decay properties as nonlinear terms f and g have. If u; does not belong to the
domain of the operator (A, B) (free boundary conditions or slip boundary conditions cases)), in addition
we choose uy as a solution of equations:

O + AMug — Aus = \Mu1, Bus =0 (t S R)

with very large constant A; > 0. Since uy belongs to the domain of operator A for any ¢ > 0, we choose
ug as a solution of equations:

Opug — Auz = Mug, Buz =0 (t>0), wusli=o=uo — (u1 + u2)|=o-
And then, by the Duhamel principle, we have

uz = T(t)(ug — (u1 + u2)|i=o) + A1 /o T(t — s)ua(s)ds,

and we use Ly,-L, decay estimate like (68) for 0 < s < ¢ — 1 and a standard semigroup estimate for
t—1 < s <t, thatis ||T(t—s)uz(s)l|pay < Cllu(s)||pcay fort—1 < s < t, where ||-|| p(a) is a domain norm.
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When N = 2, the method above is fail, because

EI
2 2(2+40) ’

And so, Matsumura—Nishida method seems to be only the way to prove the global wellposedness in two
dimensional exterior domains.
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