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Abstract
The strain energy-based life evaluation method of Mod. 9Cr-1Mo steel under non-proportional multiaxial creep–fatigue 
loading is proposed. Inelastic strain energy densities have been calculated as the areas inside the hysteresis loops. The effect 
of the mean stress has been experimentally considered, and the relationship between inelastic strain energy densities and 
creep–fatigue lives was investigated. The investigation of hysteresis loops shows that the decrease in the maximum stress leads 
to a prolonged failure life while stress relaxation during strain holding causes strength reduction. The correction method of 
inelastic strain energy density has been proposed considering the effect of maximum stress in hysteresis loop and minimum 
stress during strain holding. Then, strain energy densities for uniaxial and non-proportional multiaxial loading were obtained. 
Failure life correlation has been performed by calculating theoretical failure life using the relationship between strain energy 
densities and failure life under uniaxial loading (database). Failure life could be correlated between a factor of 5 (unsafe side) 
and a factor of 2 (conservation side) band for the proportional loading. Even in the case of non-proportional loading, failure 
life has been evaluated between a factor of 5 band (unsafe side) and a factor of 3 (conservation side) band. However, failure 
life of test with strain holding on the tension side with the most prolonged duration (in proportional loading), and test with 
the lowest strain rate (in non-proportional loading) have been evaluated excessively on the conservation side. This reason 
is investigated by overlooking hysteresis data, and the mechanisms governing creep-fatigue lives under non-proportional 
multiaxial loading have been discussed.

Keywords Mod. 9Cr-1Mo steel · Creep–fatigue · Multiaxial loading · Non-proportional loading · Strain energy · Energy-
based life evaluation

Introduction

Recently, the improvement of the efficiency of thermal 
power plants and fast breeder reactors (FBR) is expected, 
and the condition for their usage is becoming increasingly 
severe. Therefore, the high-temperature properties of struc-
tural material become more critical (Fleischer 1985; Berto 
et al. 2014; Brnic et al. 2015). Boiler pipes in thermal power 
plants and vessels for FBR are subjected to creep–fatigue 
loading due to ordinary usage associated with power on and 
off at high temperatures (Plumbridge et al. 1982; Doong 
et al. 1990; Doong and Socie 1991; Wang and Brown 1993). 
Mod. 9Cr-1Mo steel has superior high-temperature proper-
ties with the stability of mechanical properties. As a result, 
Mod. 9Cr-1Mo steel has been used in thermal power plants 
and FBR, and the creep–fatigue properties need to be elu-
cidated. Moreover, a life evaluation method needs to be 
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established for the more effective design of components. In 
the authors’ previous study, creep–fatigue tests of the steel at 
823 K were performed using uniaxial (push–pull) tests with 
different strain rates and tests with strain holding (Nakay-
ama et al. 2021). Non-proportional multiaxial tests were also 
performed using a circle waveform in which the principal 
direction of strain rotates with time. Specificity was found in 
the creep–fatigue lives; failure life gets shorter at maximum 
strain rates, and longer when strain holding was inserted. 
The life evaluation method was proposed considering the 
interaction of fatigue and creep using the IS method pro-
posed by Itoh et al., which considers hardening due to non-
proportionality (Itoh et al. 2015; Kasamuta et al. 2019) and 
modified ductility exhaustion rule proposed by Takahashi 
et al. (Takahashi and Yaguchi 2005). The authors achieved 
the evaluation of creep–fatigue lives within 1.5 bands, so the 
results should be helpful for the design of components. How-
ever, uncertainty remains in life evaluation due to the weak-
ness of the ductility exhaustion rule in prediction accuracy 
because it is an empirical rule (Holdsworth 2019). Moreo-
ver, the failure mechanism has not been fully understood.

Strain energy has been widely used for the life evalu-
ation of fatigued components (Ozaltun et al. 2011; Scott-
Emuakpor et al. 2010). It can be used for life evaluation for 
various conditions and is the basis for the practical design 
of structural members. If the creep–fatigue lives can be cor-
related with strain energies, it should be directly effective 
for the creation of elements related to standards for nuclear 
plants and FBR. Some studies adopted strain energy to 
creep-fatigue loading and succeeded (Payten et al. 2010; 
Zhu et al. 2012; Mroziński et al. 2021). Theoretical mod-
eling of strain energy and fitting to the experimental data are 
also reported (Fan et al. 2015; Wang et al. 2016; Huffman 
2016). In this study, strain energies of Mod. 9Cr-1Mo under 
non-proportional multiaxial creep–fatigue loadings at high 
temperature have been calculated from the experimental 
hysteresis loops, and life evaluation has been conducted. To 
the authors’ knowledge, estimation of strain energy under 
non-proportional multiaxial creep–fatigue loading for Mod. 
9Cr-1Mo steel has not been performed in the literature. Life 
evaluation has been performed considering the interaction 
of creep and fatigue loading. From the results, mechanisms 
governing the strength reduction under creep–fatigue load-
ing at high temperatures have been discussed.

Experimental Procedure

Material and Specimen

In this study, Mod.9Cr-1Mo steel, a high chromium ferritic 
steel, was used. Figure 1 shows the geometry and dimensions 
of a hollow cylindrical specimen with an outer diameter of 

12 mm, an inner diameter of 9 mm, and a parallel section 
length of 8 mm. The inner and outer surfaces of the speci-
mens were polished with emery paper up to 2000 grit and 
then buffed with alumina particles up to 1 µm in diameter 
before testing.

Testing Machine

Two types of electro-hydraulic servo fatigue testing 
machines are used in this study: one is computer-controlled 
and can apply axial loading to the specimen, and the other 
can apply both axial loading and torsional torque. Axial and 
shear strains are measured using an extensometer equipped 
with two eddy current displacement sensors. A high-fre-
quency induction heating system was used to heat the test 
specimens. The temperature of the gauge section was con-
trolled at 823 K by mounting a thermocouple 4 mm below 
the gauge section. The failure life was defined as the number 
of cycles when the axial stress amplitude decreased to 3/4 of 
the change from the steady-state or when specimen fracture 
was observed.

Strain Waveforms

The two loading modes are employed: push–pull loading 
(PP) and circle loading (CI), as shown in Fig. 2. PP test is a 
proportional strain loading test, while the CI test is a non-
proportional strain loading test with a 90° phase difference 

Fig. 1  Shape and dimensions of the specimen (mm)

Fig. 2  Strain paths employed in this study
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between axial strain (ε) and shear strain (γ). Figure 3 shows a 
schematic of the strain waveforms for proportional and non-
proportional loading; in the PP test, triangular waveforms 
with different strain rates were used, and the strain holding 
was adopted on the tensile or compressive side. 

The strain rates for the non-strain-holding tests were 
0.2%/s, 0.01%/s and 0.002%/s. In this paper, these are 
denoted as PP-FF, PP-SS, and PP-SS*, respectively. The 
strain holding times for the creep-fatigue tests were 3, 10, 
and 30 min. The strain holding durations for the tensile tests 
are denoted PP-TH (3 min), PP-TH (10 min), and PP-TH 
(30 min), and the waveforms with strain holding durations 
for the compression tests are denoted PP-CH (3 min), PP-CH 
(10 min) and PP-CH (30 min). The strain rate in the tests 
with strain holding was 0.2%/s, as in the PP-FF. In the CI 
tests, sine and cosine waves with different strain rates were 
used, with the strain holding of the axial strain in tension 
or compression. The Mises equivalent strain rates for tests 
without strain holding were 0.2%/s and 0.01%/s. In this 
paper, these are denoted as CI-FF and CI-SS, respectively. 
The axial strain holding durations for the creep-fatigue tests 
were 3, 10, and 30 min in tension, and 3 and 10 min in com-
pression. In this paper, the holding durations on the tensile 

side are denoted as CI-TH (3 min), CI-TH (10 min), and 
CI-TH (30 min), and the holding durations on the compres-
sive side are denoted as CI-CH (3 min) and CI-CH (10 min), 
respectively. The Mises equivalent strain rate for the tests 
with axial strain holding was 0.2%/s. The Mises equivalent 
strain range for all tests, both PP and CI tests, was 0.7%.

Characteristic of Creep–Fatigue Lives

Creep–Fatigue Lives

In this section, creep–fatigue lives have been summarized as 
the basis for calculating strain energies. Table 1 summarizes 
failure lives for each test.

In the PP-FF test, of which the strain rate is the highest, 
failure life is smaller than PP-SS, of which the strain rate is 
middle. In PP-SS* with the slowest strain rate, failure life 
gets shorter again. There is a specificity in the dependence 
on strain rates. Additionally, in PP-TH (3 min), in which 
strain holding is inserted, failure life is longer than that of 
PP-FF, owing to the decrease in stress in the tension side as 
explained later. In PP-CH loadings, failure lives are shorter 
than PP-TH loading, which will be explained later. In non-
proportional loading, similar trends have been observed, 
although the detail is not ideally the same. That of PP-FF 
loading has normalized the failure lives, and the trends are 
shown in Fig. 4. The failure life of PP-SS is about 1.4 times 
larger than that of PP-FF.

The failure life of PP-SS* nearly equals that of PP-FF. 
The failure life of PP-TH (3 min) is 1.7 times larger than 
that of PP-FF. Failure lives of PP-TH (10 min) and PP-TH 
(30 min) get smaller compared to PP-TH (3 min). This is 
probably owing to time-effect, i.e., reduction in strength 
during stress relaxation. In PP-CH (10 min) and PP-CH 
(30 min), failure lives are smaller than 0.6 times that in 
PP-FF. In CI-FF and CI-SS loading, failure lives are smaller 
than 0.6 times that of PP-FF, which is due to the non-pro-
portionality of loading, i.e., stress increment owing to the 
interaction of dislocations. Failure lives in CI-TH (3 min), 
and CI-TH (10 min) have been more extensive than CI-FF 
loading. Failure life in CI-TH (30 min) gets smaller again 
due to strength reduction during strain holding. Failure lives 
in CI-CH (3 min) and CI-CH (10 min) are smaller than half 
of PP-FF, probably because of increased maximum stress 
due to strain holding on the compression side, as explained 
later.

Hysteresis Loops Under Proportional Loading

Figure 5 compares the hysteresis loops of PP-FF, PP-SS, 
and PP-SS* at 1/2 Nf. The maximum stress is the highest 
among all waveforms for the most enormous strain rate 

Fig. 3  Strain paths employed in this study: a proportional loading, b 
non-proportional loading



552 Transactions of the Indian National Academy of Engineering (2022) 7:549–564

123

(PP-FF), leading to a smaller failure life. For the lower 
strain rate, maximum stress gets smaller due to stress 
relaxation during loading. Failure life gets short because 
of time-dependent strength reduction during loading.

Figure 6 compares hysteresis loops of PP-FF, PP-TH 
(3 min), PP-TH (10 min), and PP-TH (30 min) at 1/2 Nf. 
In PP-TH (3 min), maximum stress is almost the same 
as PP-FF. However, stress values on the tension side for 
nearly all strains are smaller than those of PP-FF. Addi-
tionally, stress relaxation occurs during tension holding. 
In PP-TH (3 min), the mean stress value is on the compres-
sion side and gets smaller than PP-FF. In PP-TH (10 min) 
and PP-TH (30 min), maximum stress gets smaller; how-
ever, the amount of stress relaxation has been more sig-
nificant than PP-TH (3 min), which leads to smaller failure 
life. Absolute values of minimum stresses become smaller 
than PP-TH (3 min), probably due to the stress relaxation 
effect.

For the strain holding on the compression side, the maxi-
mum stress, consequently the mean stress, can increase 
compared to PP-FF (Fig. 7). In PP-CH (3 min) and PP-CH 
(10 min). We find that the maximum stress increases by 
about 35 MPa, which increases the mean stress. Addition-
ally, stress relaxation occurs on the compression side. For 
longer holding duration (PP-CH (30 min)), a decrease in 
maximum stress occurs, in the same way as absolute val-
ues of minimum stresses; therefore, the mean stress barely 
increases. A large amount of stress relaxation takes place, 
and it decreases failure life. It is estimated that a balance 
between reduction in life due to relaxation and prolonged life 
due to the decrease in maximum stress governs failure life.

Hysteresis Loops Under Non‑proportional Loading

In the following, we discuss hysteresis loops under non-
proportional multiaxial loading. Figure 8 shows hysteresis 
loops under CI-FF loading. It is clear by comparing with 
Fig. 5, the data for proportional loading, stress increment 
under non-proportional loading due to the interaction of 
dislocations takes place, which decreases failure life in 
non-proportional loading (Fig. 8a and b) indicates the rela-
tion between shear stress and shear strain. In the figure, 
1/
√

3 times of shear strain range equals 0.7%.
Figure 9 shows the comparison of hysteresis loops of 

CI-TH (3 min), CI-TH (10 min), and CI-TH (30 min) at 1/2 
Nf. Both maximum stress and the absolute value of mini-
mum stress increase in CI-TH (10 min) compared to CI-TH 
(3 min) (Fig. 9 (a)). In CI-TH (30 min), maximum stress 
decreases while minimum stress increases, resulting from 
stress relaxation. Similar trends can be seen in the relation-
ship between shear stress and shear strain. Figure 10 shows 
the hysteresis loops for the strain holding on the compres-
sion side at 1/2 Nf. Axial maximum stress decreases in 
CI-CH (10 min), while minimum stress decreases, which 
is the result of the balance between stress relaxation in 
the compression side and an increase in mean stress (In 
Fig. 10 (a)). In the relationship between shear stress and 
shear strain, a decrease in minimum stress occurs in CI-CH 
(10 min) (Fig. 10 (b)). Simultaneously, an increase in the 
shear inelastic strain range occurred, reducing failure life.

Table 1  Creep–fatigue lives of Mod. 9Cr-1Mo steel under proportional and non-proportional loading

Loading type Strain path Equivalent strain 
range ∆eq (%)

Waveform Strain rate (%/s) Holding 
period (min)

Failure life 
Nf (cycles)

Uniaxial/Proportional Push–pull (PP) 0.7 PP-FF 0.2 – 1150
PP-SS 0.01 – 1670
PP-SS* 0.002 – 1133
PP-TH 0.2 3 1973

0.2 10 1233
0.2 30 1114

PP-CH 0.2 3 1130
0.2 10 685
0.2 30 670

Multiaxial/Non-proportional Circle (CI) 0.7 CI-FF 0.2 – 635
CI-SS 0.01 – 600
CI-TH 0.2 3 747

10 924
30 780

CI-CH 0.2 3 510
10 491
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Stress Amplitude and Mean Stress Evolution

This section presents the evolution of stress amplitudes 
depending on cycles and resultant mean stress variation. Fig-
ure 11 (a) shows the stress amplitude under PP-TH (3 min) as 
a function of creep–fatigue cycles, while Fig. 11 (b) shows 
the mean stress evolution. Figure 11 (a) demonstrates the 
maximum and minimum stress for each cycle. Stress ampli-
tude stabilizes just at half of the failure cycle; the plateau of 

the stress amplitude corresponds to half a failure life. The 
mean stress decreases with the cycles; it is a characteristic 
of loading with tension strain holding. The mean stress also 
stabilizes at half of failure life. Figure 12 (a) shows the stress 
amplitudes under PP-TH (10 min). Additionally, Fig. 12 (b) 
shows the mean stress evolution. The stress amplitude sta-
bilizes just at half of failure life. The mean stress does not 
vary largely from PP-TH (3 min), probably because of the 
balance between hardening and stress relaxation.

Fig. 4  The normalized creep–
fatigue failure lives. a Tests 
based on push–pull loading b 
tests based on multiaxial non-
proportional loading
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Figure 13 (a) and (b) show the stress amplitude under 
CI-TH (3 min) loading; Fig. 13 (a) corresponds to the axial 
stress, while Fig. 13 (b) corresponds to the torsional stress. 
Stress amplitude stabilizes just at half of failure life. It justi-
fies the calculation of strain energy at half of failure life, as 
mentioned later. Figure 13 (c) shows the variation of mean 
axial stress with cycles. The stress varies from negative 
to positive value due to tension strain and torsional strain. 
Figure 13 (d) shows the variation of torsional stress, which 
indicates that torsional stress is dominant under tension 
strain holding, and the stabilization of stress takes place 
at half of failure life. Figure 14 (a) shows the axial stress 
amplitude under CI-CH (3 min), while Fig. 14 (b) shows 
the torsional stress amplitude. It is clear again that stress 
amplitudes stabilize just at half of failure life. Figure 14 (c) 

Fig. 5  Hysteresis loops under the push–pull loading

Fig. 6  Hysteresis loops under the PP-TH loading

Fig. 7  Hysteresis loops under the PP-CH loading

Fig. 8  Hysteresis loops under the CI-FF loading. a Axial stress-axial 
strain b shear stress-shear strain
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shows the variation of mean axial stress with cycles. Axial 
stress, particularly the stress range is dominant in the multi-
axial failure under compression strain holding. As evidence, 
mean stress stabilizes at half of failure life. Figure 14 (d) 
shows the variation of mean torsional stress with cycles; the 
torsional stress changes linearly under the effect of both the 
axial strain (with compression holding) and torsional strain. 
As the conclusion of this section, the following should be 
noted: stress amplitude and mean stress stabilize just at half 
of failure life, and in tension strain holding, torsional stress 
is dominant, while in the compression strain holding, the 
normal stress range is dominant for multiaxial creep–fatigue 
failure.

Observation Results of Failed Specimen

This section presents the observation result of the failed 
specimen after creep–fatigue tests. In the following, the 
methods for preparing the samples and observation are 

explained. The central position of the failed specimen was 
cut to a semi-circular shape and the outer surface was pol-
ished with emery paper (#600, #1000, #2000). Then, the 
texture was etched with picric acid solution, followed by 
observation of the peripheral zone of main cracks via scan-
ning electron microscopy (SEM). Figure 15 shows the obser-
vation results; The left column shows the low magnification 
image, while the right column shows the high magnifica-
tion image. First, in the PP-FF test without strain holding, 
the surface of the specimen and vicinity of the main crack 
was more uneven than in the other tests, probably due to 
the high stress generated during the testing. In the PP-SS* 
test, some creep damage, i.e., the generation of pores on the 
surface, was observed, but to a lesser extent. In compari-
son, the specimen surface of PP-SS was relatively smooth, 
suggesting that the effect of stress was more significant in 

(b)

Fig. 9  Hysteresis loops under CI-TH (3  min), CI-TH (10  min) and 
CI-TH (30 min). a Axial stress-axial strain b shear stress-shear strain

Fig. 10  Hysteresis loops under CI-CH (3 min) and CI-CH (10 min). a 
Axial stress-axial strain b shear stress-shear strain
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PP-FF. Conversely, the effect of creep was more significant 
in PP-SS* than in the other tests. In the following, the results 
for PP-TH loading are presented. The degree of oxidation of 
the specimens differed depending on the test time, but the 
appearance of small cracks was similar, and there were no 
significant irregularities as in the case of PP-FF. In particu-
lar, there was no significant difference in the surface appear-
ance of the PP-TH (10 min) and PP-TH (30 min) specimens. 
However, it appears that the number of small cracks is larger 
in PP-TH (30 min). Finally, the SEM observation results of 
the specimen surface of PP-CH are presented. Both PP-CH 
(3 min) and PP-CH (10 min) showed cracks of similar shape, 
but the number of cracks was higher in PP-CH (10 min), 
which justifies life reduction. The fracture morphology and 
damage sustained in the creep–fatigue test with compres-
sion strain holding differed significantly from the fatigue 
test and the creep–fatigue test with tensile strain holding 
due to the increase in mean tensile stress. The axial cracks 
connecting cracks transverse to the loading direction reflect 

the stress range generated due to compression strain hold-
ing along with torsional strain. This study presents only the 
observation results for proportional loading, and that for 
non-proportional loading remains a future task.

Evaluation of Strain Energies and Failure Life 
Correlation

Evaluation of Strain Energies

Figure 16 shows a schematic of how to calculate strain 
energy density from the hysteresis data. The area between 
the hysteresis loop on the positive side of stress at 1/2 Nf and 
the strain axis was calculated (Ellyin and Kujawski 1984). 
The area inside the hysteresis loop is denoted inelastic strain 
energy density, while the sum of the inside the hysteresis 
loop and the area between the hysteresis loop and strain 
axis is denoted total strain energy density. In the following, 

Fig. 11  Stress amplitude and mean stress under PP-TH (3  min). a 
Stress amplitude b mean stress

Fig. 12  Stress amplitude and mean stress under PP-TH (10  min). a 
Stress amplitude b mean stress
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we explain the calculation method of the strain energy den-
sity. The stress value was multiplied by the increment of 
strain value; The stress was assumed to change step by step, 
and the divided quadrature method has been adopted. Fig-
ure 16 demonstrates the concept for calculating the area. 
As mentioned later, the effect of the mean stress has been 
considered. Summation with additional energy was taken 
by multiplying the mean stress and strain range. Regard-
ing the estimation of strain energy density for evaluation 
of creep–fatigue lives, Zhu et al. proposed the calculation 
method of strain energy. They justified that it can include 
toughness of materials through theoretical consideration (by 
multiplying the stress and failure strain). In this study, the 
authors take similar lines; however, this study focuses on 
estimating experimental energy value, followed by the life 
correlation of multiaxial creep-fatigue failure.

Figure 17 shows the calculation results of strain energy 
density from the hysteresis loops of proportional loading 

conditions. The trends in strain energy densities are simi-
lar in the inelastic strain energy density and total strain 
energy density. In the following, the detail of the energies 
is explained. The most prolonged failure life corresponds 
to PP-TH (3 min) with a middle strain energy density. For 
longer strain holding duration (PP-TH (10 min) and PP-TH 
(30 min), failure life gets smaller, although strain energy 
densities are nearly the same as that of PP-TH (3 min); The 
height between the maximum stress and minimum stress 
is dominant (indirectly, dependent on the degree of stress 
relaxation) in the failure regardless of the absence in this 
consideration. This point will be pursued further in future 
publication through modeling of hysteresis loops. Regard-
ing the effect of strain rates, in PP-FF, which has the most 
enormous strain rate, strain energy density has the median 
value among all conditions, while in PP-SS*, which has the 
lowest strain rate, strain energy density is the smallest. In 
strain holding on the compression side, strain energies have 

Fig. 13  Stress amplitude and mean stress under CI-TH (3 min). a Amplitude of axial stress b amplitude of torsional stress c mean axial stress d 
mean torsional stress
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a high value compared to other loading conditions for almost 
all conditions. We adopt the inelastic strain energy density 
because it can distinguish the length of strain holding dura-
tions. While in the case of using total strain energy density, 
energy values do not vary even for short and long strain 
holding duration. The energy value does change through the 
balance between elastoplastic deformation and stress vari-
ation during strain holding; The adoption of inelastic strain 
energy density can consider this point.

Figure  17 (b) shows inelastic strain energy density 
values, which consider the effect of mean stress. How to 
include the impact of mean stress is schematically dem-
onstrated in Fig. 18 (Wang et al. 2020). Strain holding 
on the tension side generates compressive mean stress 
σm. Thus, inelastic strain energy density increases by the 
area between mean stress and strain axis. Energy value 

becomes the sum of inelastic strain energy Win and ∆Win. 
Contrary to tension holding, inelastic strain energy density 
decreases in the case of compressive strain holding due to 
positive mean stress. The details can be found in Ref. [22].

In Fig. 17 (b), all the data are almost on one straight 
line, excluding the plot of PP-TH (3 min). The authors’ 
literature study clarified that failure lives are determined 
between the balance of decrease stress and reduction of 
strength during stress relaxation accompanying strain 
holding (Fukuike et al. 2019). Decrease in stress leads 
to longer failure life, while stress relaxation during strain 
holding causes the reduction of failure life. It is considered 
that the maximum stress and the amount of stress relaxa-
tion govern failure life. Thus, Fig. 19 investigates and sum-
marizes the relationship between the maximum stress in 
the hysteresis loops and the amount of stress relaxation.

Fig. 14  Stress amplitude and mean stress under CI-CH (3 min). a Amplitude of axial stress b amplitude of torsional stress c mean axial stress d 
mean torsional stress
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It is elucidated that a clear correlation between the maxi-
mum stress and the amount of stress relaxation exists, and 
we propose the following energy correction method.

σmax is the maximum stress in the hysteresis loops, while 
σmin_holding is the minimum stress value during strain holding. 
The correction factor is σmax divided by σmin_holding; increased 
maximum stress increases strain energy density. Similarly, the 

(1)W in = Win ×
�max

2�min_holding

.

Fig. 15  Observation results of failed specimens via scanning electron microscopy. a Push–pull loading b PP-TH loading c PP-CH loading

Fig. 16  Schematic of the estimation of strain energy
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higher the amount of stress relaxation, the strain energy den-
sity increases. Factor 2 considers the weight of the effect of 
the maximum stress and stress relaxation. In past studies, the 
impact of stress relaxation was found to be larger and about 
twice that of the maximum stress in creep-fatigue loading 
(Alsmadi et al. 2020; Chen et al. 2020).

The correction factor is set to unity in push–pull loading 
without strain holding. Strain energy densities were calculated 
based on Eq. (1) for proportional and non-proportional load-
ing. Note that for compressive strain holding, the maximum 
stress was set to be that in the tension side, and stress relaxa-
tion value was set to be that in the compressive side to consider 
the effect of stress range on failure lives.

Here, strain energy densities for non-proportional loading 
were calculated using the following equation [15].

(2)W in_non−proportinal = W
a
+ 2W

t
.

W
a
 is inelastic strain energy density for axial loading, 

while W
t
 is inelastic strain energy density for torsional 

loading. Strain energy equals that calculated using 6 × 6 
elements of strain values. It should be noted that correc-
tion of strain energies for PP-CH loading was based on the 
absolute value of minimum stress in the hysteresis loops 
to consider the difference between the tension holding 
and compression holding in the non-proportional loading: 
the formation of cracks in surface oxide in compression 
loading.

Figure 20 summarizes inelastic strain energy density 
considering the effect of the mean stress after correct-
ing the maximum and minimum stress. Generally, strain 
energy density for non-proportional multiaxial loading 
is three times a value of uniaxial loading (Sharooi et al. 
2010; Nagode and Šeruga 2016). Thus, those for multi-
axial loading are divided by 3 to correlate with uniaxial 
loading. Strain energy densities are plotted almost within 
a factor of 2 bands as shown in Fig. 15.

Failure Life Correlation

This section presents the calculation of the theoretical failure 
life of Mod. 9Cr-1Mo steel at 823 K under uniaxial pro-
portional loading and non-proportional multiaxial loading. 
Database for the relationship between strain energy densi-
ties and failure life for uniaxial loading is referred from the 
joint research report with the Japan Atomic Energy Agency 
(Japan Atomic Energy Agency 2020). The condition is 
as follows: temperature is 823 K, strain range is 0.69%, 
the duration of strain holding is 1 h (we select this condition 
considering the effect of duration needed to be heated up to 
823 K). Figure 21 shows the relationship. The horizontal 
axis is the strain energy density, and the vertical axis is the 
experimental failure life. The strain energy density is nor-
malized by its maximum value because the stress condition 
varies depending on the testing machine used for the uni-
axial testing. Higher the strain energy density, the shorter the 
failure life. The strain energy is the driving force of fatigue 
failure. The polynomial approximation is applied to the 
curve in Fig. 21 and we obtained approximation formula.

Theoretical failure lives have been obtained from the 
approximation formula of Fig. 21 and the normalized value 
of the experimentally obtained strain energy densities shown 
in Figs. 20, 22 shows the relationship between the experi-
mental and theoretical failure life. Almost all data can be 
correlated between a factor of 5 bands and a factor of 2 
bands using strain energy density. We believe that energy-
based methodology has been more effective than the stress-
based method. When the data are correlated within a fac-
tor of 5 bands, it should be directly helpful for designing 

Fig. 17  Strain energy densities calculated from the proportional load-
ing paths. a Comparison of inelastic strain energy and total strain 
energy b inelastic strain energy considering the effect of mean stress
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components. However, the data for the PP-TH (30 min) have 
been largely evaluated on the conservative side (on the factor 
of 10.5 bands), of which reason will be investigated later.

Fig.18  Schematic of the con-
sideration of the effect of mean 
stress. a Strain holding on the 
tension side b strain holding on 
the compression side

Fig. 19  Relationship between the maximum stress and relaxation 
stress value

Fig. 20  Normalized value of strain energy density for proportional 
and non-proportional loading: values of the non-proportional loading 
are divided by three which is the ratio with proportional loading
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Figure 23 summarizes the results for non-proportional 
multiaxial loading. Almost all data can be correlated 
between a factor of 5 bands and a factor of 3 bands, regard-
less of the severity of the loading. The data for CI-SS with 
the smallest strain rate is evaluated excessively on the con-
servative side as shown in the circle.

In the following, we investigate the reason for the devia-
tion of the plots on the conservation side by looking into 
hysteresis loops. For PP-TH (30 min), excessive stress relax-
ation during strain holding occurs, and the usage of Eq. (1) 
might lead to the overestimation of inelastic strain energy 
density. Generally, stress is transferred from the strain-
holding region around cracks to the circumference region; 
Thus, the stress relaxation effect on failure life (damage) gets 

smaller. We need to consider this effect to achieve higher 
accuracy. Regarding Fig. 21, in CI-SS of which the strain 
rate is the smallest, hysteresis data cannot be presented in the 
limit of pages; however, it should be noted that the inelastic 
strain ranges in CI-SS increases (from 0.40% to 0.55%) com-
pared to CI-FF, instead of a decrease in the maximum stress. 
The authors consider the following assumption. If the strain 
rate is low and the material possesses enough time to extend 
its plastic region, the inelastic strain range increases. Alter-
natively, extensive stress relaxation occurs after the passage 
of a long time, and the failure region inside the material 
should become narrow. Therefore, in such a case, simply 
calculating the area inside the hysteresis loop is inadequate. 
In the creep–fatigue under non-proportional multiaxial load-
ing, it is essential to consider a spatial variation of stress 
value near and apart cracks and an associated variation of 
local inelastic strains. We will study this point in the future. 
The authors believe that the theoretical modeling of inelas-
tic strain energy is essential to consider the intrinsic failure 
mechanism governing creep-fatigue under non-proportional 
multiaxial loading at high temperatures. This point should 
also be investigated soon. We confirm the simple correlation 
of trends in strain energy densities with the failure mode of 
specimens. The accumulation of small cracks leading to the 
nucleation of the main crack dominates failure under ten-
sion strain holding. Conversely under the compressive strain 
holding the axial cracks connects the cracks transverse to the 
loading direction, which justifies the stress range governs the 
failure process. Interruption tests have also been conducted, 
and observation of damages via electron backscattered dif-
fraction will be performed. A detailed study of the failure 
process will also be reported in successive papers.

Fig. 21  The relationship between strain energy density and experi-
mental failure life. (based on the report of joint research with the 
Japan Atomic Energy Agency)

Fig. 22  Results of the life correlation of proportional loading based 
on the proposed strain energy-based method

Fig. 23  Results of the life correlation of non-proportional loading 
based on the proposed strain energy-based method
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Conclusions

1. Non-proportional multiaxial creep-fatigue tests of Mod. 
9Cr-1Mo steel were performed. Specificity regarding the 
strain rate effect and the effect of strain holding was 
found. At the maximum strain rate, increased maxi-
mum stress shortened failure life. In the strain holding 
of 3 min on the tension side, failure life got larger. This 
is due to the decrease in stresses on the positive side.

2. Dependence on maximum stress and stress relaxation 
during strain holding governs failure life during creep–
fatigue life. Strain energy densities were calculated 
based on the area inside hysteresis loops. The correction 
method of energies based on the maximum stress in the 
hysteresis loops and minimum stress during the strain 
holding was proposed.

3. Life correlation was performed using experimentally 
obtained strain energy densities and the relationship 
between strain energy density and failure life in uniaxial 
loading (database). The data were a correlated factor of 
5 and of 2 (in the case of non-proportional loading: fac-
tor of 3) bands. The possibility of life evaluation under 
creep–fatigue loading using strain energy density was 
presented.

4. The data of PH-TH loading with the most prolonged 
strain holding duration loading and the data with CI-SS 
loading with the minimum strain rate were evaluated 
excessively on the conservation side. Importantly, by 
studying hysteresis loops, it was elucidated to consider 
the spatial variation of stress value near and apart cracks, 
and the associated variation of local inelastic strains.
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