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Abstract

The aims of this paper is to investigate some of the features of
negation and a falsity constant (usually denoted by ⊥) in the frame-
work of Logic of Paradox (LP), and to clarify their relation to Boolean
negation, through the following examination: LP is lacking in reductio
ad absordum and disjunctive syllogism. These rules are very natural,
so I will try to incorporate them into the framework of LP in a re-
stricted way. Firstly, I will consider some sets of propositions that
the rules can be applied to. Secondly, I will introduce triadic relation
between premises, anti-premises and a conclusion.

1 Introduction
Logic of Paradox (LP) is one of the oldest paraconsistent logics developed by
Graham Priest, which does not have Ex Contradictione Quodlibet (ECQ).

A ¬A
X

(ECQ)

One of the motivation of LP, or paraconsistent logics in general, is to treat
a various of logical paradoxes, e.g., Liar Paradox, Russell’s Paradox and so
on. Dialetheism is a philosophical position that claims there are some true
contradictions. According to this position, the problem of paradoxes, or con-
tradictions is that everything follows from it. In other words, a condradiction
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makes a theory that contains it trivial by applying ECQ. On the other hand,
a contradiction does not derive everything in LP, because of the lack of ECQ.
We therefore do not have to avoid a contradiction if we adopt LP as the gen-
uine logic, rather than Classical Logic (CL).

Moreover, the rules that correspond to reductio ad absurdum and disjunc-
tive syllogism are also invalid in this logic. At first, we will see the definition
of LP briefly.

Definition 1.1 (Language). The vocabularies of LP are as follows:1

• Propositional valuable pi (i ∈ N),

• Logical connectives ¬,∧,∨,

• Parenthesis (, ).

Let Prop be the set of all propositional valuables. The language, L is defined
as follows:

A ::= pi | (¬A) | (A∧ B) | (A∨ B)

I will omit parenthesis in the usual way.

Definition 1.2 (Natural Deduction System). The natural deduction system
for LP consists of the following rules:2

A B
A∧ B

(∧I) A∧ B
A (B)

(∧E)
A (B)

A∨ B
(∨I) A∨ B

[A]....
C

[B]....
C

C
(∨E)

¬(A∨ B)

¬A∧ ¬B

¬(A∧ B)

¬A∨ ¬B

¬¬A

A A∨ ¬A
(LEM)

1The language of LP does not have any conditional connectives.
2[A] means that A is cancelled, and double lines express that it is a two way rule.
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Definition 1.3 (Evaluation).
A semantic interpretation of LP is an evaluation function, v : Prop →
{{1}, {0, 1}, {0}}. For convenience, let {{1}, {0, 1}, {0}} be denoted by t, b, f,
respectively. Given an evaluation v, we can extend it to v ′ : L → {t, b, f}
under the following conditions:

1 ∈ v(¬A) iff 0 ∈ v(A)
0 ∈ v(¬A) iff 1 ∈ v(A)

1 ∈ v(A∨ B) iff 1 ∈ v(A) or 1 ∈ v(B)
0 ∈ v(A∨ B) iff 0 ∈ v(A) and 0 ∈ v(B)
1 ∈ v(A∧ B) iff 1 ∈ v(A) and 1 ∈ v(B)
0 ∈ v(A∧ B) iff 0 ∈ v(A) or 0 ∈ v(B)

We simply write v to denote v ′ hereafter. The truth tables for propositional
connectives are as follows:

A ¬A

t f
b b
f t

A∧ B t b f
t t b f
b b b f
f f f f

A∨ B t b f
t t t t
b t b b
f t b f

t, f, and b intuitively mean only true, only false, and both true and false,
respectively. So, the semantics of LP allows truth value glut.

Definition 1.4 (Semantic Relation).

Γ |= φ if for all A ∈ Γ , 1 ∈ v(A) ⇒ 1 ∈ v(φ).

Theorem 1.5 (Soundness and Completeness). LP is sound and complete
with respect to the above definitions.

Proof. Soundness is straightforward. For Completeness, suppose Γ ̸⊢ φ. A
set of propositions, Σ is a prime theory if it is deductively closed and

A∨ B ∈ Σ ⇒ A ∈ Σ or B ∈ Σ.

Our goal is to construct a prime theory that contains Γ . Let us write Σ ⊢ Π to
mean that for some π0, ..., πk ∈ Π,Σ ⊢ ∨

k πk. Consider a list of propositions,
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αi and a sequence of sets: Σj, Πj (i, j ∈ N). Put Σ0 := Γ and Π0 := {φ}. Now
define Σn, Πn as follows:{

Σn+1 := Σn ∪ {αn} and Πn+1 := Πn If Σn ∪ {αn} ⊢ Πn
Πn+1 := Πn ∪ {αn} and Γn+1 := Γn otherwise

Let Σ :=
∪
n∈N Σn and Π :=

∪
n∈NΠn. It can be shown that Σ ̸⊢ Π. If Σ ⊢ Π,

then there is a finite set, Σ ′ ⊂ Σ, s.t. Σ ′ ⊢ Π. It is, however, clear that for
some k, Σ ′ ⊆ Σk. Hence, Σk ⊢ Π. This is contrary to the definition of Σn.

Now, Σ is a prime theory. It can be checked as follows: Suppose that
Σ ⊢ ψ and ψ ̸∈ Σ. Then for some k, Σk∪ {ψ} ⊢ Πk. This implies that ψ ∈ Π.
Contradiction. Therefore, Σ is deductively closed.

Then suppose A∨B ∈ Σ, but A ̸∈ Σ and B ̸∈ Σ. It follows that, for some
k, l, Σk ∪ {A} ⊢ Πk and Σl ∪ {B} ⊢ Πl. This means that Σ ∪ {A∨ B} ⊢ Π, i.e.,
Σ ⊢ Π. Hence, Σ is prime.

We now have that Σ is a prime theory that contains Γ . Consider an
evaluation, v, that satisfies the following conditions:

1 ∈ v(A) iff A ∈ Σ

The rest of proof is to check that this condition is well-defined, but all cases
can be checked by simple induction. Now we have Γ ̸|= φ.3

LP is lacking in ¬I and DS that are usual formalization of reductio ad
absordum and disjunctive syllogism, respectively.4

[A]....
⊥
¬A

(¬I) ¬A A∨ B
B

(DS)

3This proof is based on (Priest 2002), §4.3.
4The following inference is also counted as reductio ad absordum.

[¬A]....
⊥
A

However, if there is DN in the system, then we have this inference as composition of ¬I
and DS. Because of the lack of DS, Modus Ponens of material conditional is not valid in
LP.
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⊥ is usually thought of denoting contradictory sentences. However, if we take
this interpretation, ¬I is not valid in LP, since a contradiction is too weak to
rule out the assumption that derives it. So, what is ⊥, which validate this
rule? As to this question, Priest’s following discernment is a good reference;5

How can a reductio argument possibly be taken to be valid if
some contradictions are true? How can a conclusion be used to
rule out the assumption of an argument if that conclusion might
be true? ... reductio is reductio ad absurdum, not reductio ad con-
tradictionem. The argument is taken to rule out its assumption
because the conclusion is taken to be unacceptable.

Let us take absurdity, or ⊥ as a false proposition (not necessarily contradic-
tion) in the following.

Definition 1.6 (Semantic Condition of ⊥). For any v, v(⊥) = f.

From the proof theoretical point of view, we need rules for ⊥ as follows:

Definition 1.7 (Additional Rules of ⊥). Corresponding to the presence of
⊥ in the language, add ¬I and the following rule (⊥E) to the original system
of LP.

⊥
X

(⊥E)

By this definition, we can restore disjunctive syllogism in LP.

Theorem 1.8. The following inference (DS⊥) is valid in a system that is
the expansion of LP with ⊥.

A....
⊥ A∨ B

B
(DS⊥)

Proof. Suppose we have A ⊢ ⊥. Then we can construct the proof from A∨B

to B as follows:

A∨ B

[A]....
⊥
B [B]

B

5(Priest 2010), p. 41.
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These rules are, however, not adequate, bacause we do not know what is ⊥
on earth in the paraconsistent framework and how is it related to the other
propositions. Then I would like to do further investigation about the feature
of ⊥. In §2, we will consider this point. Before that, there is short remark
about the way of investigation.

1.1 Revenge Problem
The most powerful and easiest approach would be to add additional operator
like a stronger negation to the language. Here is a example: Add ∼ to the
language with the following rules.

[A]....
⊥
∼A

(∼I/⊥E) A ∼A
⊥ (∼E/⊥I)

A∨ ∼A
(∼LEM)

∼∼A

A
(∼DN) ∼A

¬A
(∼E/¬I)

The semantic condition and the truth table of ∼ are as follows:

v(∼A) =

{
t if 1 ̸∈ v(A)
f otherwise

A ∼A

t f
b f
f t

This operator intuitively means “it is false that” and is often called exclusion
negation. With respect to this negation, disjunctive syllogism (DS∼) holds.

∼A A∨ B
B

(DS∼)

According to this formulation, ⊥ represents a contradictory sentence which
consists of ∼.

The problem of this approach is, however, that triviality arises again.
For example, suppose that the system contains enough symbols and rules to
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express naive set theory.6 Then we confront with Russell’s paradox in LP,
constructing Russell’s set R as bellow:

R := { x | ∼x ∈ x }

Since the system has ∼E, the principle of comprehension makes theory trivial.
This kind of situation is often called revenge problem. Generally speaking,
operators that are strong enough to validate ECQ or DS are capable of
causing this sort of problem. This is contrary to the original motivation of
Dialetheism to think of LP as the genuine logic. In fact, this system is, I
think, more correctly to be called “CL with weak negation,” than “LP with
strong negation.” Therefore, I will take a rule based approach in the following.

2 Falsity Constant in LP
From the proof theoretical point of view, the definition of a logical constant is
given by introduction rule of it. So, let us here add some kind of introduction
rule of ⊥, to investigate what it is and how it behaves in LP. The candidates
for ⊥-introduction that I will consider bellow are as follows:

A ¬A
⊥ (a) A

⊥ (b)

These rules themselves are, of course, terrible because if we have (a), then
PL will collapse into CL, and if there is (b), then the set of theorems of the
system is always identical with L. It is therefore necessary to restrict these
rules in a certain way. Firstly, we will consider the special set of propositions
in the language.

2.1 Restriction by Language
2.1.1 Normal Propositions

Why is a contradiction so weak in LP? This is because there can be an
evaluation, v, such that v(A∧¬A) = b. Namely, the presence of truth value

6As to conditional, define as follows; A → B := ∼A ∨ B. There is an objection that if
we adopt a weak conditional like A ⊃ B := ¬A∨ B (paraconsistent conditional), then the
paradox does not occur. For the detail, see (Omori 2015). I will not go further into this
problem in this paper.
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glut is the reason why a contradiction is not necessarily false. So, the most
natural and easiest way is to consider the set of normal propositions that is
assigned to only t or f. By the way, to express this kind of propositions, we
can introduce a new operator like ◦ as below:

A ◦A
t t
b f
f t

This means that the proposition is normal in the sense that it is assigned
either t or f. We can however define the strong negation again as follows;

∼A := ¬A∧ ◦A

Then we cannnot take this approach for the same reason as we have seen in
§1.1. So, I will define a set of propositions in the language directly. Let us
call the logic LPN in the following.

Definition 2.1 (Set of Normal Propositions). Given an arbitrary set of
propositional variables, NV, then Norm is the smallest set, satisfying fol-
lowing conditions:

1. NV ⊂ Norm.

2. ¬A ∈ Norm if A ∈ Norm.

3. A∨ B ∈ Norm if A,B ∈ Norm.

4. A∧ B ∈ Norm if A,B ∈ Norm.

Norm is determined relative to NV, so there are (uncountably) many logics
that satisfy the definition of LPN. It is therefore more accurate to write with
subscription like LPNi, but if there is less possibility of disorder, I will write
simply LPN.

Definition 2.2 (Semantic Condition of Norm).

For all A ∈ Norm, v(A) = t or f.
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In this formulation, ⊥ is interpreted as denoting contradictory sentences of
normal propositions, and we can add an additional rule as bellow:

Definition 2.3 (Additional Rule for LPN). (a) does hold, if A ∈ Norm.

By definition 2.3, we have the following result immediately.

Corollary 2.4. If Prop = NV, then Γ ⊢LPN φ ⇔ Γ ⊢CL φ

Our next goal is Completeness of LPN. To prove this theorem, we need
to introduce some concepts.

Definition 2.5. ∆ is ⊥-free if for some φ, ∆ ̸⊢ φ.

Lemma 2.6. If ∆ is ⊥-free, then there is no ψ ∈ Norm, s.t. ∆ ⊢LPN ψ and
∆ ⊢LPN ¬ψ.

Proof. If for some ψ ∈ Norm, ∆ ⊢LPN ψ and ∆ ⊢LPN ¬ψ, then any proposi-
tion follows by (a).

Theorem 2.7 (Soundness and Completeness). LPN is sound and complete
with respect to the above definitions.

Proof. Suppose Γ ̸⊢LPN φ. Extend Γ to a prime theory, Σ, s.t. Σ ̸⊢LPN φ.
There is no ψ ∈ Norm s.t. {ψ,¬ψ} ⊆ Σ by Lemma 2.6. The rest of proof is
same as Theorem 1.5.

Corollary 2.8. DS is valid if A ∈ Norm.

2.1.2 Absurdity

Let us move on to another formulation of ⊥. We can think of ⊥ as a false
proposition simply. Neil Tennant offers a example of absurdity that is not a
contradiction as follows;7

(Solidly) Red (Solidly) Green
⊥

So I will consider a set of false propositions, Fal. As to the above example,
the sentence “(Solidity) Red ∧ (Solidity) Green” is regarded as an element
of Fal. The problem is, there is not necessarily an evaluation, v, such that

7See (Tennant 2006).
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for all A ∈ Fal, v(A) = f . Then we need some condition to choose a set of
propositions as Fal.

Notation ¬∆ := { ¬φ | φ ∈ ∆ }

Definition 2.9. ∆ is consistent if there is no φ s.t. ∆ ⊢CL φ and ∆ ⊢CL ¬φ.

Lemma 2.10. If ¬∆ is consistent, there is an evaluation, v, s.t. for all
A ∈ ∆, v(A) = f .

Proof. This is obvious by the model existence lemma of CL.

By Lemma 2.10, it follows that we should choose a set of propositions, ∆,
such that ¬∆ is consistent. Now we can define Fal as follows;

Definition 2.11 (Set of Falsity Propositions). Fal is an arbitrary subset of
L s.t. ¬∆ is consistent.

Let the system with Fal be called LPF. There are also uncountably many
logics that satisfy the definition of LPF, but if there is less possibility of
disorder, I will write simply LPF.

Definition 2.12 (Semantic Condition of Fal).

For all A ∈ Fal, v(A) = f .

Definition 2.13 (Additional Rule for LPF). (b) does hold, if A ∈ Fal.

Corollary 2.14. Let Cont := { A ∧ ¬A | A ∈ L }. If Fal = Cont, then
Γ ⊢LPF φ ⇔ Γ ⊢CL φ.

Let us now check Completeness of LPF.

Lemma 2.15. If ∆ is ⊥-free, then for all ψ ∈ Fal, ∆ ̸⊢LPF ψ.

Proof. If for someψ ∈ Fal, ∆ ⊢LPF ψ, then any proposition follows by (b).

Theorem 2.16 (Soundness and Completeness). LPF is sound and complete
with respect to the above definitions.

Proof. Suppose Γ ̸⊢LPF φ. Then there is no ψ ∈ Fal s.t. Γ ⊢LPF ψ by Lemma
2.15. Extend Γ to a prime theory, Σ, s.t. Σ ̸⊢LPF φ. In this case, for all
ψ ∈ Fal, ¬ψ ∈ Σ by ¬I, and Σ ∩ Fal = ∅ by Lemma 2.15. By Lemma 2.10,
there is an evaluation that assigns f to all elements of Fal. The rest of proof
is same as Theorem 1.5.
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Now, there can be an objection as follows: Both LPN and LPF are not a
logic because they treat only special kinds of model. Logics should concern
with universal things, and in this sense LPN and LPF are wrong for being
called logic. They are a kind of theory, rather than logic.

I do not think this objection is very plausible for two reasons: Firstly,
if we take this kind of objection seriously, we will be caught in the endless
dispute about what is universal. In fact, Corollary 2.4 and 2.14 express that
CL itself can be thought of as a special case of LPN and LPF, so it can be said
that they are no more particular than CL is. Secondly, we can distinguish a
pure logic and its application to a particular situation. In the case of LPN
and LPF, these systems are a kind of application of LP, rather than a pure
logic. If we admit this distinction, the problem that the objection points out
is not fatal, but a mater of course. So, it is not problematic to regard systems
like LPN and LPF as some kinds of logical stuff.

Moreover, we can also consider a system which is a pure logic and treats
the situation that we have seen so far. In the next section, we will introduce
triadic relation as logical consequence and treat Fal as a kind of premise,
rather than a special set of language.

2.2 Logical Consequence as Triadic Relation
In this section, let us consider triadic relation between premises, anti-premises,
and a conclusion. Anti-premises are propositions that we want to reject, while
premises are propositions that we want to accept.

Γ | ∆ ⊢ φ

We will consider only cases where ¬∆ is consistent. Let the logic with this
triadic relation be called LPA.

Definition 2.17 (Additional Rule for LPA). (b) does hold, if A ∈ ∆.

Definition 2.18 (Semantic Relation).

Γ | ∆ |= φ if for all A ∈ Γ , B ∈ ∆,
1 ∈ v(A) and v(B) = f ⇒ 1 ∈ v(φ).

We can check Soundness and Completeness for LPA easily.

Theorem 2.19 (Soundness and Completeness). LPA is sound and complete
with respect to the above definitions.
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Proof. The proof is almost the same as Theorem 2.16.

Corollary 2.20. If ∆ = Cont, then Γ | ∆ ⊢ φ ⇔ Γ ⊢CL φ.

We now should examine whether the following inference (PAEx) is valid
or not. If this holds, the triadic relation collapses into the usual dyadic
relation.

Γ | A,∆ ⊢ φ
Γ,¬A | ∆ ⊢ φ (PAEx)

Theorem 2.21. PAEx does not hold in LPA.

Proof. This is obvious by Theorem 2.19. From the proof theoretical point of
view, propositions in the form of ¬(A ∧ ¬A) are theorems of LP. Then no
new proposition turns to be proved by adding these propositions to Γ . On
the other hand, adding Cont to ∆ increases the set of conclusions, as we
have seen in Corollary 2.20.
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