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Abstract. This paper is intended to offer a philosophical analysis of the
propositional intuitionistic logic formulated as NJ. This system has been
connected to Prawitz and Dummett’s proof-theoretic semantics and its
computational counterpart. The problem is, however, there has been no
successful justification of ex falso quodlibet (EFQ): “From the absurdity
‘⊥’, an arbitrary formula follows.” To justify this rule, we propose a
novel intuitionistic natural deduction with what we call quasi-multiple
conclusion. In our framework, EFQ is no longer an inference deriving
everything from ‘⊥’, but rather represents a “jump” inference from the
absurdity to the other possibility.
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1 Introduction

The aim of this paper is to provide a better understanding of the logical system
of the propositional fragment of intuitionistic logic formulated as NJ. As the logic
of constructivism, NJ has been regarded as being best explained by Prawitz and
Dummett’s proof-theoretic semantics and its computational counterpart through
the Curry–Howard correspondence. We agree with this understanding as a basic
direction. At the same time, however, it should also be pointed out that such
understanding has certain inadequacies. The subject matter of the problem is
about ex falso quodlibet (EFQ), which is usually formalized as ‘⊥’-elimination:

⊥ EFQ
A

As various previous studies pointed out, it cannot be said that there is
a good justification for EFQ to dispel the counter-intuitive look of EFQ. A
point of skepticism regarding EFQ is, of course, from its inference: “From the
absurdity (i.e., falsum or contradiction) ‘⊥’, an arbitary formula A follows.”
The problem is, there seems to be no relevance between ‘⊥’ and arbitary A. As
a matter of fact, people who are considered the founders of intuitionism have



adopted such a position of skepticism, as van Dalen’s article points out [19]. Thus,
we justify EFQ in such a way as to avoid as much as possible the skepticism
that has been presented so far, by using what we call quasi-multiple-conclusion
natural deduction.

As a thread of guidance in such an attempt, we will incorporate two ideas
that come from logical and computational points of view. One is Tennant’s
consideration [17] on logical consequence that ‘⊥’ represents deadend in reasoning.
The second is an intuition, which is probably shared by some computer scientists,
that EFQ expresses some sort of exception handling in computation. According to
these views, we abandon the policy of justifying EFQ, appealing to the semantical
value of ‘⊥’. Rather, we characterize EFQ as a structural rule that expresses jump
inference, which is particularly characteristic of the computational interpretation
of classical logic, e.g., as Griffin and Parigot studied [4][11]. In our view, EFQ is not
an inference deriving everything from ‘⊥’, but represents a “jump” from deadend
to another possibility. To formalize this, we think a system with a catch/throw
mechanism is most appropriate. Regarding such a system, one formulated by
Nakano [8] already exists. However, because the system of Nakano is minimal
logic and does not contain an inference on ‘⊥’, we extend it to intuitionistic.
Moreover, the logic obtained in this manner takes a form that naturally expands
the constructive semantics originally associated with NJ, such as proof-theoretic
semantics of Prawitz and Dummett, and the computational explanation, in a
way that avoids the difficulties already pointed out.

2 Backgrounds

2.1 Theory of meaning and the computational interpretation

According to the use theory of meaning, proof-theoretic semantics claims that
the introduction rule in natural deduction, as itself, explains the meaning of a
connective. This is because the introduction rule defines the usage of the connec-
tive, i.e., under what condition we can assert it. For example, the introduction
rule of conjunction stipulates the usage that from proofs of propositions A and
B, one can conclude A ∧B. From a computational point of view, it means from
constructions a of type A and b of type B, it is possible to construct a pair
〈a, b〉 of type A ∧ B in simply-typed λ-calculus. This correspondence between
natural deduction and typed λ-calculus relies on a general framework, the Curry–
Howard correspondence [15], which has substantially been studied by various
computer scientists. On the other hand, the elimination rule is understood just as
the “consequence” of the introduction rule. To stipulate appropriate condition for
this “consequence” relation between introduction and elimination, Dummett [2]
introduced the notion of “harmony,” that is, the reducibility of proof detours.
This condition, as a global property of the whole system, corresponds to the
normalizability of deductions, which is that of terms in typed λ-calculus.

Furthermore, the correspondence has now been studied for what was consid-
ered to be a paticular concept of computation so far. The catch/throw mechanism
is one of them, and it is used in some practical programming languages, such



as Common Lisp [16], for exception handling. For instance, given a list of natu-
ral numbers 〈n1, n2, · · · , nm〉, let us consider calculating their product

∏m
i=1 ni.

Without the mechanism, we have to calculate “all” of the products one by one
from n1, even if there is 0 in the list. However, by using the catch/throw, we
can immediately “throw” 0 as the result at the time that 0 appears in the list;
namely, the mechanism is used for an evacuation from redundant computations.

2.2 Previous validations for EFQ and their inadequacies

There are some validations for EFQ by Dummett [2][3] and Prawitz [13]. However,
it has been pointed out that both of the works are inadequate (cf., Tennant [17],
Hand [5], Onishi [10], Tranchini [18], and Cook and Cogburn [1]). First, Prawitz
seems to think that because there is no proof detour of ‘⊥’ due to the lack of
the introduction rule, ‘⊥’-elimination is vacuously in “harmony.” The problem
here is, as Tennant [17] pointed out, that this justification aparrently appeals to
the meta-level ‘⊥’-elimination or something equivalent, and is not so good of an
explanation as to avoid the skepticism of EFQ. Second, Dummett proposed two
kinds of justification: One identifies ‘⊥’ with “0 = 1”, and the other considers an
implicit introduction rule of ‘⊥’ that has all atomic formulae as assumptions:

0 = 1 ⊥E
A

p0 p1 p2 . . .
⊥I⊥

where pi is an atomic formula for all natural numbers i.
In the former, although every proposition indeed can be derived from “0 = 1”

in some mathematical theories, this solusion works only when the theory is of
arithmetic; in the latter, the introduction and the elimination is harmonious, but
the meaning of ‘⊥’ relies on a particular language (cf., Onishi [10])3. In a nutshell,
depending on particular theories, both lack a kind of generality that is expected
for logical constants.

3 A Quasi-Multiple-Conclusion Natural Deduction: NQ

The first step toward giving an intuitive meaning to EFQ is to define our natural
deduction NQ, whose main feature is to handle EFQ as a kind of structural
inference rule via what we call quasi-multiple conclusion. Its main part is based on
Nakano’s constructive minimal logic [8][9], but because his setting is for minimal
logic, we extend it with ‘⊥’ to deal with EFQ.

3.1 Syntax and Semantics

The syntax and semantics of NQ are defined in what follows.

3 There is another formalization by using second-order propositional logic, but it seems
that the formalization has the same problem.



Definition 1 (Formulae). The formulae are inductively defined as follows:

A,B ::= p | ⊥ | A ∨B | A ∧B | A ⊃ B

p denotes a propositional variable. ‘⊥’ is the absurdity, which represents a logical
deadend. The connectives of ‘∨’, ‘∧’, and ‘⊃’ are for disjunction, conjunction,
and implication respectively. We define the negation of A, written ¬A, as A ⊃ ⊥.

The formulae of NQ are exactly the same as the propositional fragment of
intuitionistic natural deduction NJ.

Definition 2 (Judgments). A judgment is a triple, written Γ ` A;∆, where
A is a formula; each of Γ and ∆ is a (possibly empty) set of formulae.

A judgment Γ ` A;∆ means that: there exists at least one construction (or
witness) of the formulae of {A}∪∆ under the constructions of Γ . It also represents
that A is the current formula of concern within deductions, and ∆ is a container
holding the other formulae. Intuitively speaking, in Γ ` A;∆, propositions in
∆ can be understood as other possibilities that are temporary “put aside,” and
‘A’ is a formula that is provisionally asserted. From this point of view, single-
conclusion natural deduction can be regarded as a special case where there is
only one possibility.

For example, let us consider a case where one is looking for one’s wallet. One
knows that the wallet is in the desk or the chest or possibly the fridge. In such a
situation, one may guess that the wallet is in the desk and confirm this. In this
seeking process, “in the desk” corresponds to ‘A’ and the others to ‘∆’. Note
that although according to Theorem 1 below, quasi-multiple-conclusion “A;∆”
is logically equivalent to a disjunction of all formulae in {A} ∪∆, it cannot be
identified with an assertion of the disjunction when they are viewed as speech
acts. This is because in the former case, only A is in the scope of the assertion,
whereas in the latter, the assertion concerns with all disjuncts4.

Definition 3 (Inference rules). The inference rules of NQ are inductively
defined as follows (Note that here, we use ‘∅’ to denote the empty set):

Structural rules

Ax
A ` A;∅

Γ ` A;∆
LW

Γ,B ` A;∆

Γ,B,B ` A;∆
LC

Γ,B ` A;∆

Γ ` ⊥;A,∆
EFQ

Γ ` A;∆

Γ ` A;A,∆
Catch

Γ ` A;∆

Γ ` A;∆
Throw

Γ ` B;A,∆

Logical rules

Γ ` A;∆ Γ ′ ` B;∆′
∧I

Γ, Γ ′ ` A ∧B;∆,∆′
Γ ` A ∧B;∆ ∧E0Γ ` A;∆

Γ ` A ∧B;∆ ∧E1Γ ` B;∆

4 At this point, our system avoids the problem of multiple conclusion pointed out by
Dummett [2]. However, we will not go further into this debate.



Γ ` A ∨B;∆ Γ ′, A ` C;∆′ Γ ′′, B ` C;∆′′
∨E

Γ, Γ ′, Γ ′′ ` C;∆,∆′,∆′′
Γ ` A;∆ ∨I0Γ ` A ∨B;∆

Γ ` B;∆ ∨I1Γ ` A ∨B;∆

Γ,A ` B;∆
(∗), ⊃I

Γ ` A ⊃ B;∆

Γ ` A ⊃ B;∆ Γ ′ ` A;∆′
⊃E

Γ, Γ ′ ` B;∆,∆′

The structural rules are described as follows. Ax states that there exists a trivial
witness of A. The EFQ’s premise expresses that the current formula ‘⊥’ is
deadend5, so one considers the inference with A as current by taking it from the
container. In this setting, EFQ is no longer an inference that derives everything
from absurdity6. Hence, it avoids the skepticism mentioned earlier.

The Throw and Catch are rules that correspond to the catch/throw mechanism
of a typed λ-calculus explained later, but logically, they are structural rules
for quasi-multiple conclusion. It may seem that this solution is just passing
the problem of EFQ to Throw, as there appears to be an arbitary formula in
the conclusion. This suspicion is, however, pointless. This is because Throw is a
kind of weakening and intuitively corresponds to a process that, “putting aside”
the proposition currently considered, starts to think about a new possibility. In
this sense, Throw is not an inference that derives an arbitary conclusion from
the premise, which is considered problematic. On the other hand, Catch is a
kind of contraction and corresponds to a process “going back” to the possibility
considered before.

The logical rules are defined in the same manner of Nakano’s formalization [8]
because NQ is just an exntension of Nakano’s logic with ‘⊥’, and the difference
does not affect the logical rules. Note that there is a side condition for ⊃I,
marked (∗), to keep NQ constructive. We omit the precise definition of the
condition because it is the same as Nakano’s and is a little difficult to explain
due to limitations of space. The condition is also needed for the compositionality
of derivations explained in section 4.1.

According to the framework of proof-theoretic semantics, each I-rule success-
fully explains the meaning of the connective. It is also obvious that all structural
rules are valid in terms of the reading of judgments explained above. With re-
gard to EFQ, there are no constructions of ‘⊥’, because it represents a logical
deadend. Thus, from the assumption of EFQ, it follows that at least one for-
mula in {A} ∪∆ has a construction. We can also provide a rigorous definition of
proof-theoretic validity [12] for NQ instead of the naive notion of “construction”
by expanding the original definition. However, we will not go into detail about
this because it requires further technical and philosophical consideration, and
the space is limited.

5 An intuition behind here is Tennant’s remark [17]: “ ‘⊥’ represents a logical deadend,
and thus there are no further inferences after it appears within deductions.”

6 In this sense, this rule is not well expressed its name, i.e., “from contradiction,
anything” (ex falso quodlibet). In the following, however, we will continue to use this
name for the sake of simplicity.



3.2 Examples and properties of NQ

In this section, we are going to see characteristic examples of NQ and discuss
some desired properties of NQ.

First, whereas there are no structural rules as primitive for the succedent of
judgments, all of the common structural rules follow from the Throw and Catch
rules.

Lemma 1 (Structural rules for the succedent). The following exchange,
weakening, and contraction rules are derivable:

Γ ` A;B,∆
Ex

Γ ` B;A,∆

Γ ` A;∆
W

Γ ` A;B,∆

Γ ` A;B,B,∆
C

Γ ` A;B,∆

Proof. By the following derivations, respectively:

Γ ` A;B,∆
Throw

Γ ` B;A,B,∆
Catch

Γ ` B;A,∆

Γ ` A;∆
Throw

Γ ` B;A,∆
Ex

Γ ` A;B,∆

Γ ` A;B,B,∆
Ex

Γ ` B;A,B,∆
Catch

Γ ` B;A,∆
Ex

Γ ` A;B,∆
ut

Second, in our framework, we can use another form of disjunction rules, which
are defined as direct inference rules by using quasi-multiple-conclusion.

Theorem 1 (Another formalization of disjunction). The following I-rule
and E-rule for disjunction are derivable from the original rules.

Γ ` A;B,∆
∨I ′

Γ ` A ∨B;∆

Γ ` A ∨B;∆
∨E′

Γ ` A;B,∆

Proof. By the following derivations respectively:

Γ ` A;B,∆ ∨I0Γ ` A ∨B;B,∆
Ex

Γ ` B;A ∨B,∆ ∨I1Γ ` A ∨B;A ∨B,∆
Catch

Γ ` A ∨B;∆

Γ ` A ∨B;∆
Ax

A ` A;∅

Ax
B ` B;∅

Throw
B ` A;B

∨E
Γ ` A;B,∆

ut
This formalization is intuitively described as follows: for a disjunctive formula
that expresses plural possibilities, the elimination rule enables us to focus on
one possibility (i.e., one disjunct) within reasoning, and the introduction is the
reverse inference rule to combine such possibilities.

Finally, the following is an instructive example that shows us how EFQ works
in inferences.

Theorem 2 (Disjunctive Syllogism). ¬A,A ∨B ` B;∅ is derivable.

Proof. By the following derivation:

Ax¬A ` ¬A;∅

Ax
A ∨B ` A ∨B;∅

∨E′
A ∨B ` A;B

⊃E¬A,A ∨B ` ⊥;B
EFQ¬A,A ∨B ` B;∅ ut



Interestingly, the proof reflects an intuition of disjunctive syllogism such that:
“Since we have ¬A and A ∨ B, there is no possibility that A holds. Hence B
holds.” Namely, we first focus on A as the current concerned formula from A∨B
by ∨E′. Noticing that there will be a deadend ‘⊥’ from A and ¬A, we abort
proving ‘⊥’ but assert B by EFQ. This inference demonstrates EFQ’s behavior
in deductions as “jump” from the deadend to another possibility.

In the above, we defined NQ as an appropriate system for justifying intu-
itionistic logic in terms of proof-theoretic semantics. To accomplish this purpose,
however, there are two things left that we have to show:

– Harmony, or normalizability of deductions
– Soundness and completeness with regard to NJ

To show this fact, we will construct a corresponding λ-calculus in the next section.

4 The Corresponding Typed λ-Calculus: λNQ

In this section, we define λNQ as a tool for investigating the properties of NQ.

Definition 4 (Syntax). A countably infinite set of type variable, written Vty,
is assumed to be given. Similarly, Vind and Vtag are for individual variables and
tag variables. We also assume that all of the Vty, Vind, and Vtag are disjoint.
Then, types and terms are defined by the following grammar:

Types A,B ::= p | ⊥ | A ∨B | A ∧B | A ⊃ B

Terms M,N,L ::= x | λx.M | MN | 〈M,N〉 | π0M | π1M | ι0M | ι1M
| case M of [x]N or [y]L | u | throw u M | catch u M

where p, x, and u range over Vty, Vind, and Vtag respectively.

The type constructors of ‘∨’, ‘∧’, and ‘⊃’ are for the cartesian product, disjoint
sum, and function space, respectively. Under the Curry–Howard isomorphism, we
may identify them with connectives: disjunction, conjunction, and implication.

The term constructors are all standard as defined in the literature7, except
for the terms of u, throw, and catch. Namely, (1)x is a variable; (2) (λx.M)
and (MN) are for function abstraction and application respectively; (3) 〈M,N〉
is for pairing and π0M (resp., π1M) is the left (resp., right) projection; (4) ι0M
(resp., ι1M) is the left (resp., right) injection to make a disjoint sum, and
(case M of [x]N or [y]L) is a pattern maching of the disjoint sum. The rest of
terms, are in the same way as Nakano’s Lc/t, used to deal with the catch/throw
mechanism. Namely, (5)u is a tag variable for labeling a pair of catch and throw
constructs; (6) (throw u M) is an exception operation that throws M as a result
to the corresponding “catch” labeled by the same u; and (7) (catch u M) catches
an exception raised by some “throw,” labeled by u within M .

7 We recommend some text (e.g., Sørensen and Urzyczyn’s [15]) for people who are not
familiar with these definitions, although the precise one is determined by Definition 6.



Definition 5 (Substitution). The substitution of a term N for a variable
x in a term M , written M [x := N ], is defined as usual, that is, it is the
term obtained by replacing all of the free occurences of x in M with N . The
simultaneous substitution, written as M [x0 := N0, · · · , xn−1 := Nn−1], is also
defined similarly.

Definition 6 (Reduction). An evaluation context C is, used for “global re-
duction,” defined to be a pseudo-term M , which has a hole [] within the term,
which is no different from the usual term execpt it must have exactly one hole
so as to be substituted with some term. For a context C and a term M , C[M ] is
defined to be the term obtained by replacing the [] in C with M .

Then, the one-step reduction relation for redex, written 7→, is defined to be
the least relation closed under the following rules:

(λx.M)N 7→ M [x := N ]

π0(〈M,N〉) 7→ M

π1(〈M,N〉) 7→ N

case (ι0M) of [x]N or [y]L 7→ N [x := M ]

case (ι1M) of [x]N or [y]L 7→ L[y := M ]

C[throw u M ] 7→ throw u M if (†) holds
catch u M 7→ M if u 6∈ FV(M)

catch u (throw u M) 7→ M if u 6∈ FV(M)

where (†) is defined as:

C 6≡ [] and C do not capture any free variables occurring in (throw u M).

Then, the one-step reduction relation, written →β, is defined to be the least
relation closed under the following rule:

C[M ] →β C[N ] if M 7→ N

The multi-step reduction relation, written →+
β , is defined to be the transitive

closure of →β. Namely, if M1 →β · · · →β Mn holds, then so does M1 →+
β Mn.

Example 1. C1 = (M []) and C2 = 〈[], L〉 are both evaluation contexts. Then,
C1[N ] = (MN) and C2[N ] = 〈N,L〉 are terms.

Example 2. The following are reduction examples. Note that the last two show
that the throw operation cannot throw a variable to the outside of its bound
scope.

1. catch u (π0〈x, throw u y〉) →β catch u x →β x
2. catch u (π0〈x, throw u y〉) →β catch u (throw u y) →β y
3. (λx.(throw u x)) 6→β throw u x
4. catch u (case M of [x]N or [y](throw u y)) 6→β catch u (throw u y)

Then, the type judgment and typing rules are defined in what follows.



Definition 7 (Type judgment). An expression is a pair of a term M and a
type A, written as M : A. We say an expression is individual (resp. tag) if its
term is a individual (resp. tag) variable. Then, a type judgment Γ ` M : A;∆
is defined to be a triple that consists of a set of individual expressions Γ , an
expression M : A, and a set of tag expressions ∆.

Definition 8 (Typing rules). The typing rules are defined as follows:

Structural typing rules

Ax
x : A ` x : A;∅

Γ ` M : A;∆
LW

Γ, x : B ` M : A;∆

Γ ` M : A;∆
RW

Γ ` M : A;u : B,∆

Γ, x : B, y : B ` M : A;∆
LC

Γ, z : B ` M [x := z, y := z] : A;∆

Γ ` M : ⊥;u : A,∆
EFQ

Γ ` catch u M : A;∆

Γ ` M : A;u : A,∆
Catch

Γ ` catch u M : A;∆

Γ ` M : A;∆
Throw

Γ ` throw u M : B;u : A,∆

Logical typing rules

Γ ` M : A;∆ Γ ′ ` N : B;∆′
∧I

Γ, Γ ′ ` 〈M,N〉 : A ∧B;∆,∆′
Γ ` M : A ∧B;∆ ∧E0Γ ` π0M : A;∆

Γ ` M : A ∧B;∆∧E1Γ ` π1M : B;∆

Γ ` M : A;∆ ∨I0Γ ` ι0M : A ∨B;∆

Γ ` M : B;∆ ∨I1Γ ` ι1M : A ∨B;∆

Γ ` M : A ∨B;∆ Γ ′, x : A ` N : C;∆′ Γ ′′, y : B ` L : C;∆′′
∨E

Γ, Γ ′, Γ ′′ ` case M of [x]N or [y]L : C;∆,∆′,∆′′

Γ, x : A ` M : B;∆
(∗), ⊃I

Γ ` (λx.M) : (A ⊃ B);∆

Γ ` M : A ⊃ B;∆ Γ ′ ` N : A;∆′
⊃E

Γ, Γ ′ ` (MN) : B;∆,∆′

Among the structural typing rules, Ax and LW are standard, and LC is a natural
rule for formalizing the notion of contraction. The Catch and Throw rules, in the
same manner as Nakano’s Lc/t, reflect their mechanism. The term (throw u M)
in the conclusion of Throw is intended to “jump” to the corresponding “catch” (of
type B), and thus, the Catch rule requires that M and u have the same type,
so as to catch an exception raised by the throw operation. The rule EFQ also
constructs a “catch” term because the term M will get stuck in the computation,
as ‘⊥’ represents the type of “deadend,” but it may also “jump” as an evacuation
from the deadend, and hence EFQ wraps the term M with catch. We will discuss
this rule further in a later section.

Note that there is, compared with those of NQ, one additional rule RW. It
is logically equivalent to NQ even if we remove RW, but we adopt it to capture
the fine-grained computational structures of λNQ. In other words, as a technical
reason, we need this rule to prove the subject reduction theorem explained later.

All of the logical typing rules are standard w.r.t terms, namely, they are the
same as simply-typed λ-calculus, and are defined in the same manner as Nakano [8].
We also require the same side condition of ⊃I mentioned in Definition 3.



4.1 Properties of λNQ

In this section, we prove and discuss some properties of λNQ. The main results of
λNQ are proofs of the so-called subject reduction theorem and strong normaliza-
tion theorem, which are famous criteria for well-definedness of calculi. Through
these theorems and the Curry–Howard correspondence, we will give a computa-
tional meaning to the reasoning of NQ w.r.t. ‘⊥’ and EFQ.

First, as we mentioned already, there exists a correspondence between logical
system NQ and typed λ-calculus λNQ. Namely, the provability of NQ and the
typability of λNQ coincide as the following theorem states.

Theorem 3 (Curry–Howard isomorphism). Γ ` A;∆ is derivable in NQ
iff Γ ` M : A;∆ is derivable in λNQ for some M .

Proof. Straightforward. ut

To solve the normalizability, we show the following lemma and theorem.

Lemma 2 (Substitution). If Γ, x0 : A, . . . , xn−1 : A ` M : B;∆ and Γ ′ ` N :
A;∆′ are derivable, then so is Γ, Γ ′ ` M [x0 := N, · · · , xn−1 := N ] : B;∆,∆′.

Proof. By induction on Γ, x0 : A, . . . , xn−1 : A ` M : B;∆. ut

Theorem 4 (Subject reduction). If Γ ` M : A;∆ is derivable and M →β

M ′, then Γ ` M ′ : A;∆ is also derivable.

Proof. Because we formalized the typing rules of λNQ as multiplicative, the proof
is a little bit different from one used in Nakano’s additive system, but together
with Lemma 2, it readily holds in almost the same manner presented in [9]. ut

From a logical viewpoint, both the lemma and the theorem state that the
compositionality of derivations and proof normalization are well-defined in NQ
respectively through the Curry–Howard correspondence.

Now, the strong normalization theorem is proved by embedding from λNQ

into Kameyama and Sato’s L′
c/t [6]

8, which is known to be a strong normalizing
calculus and is an extension of Nakano’s Lc/t with ‘⊥’ and the following rule:

Γ ` M : ⊥;∆
Abort

Γ ` abort M : A;∆

At a glance, this Abort rule is a kind of EFQ rule, and, in fact, their L′
c/t logically

corresponds to intuitionistic logic. However, this Abort, a kind of EFQ rule,
causes the same problems as mentioned in section 2.2. Moreover, they did not
give any intuitive meanings of EFQ because it is not in their scope. We use L′

c/t

just as a technical tool for proving properties of λNQ.
Then, we define a translation map from λNQ into L′

c/t, that preseves their
typabilities, and prove a lemma to show that the map also preserves reductions.

8 L′
c/t was named as Lc/t in their paper, which is the same name as Nakano’s calculus.

In this paper, we use L′
c/t to denote Kameyama and Sato’s calculus.



Definition 9 (Translation map). The translation map J−K is a function which
maps λNQ’s derivations Γ ` M : A;∆ to L′

c/t’s derivations JΓ ` M : A;∆K. It
is defined to be a one-to-one mapping by induction on Γ ` M : A;∆.

We show only the translation of EFQ, and the other translations are defined
so as to be one-to-one mapping. Note that we use JMK to denote the resulting
term of JΓ ` M : A;∆K for some presupposed derivation Γ ` M : A;∆.

t
Γ ` M : ⊥;u : A,∆

EFQ
Γ ` catch u M : A;∆

|
def
=

Γ ` JMK : ⊥;u : A,∆
Abort

Γ ` abort JMK : A;u : A,∆
Catch

Γ ` catch u (abort JMK) : A;∆
Then, the well-definedness of J−K:

“If Γ ` M : A;∆ is derivable in λNQ, then so is JΓ ` M : A;∆K in L′
c/t.”

can be proved by straightforward induction.

Lemma 3. If Γ ` M : A;∆ is derivable and M →β M ′, then JMK →+
β JM ′K.

Proof. M →β M ′ is derived from N 7→ N ′ for some terms N,N ′ s.t. M ≡ C[N ]
and M ′ ≡ C[N ′] for some context C. Then, it is enough to show that JNK 7→+

JN ′K by cases on the redex N .

Case 1: N ≡ catch u (throw u L) for some L. If N is derived by EFQ, JNK ≡
catch u (abort (throw u JLK)) 7→ catch u (throw u JLK) 7→ JLK ≡ JN ′K.
Otherwise, N from Catch, and JNK ≡ catch u (throw u JLK) 7→ JLK ≡ JN ′K.

Case 2: N is one of the rest. In this case, the redex JNK one-to-one corresponds
to the original N , namely, JNK 7→ JN ′K holds because N 7→ N holds. ut

Finally, we can now obtain the following two main results for NQ.

Theorem 5 (Soundness and completeness w.r.t. NJ). Γ `NQ A;∆ if and
only if Γ `NJ

∨
({A} ∪∆), where

∨
Σ means the disjunction of all the formulae

in Σ. In particular, Γ `NQ A;∅ if and only if Γ `NJ A.

Proof. For the only-if part, suppose that Γ `NQ A;∆. Then, Γ `NQ

∨
({A} ∪

∆);∅ follows from ∨E′ and hence JΓ `
∨
({A} ∪∆);∅K holds in Lc/t. Therefore,

Γ `NJ

∨
({A} ∪∆) follows from a fact that Lc/t logically corresponds to NJ [6].

For the if part, we first show that Γ `NJ

∨
({A}∪∆) implies Γ `NQ

∨
({A}∪

∆);∅ by induction on the derivation. The only non-trivial case is EFQ, but it can
be dealt with the following translation from NJ derivations into NQ derivations:

Γ ` ⊥ EFQ
Γ ` A

=⇒
Γ ` ⊥;∅

W
Γ ` ⊥;A

EFQ
Γ ` A;∅

Then, Γ `NQ A;∆ follows from Γ `NQ

∨
({A}∪∆);∅ by using ∨E′ and Ex. ut

Theorem 6 (Strong normalization). For every typable term M in λNQ, there
is no infinite reduction sequence starting from M .



Proof. Suppose that there exists an infinite reduction sequence starting from M .
Considering the subject reduction property of λNQ and Lemma 3, there will be
an infinite reduction sequence starting from JMK, in L′

c/t, but this contradicts

the strong normalization property of L′
c/t. ut

Thanks to these theorems, we can conclude that NQ is logically equivalent to NJ
and successfully represents intuitionistic logic, and NQ satisfies the normalizability
of deduction, which is a criterion for “harmony” as mentined in section 2.

4.2 ‘⊥’ as a type of computational deadend

As a consequence of the strong normalizability of λNQ, we show that ‘⊥’ actually
represents the type of “computational deadend,” that is, every term of type ‘⊥’
will “get stuck in computation” eventually. Here, we will explain what is intended
by the word “computation” before explaining the intuitive meaning of ‘⊥’.

Firstly, let us imagine an extension of λNQ with natural numbers, the type
Nat for the numbers, and addition operator in order to compute mathematical
expressions. Then, for instance, an expression of type Nat is computed as follows:

(λx.(x+ 4)) (1 + 2) →β (λx.(x+ 4)) 3 →β (3 + 4) →β 7

In this example, we eventually get 7 as the final result of the program. The
important point here is that: when we want to do “computation” of a program,
we intend to obtain some “concrete” result, such as the above 7 in the final analysis,
whereas there may be “auxiliary” computations, such as value propagation
through variables, as (λx.(x+ 4)) did in the above example.

For the above view of computation, we say that a program will get stuck in
computation when the program does not produce any kind of concrete results,
and we can see that programs of type ‘⊥’ are indeed in computational deadend,
as we discuss it hereafter.

For the sake of simplicity, we consider the judgments of form “Γ ` M : ⊥;∅”
in what follows, but the same story holds in general, i.e., for judgments of
form “Γ ` M : ⊥;∆”. Then, it is easy to see, through the Curry–Howard
correspondence, that there is no derivable judgment of form “∅ ` M : ⊥;∅”
because of the consistency of NJ and Theorem 5. It also means that if a judgment
“Γ ` M : ⊥;∅” is derivable, the term M must be constructed from some variable
in Γ , whose type has ‘⊥’ as a subformula9. Therefore, considering the strong
normalization theorem, M will eventually get stuck in some normal form10

because no further reductions occur in such variables. In particular, unlike in the
case of the variables of type Nat, there is no “concrete” term instantiation to
the variables of type ‘⊥’. This is why we say that every program of type ‘⊥’ will
get stuck and hence is in computational deadend.

To see the above intuition more precisely, let us consider the following:

9 It is equal to say, also through the Curry–Howard correspondence, that: “if Γ ` ⊥
holds in NJ, then the proof must depend on some assumption consisted of ‘⊥’.”

10 A term M is said to be in normal form if there is no further reduction from M .



Example 3. A typing of a kind of disjunctive syllogism is derived as follows. Note
that, here we use MA to express M : A for space convenience.

...

Γ ` M¬A;∅

...

Γ ′ ` NA∨B ;∅
Ax

xA ` xA;∅

Ax
yB ` yB ;∅

Throw
yB ` (throw u y)A;uB

∨E
Γ ′ ` (case N of [x]x or [y](throw u y))A;uB

⊃E
Γ, Γ ′ ` (M(case N of [x]x or [y](throw u y)))⊥;uB

EFQ
Γ, Γ ′ ` (catch u (M(case N of [x]x or [y](throw u y))))B ;∅

The last term derived by EFQ is a construction that represents the proof of the
disjunctive syllogism. The computation (i.e., proof normalization) of the term
captures how the actual reasoning of the proposition works, and its computation
proceeds depending on the form of N as follows: if N was constructed from
∨I1, i.e., N ≡ ι1L for some LB, then the last term reduces to L via the throw
operation; however, if N is constructed from ∨I0, i.e., N ≡ ι0L for some LA,
then the last term will reduce to (catch u (ML)), and because the type of (ML)
is ‘⊥’, the whole computation will gets stuck.

In the sequel, if a term of type ‘⊥’ appears within a deduction, then the
reasoning process of the derivation will be described depending on the following
two cases: (i) if the construction actually needs the term of ‘⊥’, then it will get
stuck; (ii) otherwise, that is, if the reasoning does not need such terms, then a
concrete construction will appear eventually.

5 Related work

Sørensen and Urzyczyn proposed a dialogue semantics (i.e., game semantics) to
model the implicational fragment of intuitionistic logic, in their textbook [15].
The semantics deals with a game with two players, prover and skeptic, to prove
propositions by the players’ dialogue. In their setting, when a player is supposed
to prove ‘⊥’, the player aborts the dialogue’s process but asserts another formula
with knowledge gained during the dialogue. Thus, their formalization seems to
rely on the same intuition as ours regarding ‘⊥’ and EFQ, whereas their model
is not a natural deduction and is not proper based on our motivation.

It is worth noting that there is a justification of classical logic by using
multiple-conclusion natural deduction [14]. It is also well known that Parigot’s
λµ-calculus [11] for classical logic has multiple-conclusion judgments, and λµ had
already involved essentially the same intuition that EFQ as a structural rule.
Because intuitionistic logic is a subsystem of classical logic, we can also appeal to
these results to justify EFQ. These are, however, too strong because our subject
is an analysis of intuitionistic logic. Although we adopted Nakano’s Lc/t as a
basis because our aim is to justify intuitionistic logic, it is another interesting
direction to give a novel justification of classical logic with λµ.



Table 1. Logics, Systems, and Calculi

Logic System Calculus

Classical Multiple λµ
Intuitionistic Quasi-multiple λNQ

Minimal Single λ→

6 Conclusion

We have proposed NQ to justify EFQ by using quasi-multiple-conclusion natural
deduction and “jump inference.” In a nutshell, the problem of the justfications
of EFQ appealing to the meaning of ‘⊥’ is that there is no semantic connection
between ‘⊥’ and arbitrary propositions. In NQ, on the other hand, EFQ is
considered a structural rule that expresses a “jump” inference from the deadend
to another possibility. In terms of this reinterpretation, EFQ is no longer a
counter-intuitive rule that derives every proposition from the meaning of ‘⊥’,
but rather one that retrieves another possibility on the grounds that the curernt
reasoning reaches the deadend.

The above result also indicates that it is indeed minimal logic that is most
fitting for the standard proof-theoretic semantics via single-conclusion natural
deduction and simply-typed λ-calculus. Together with the result in Parigot [11],
we can now obtain a rough yet instructive sketch of the correspondence among
the logics, natural deduction systems, and calculi in Table 1. Although the
correspondence between logics and systems is well known in the literature [15][7],
our study supports this view from the philosophical viewpoint of proof-theoretic
semantics.

In spite of the substantial change of the underlying systems, intuitionistic
logic represented as NQ is still constructive in the sense that the disjunctive
property still holds. On the other hand, it can also be said that intuitionic logic,
truly viewed, takes a step toward unconstructivity in that it essentially contains
the function of “jump inference,” which has been considered a characteristic of
classical logic. This fact suggests that its status of the logic of “constructivism”
should be reconsidered.
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