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3 TPLC-V, National Taiwan University,
Taipei.Truthmaker is useful for many things. So is for (any theory

of) vagueness. So is for a popular variant of epistemicism.

Sorensen tried. 4 But he fails to capture higher-order vagueness 5 4 According to his truthmaker gap epis-
temicsm, we overlook the threshold
because borderline cases are true but
unground i.e. have no truthmaker at
all.

Roy Sorensen. Vagueness and Contra-
diction. Oxford University Press
5 We can think of a borderline case
between borderline cases and non-
borderline cases. This is the second-
order vagueness. Higher-order vague-
ness is just a generalization.

because his gap has no space for that. If ϕ lacks its truthmaker, it is
vague simpliciter. If ϕ does not lack, it is not vague simpliciter. 6

6 See Jago’s work for further details.

Mark Jago. The problem with
truthmaker-gap epistemicism. 1(4):320–
329

Williamson is another epistemicist. Williamson sees vague-
ness as a special case of epistemology. 7 The sorites paradox is due to

7 Williamson’s key idea to connect
vagueness and epistemology. “A
margin for error principle is a principle
of the form: ’A’ is true in all cases
similar to cases in which ’It is known
that A’ is true.” (1994: 227)

the problematic KK principle: if Kϕ, then KKϕ. 8 Since Williamson is

8 Read K as the knowledge operator.
This principle says: if you know some-
thing ϕ, then you know that you know
that ϕ.

T Williamson. Vagueness. Routledge

a reliabilist, this corresponds to △△ principle: if △ϕ, then △△ϕ. 9

9 Read △ as the definite operator. This
principle says: if defenitely ϕ, it is
definite that definitely ϕ.

Its dual notion ▽ represents the indefinite (vagueness) operator. Reject-
ing △△ principle is equivalent 10 to accepting higher-order vagueness:

10 At least for Williamson, who adopts
the classical setting of epistemic logic.

▽▽ϕ does not entails ▽ϕ. 11

11 When you face indefinity between ϕ
or ¬ϕ, you are facing a first-order vague
case ▽ϕ. When you face indefinity be-
tween whether something is indefinite
or definite, you are facing a second-
order vague case ▽▽ϕ. Higher-order
vagueness is its generalization.

Truth is a hit and knowledge is a “safe hit”. 12 For inexact

12

knowledge of ϕ, we need margin for error in order to know ϕ: ϕ holds
in any similar case. 13 Williamson employs possible worlds and

13 “Believing is often compared to
shooting at a target, the truth. The
comparison is not quite apt(...). Instead,
the believer’s task may be conceived as
drawing a boundary on a wall at which
a machine is to fire a bullet.” (p.228)
Notice an analogy between similarity
(indiscriminability) and distance among
possible worlds.

T Williamson. Vagueness. Routledge

the indistinguishability relation among them. The goal is to build
a truthmaker semantics based on his idea (margin for error) that
satisfies his need: block △△ /KK principle, and equivalently, refuses
▽▽ principle to adopt higher-order vagueness.

Sorensen Williamson
Solution We are ignorant We are ignorant
Semantics and logic Classical Classical
Who to blame The world Us (KK)
Truthmaker Gap ?
Want Absolute borderline Higher-order vagueness

M = ⟨S, S♢ , ⊑, v+ , v−⟩ is a truthmaker model with:
• S is a non-empty set of states,
• S♢ ⊆ S is a set of consistent states, which is downward closed 14 ,

14 If t ∈ S♢ and s ⊑ t, then t ∈ S♢.

• ⊑ is a partial order on S, expressing its mereological (part-whole
relation) structure, and

• v+ : PROP 7→ PS assigns verifiers for each proposition. v− does
the same for falsifiers. 15

15 We consider only propositions in
the form of Pn Read: “n sands make a
heap” or “Being n foot in height is tall”.
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Axiom Constraints/modification
MP If ⊢ ϕ,⊢ ϕ → ψ, then ⊢ ψ None
Gen If ⊢ ϕ, then ⊢ △ϕ □ ▷△ϕ if w ▷ ϕ for any world w

Dual
△ϕ ↔ ¬▽¬ϕ and
▽ϕ ↔ ¬△¬ϕ

None (defined so)

K △(ϕ → ψ) → (△ϕ → △ψ) The maximal proper part of w exists
T △ϕ → ϕ None (immediate from heredity)
B ϕ → △▽ϕ Any non-null world has a non-null proper part.

Table 1: An attempt for KTB

Truth(make) conditions. We are working on the inexact setting
16 because we can make it classical by putting several conditions: 16 Fine and Jago are finalizing their book

An Introduction to Truthmaker Semantics.assume exclusivity 17 and exhaustivity 18 , and consider only worlds 19 .
17 For any p, no member of v+(p) is
compatible with any member of v−(p)
18 Every consistent state is compatible
either with a member of v+(p) or
v−(p).
19 A world is a state that contains every
state that is compatible with it. With
exclusivity and exhaustivity, a world is
maximally consistent (as desired).

We know that at any world w of any exclusive and exhaustive model,
w ▷ ϕ for any classical tautology ϕ.
• s ▷ p (s makes p true) iff there is t such that t ⊑ s and t ∈ v+(p).
• s ◁ p (s makes p false) iff there is t such that t ⊑ s and t ∈ v−(p).
• s ▷ ¬ϕ iff s ◁ ϕ s ◁ ¬ϕ iff s ▷ ϕ

• w ▷ ϕ → ψ iff w ◁ ϕ or w ▷ ϕ w ◁ ϕ → ψ else

Margin for error in truthmaker? A proper inexact truthmaker
20 for ϕ contains some abundant thing to determine ϕ. This redun- 20 s is a proper inexact truthmaker for ϕ

if there is t ̸= s such that t ▷ ϕ.dancy matches the idea of margin for error — a buffer that makes the
belief “safe”.
• s ▷△ϕ iff there is a proper part s∗ of s such that s∗ ▷ ϕ

• s ◁△ϕ iff there is no proper part s∗ of s such that s∗ ▷ ϕ

• s ▷▽ϕ iff there is no proper part s∗ of s such that s∗ ◁ ϕ

• s ◁▽ϕ iff there is a proper part s∗ of s such that s∗ ◁ ϕ

□ is tricky. 21 We do not use □ when evaluating △ϕ and ▽ϕ. 21 □ =
⊔

∅, where
⊔

S is the least upper
bound. □ ⊑ s for any state s. The
existence of □ is required to be complete.

• □ ̸ ▷△ϕ □ ̸ ◁▽ϕ □ ̸ ▷▽ϕ □ ̸ ◁▽ϕ

Blocking △△ principle / counting the order of vagueness

22 Let ⋆ ⊑ ♡ ⊑ ◦, ⋆ ̸= ♡ ̸= ◦, and v+(p) = {♡, ◦}. A world ◦ makes

22

△p but not △△p. For counting the order, take v−(q) = {♡, ◦}.

A truthmaker epistemic story goes like this: We overlook the
threshold because we accept a wrong principle:△△.

Completeness? Hopefully w.r.t. KTB? 23 In progress.

23 As Williamson desires.
Timothy Williamson. On the

structure of higher-order vagueness.
108(429):127–144

What do these states represent? In possible world semantics, B
naturally corresponds to symmetry of the indistinguishability relation.
How about my B? I do not know well. But perhaps, we may not need
to know given the epistemicists’ general idea: we are ignorant.
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