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Abstract Recent research on graph drawing focuses on Right-Angle-Crossing (RAC) drawings of 1-plane graphs,
where each edge is drawn as a straight line and two crossing edges only intersect at right angles. We give a trans-
formation from a restricted case of the RAC drawing problem to a problem of finding a straight-line drawing of a
maximal plane graph where some angles are required to be acute. For a restricted version of the latter problem, we
show necessary and sufficient conditions for such a drawing to exist, and design an O(n2)-time algorithm that given
an n-vertex plane graph produces a desired drawing of the graph or reports that none exists.
Key words graph drawing, 1-planarity, right angle crossing

1 Introduction

A graph can be used to represent a variety of structures.
Drawing graphs in the plane is an important means to

visualize and easily represent the data or the structure em-
bodied in a graph. One of the most widely accepted factors
that influence the visibility of a graph drawing is that edge
crossings reduce the visibility of a graph drawing, as reported
by Purchase [16].

Graphs that can be be drawn in the plane in such a way
that no edges cross each other, i.e., planar graphs, and their
properties have been thoroughly investigated. As an exten-
sion, k-planar graphs are graphs that can be drawn in the
plane in such a way that every edge is crossed at most k

times. An embedding of a planar (resp., k-planar) graph in
the plane is called a plane (resp., a k-plane) graph.

Hopcroft and Tarjan [12] gave a linear-time algorithm to
recognize if a given graph is planar, but it is in general NP-
complete to recognize if for a given k ≧ 1 a graph is k-planar,
see Grigoriev and Bodlaender [11]. Fáry [13], and indepen-
dently Stein [17] and Wagner [21], showed that any simple
planar graph can be drawn in such a way that each edge
is drawn as a straight line, i.e, has a straight-line drawing.
Tutte [19], [20] showed that any simple 3-connected graph can

be drawn in such a way that each face of the drawing is a
convex polygon. Moreover, Thomassen [18] showed that a 1-
plane graph can be redrawn as a straight-line drawing if and
only if it does not contain as subgraph neither of the two
1-plane graphs in Fig. 1(a) and (b).

It has been recently indicated [14], [15] that crossings have
little impact on the visibility of a graph drawing as long
as those crossings are at large angles, and this has opened
a research direction into drawing graphs in such a way
that all edge crossings are at 90◦. Straight-line drawings
where each pair of crossing edges are perpendicular to each
other are called right-angle-crossing, or RAC drawings, see,
e.g., [1], [3], [8], [9]. Given a 1-plane graph as an input, the
RAC Drawing Problem asks to find a RAC drawing of
the graph, or determine that none exists.

A RAC graph is a graph that has a RAC drawing. A major
open question is to completely characterize the relationship
between 1-planar and RAC graphs. It is known that RAC
graphs on n > 3 vertices have at most 4n − 10 edges [10], as
well as that outer 1-planar graphs [6], and 1-planar graphs
where crossing edges are not incident with another cross-
ing edge [2] are RAC. Dehkordi [5] identified six “forbidden
configurations” (see Fig. 1), such that a 1-plane graph that
contains as a subgraph any of the six configurations cannot

— 1 —

一般社団法人　電子情報通信学会 信学技報
THE INSTITUTE OF ELECTRONICS, 
INFORMATION AND COMMUNICATION ENGINEERS

This article is a technical report without peer review, and its polished and/or extended version may be published elsewhere. 
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　             Copyright ©2017 by IEICE

IEICE Technical Report 
COMP2017-5(2017-05)



(a) (b) 

(e) (d) (f) 

(c) 

Fig. 1: (a), (b) 1-plane graphs that do not admit a straight-line
drawing. (a)-(f) 1-plane graphs that do not admit a RAC drawing.

be redrawn as a RAC drawing, and conjectured that a 1-
plane graph can be redrawn as a RAC drawing if and only if
it does not contain any of the six forbidden configurations.

We examine 1-plane graphs in which at most one end-point
of the edges in crossing pair is incident with other edges, and
introduce a transformation procedure from 1-plane graphs
to planar graphs with restrictions on some faces such that a
transformed plane graph has a so-called “tall drawing” if the
original 1-plane graph has a RAC drawing. For this trans-
formed instance we prove that if the original 1-plane graph
does not have any of the forbidden configurations, then the
transformed instance has a desired tall drawing, thereby giv-
ing a partial positive answer to Dehkordi’s conjecture [5].

We formally introduce our problem, called the Tall
Drawing Problem (TDP) after introducing some essential
notation in Section 2. Section 3 introduces a further general-
ization of the TDP, and establishes theoretical properties. In
Section 4 we give an algorithm for producing a tall drawing
of an n-vertex planar graph in O(n2) time or determines that
none exists, and gives some concluding remarks in Section 5.

2 Preliminaries

2. 1 Definitions
Let G = (V, E) be a graph with a set V of vertices and a

set E of edges. For an edge e ∈ E with endpoints u, v ∈ V

we write e = uv, and say that u and v are adjacent. A
vertex u ∈ V and an edge e ∈ E are incident if the vertex
u is an endpoint of the edge e. Two edges with a common
endpoint are also said to be incident with each other. The
degree of a vertex u is the number of edges incident to u.
We denote the set of vertices of a graph G by V (G), and its
set of edges by E(G). A path P = (v0, v1, . . . , vk), k ≧ 0
is a graph such that V (P ) = {v0, v1, . . . , vk} and E(P ) =
{v0v1, v1v2, . . . , vk−1vk}. A cycle C = (v0, v1, . . . , vk), k ≧ 2,
is a path such that v0 = vk. A k-cycle is a cycle that is com-
posed of k edges. For G = (V, E) and G′ = (V ′, E′), G′ is a
subgraph of G if V ′ ⫅ V and E′ ⫅ E, written as G′ ⫅ G, and
G′ is an induced subgraph of G if G′ ⫅ G and G′ contains
all the edges uv ∈ E with u, v ∈ V ′. A tree is an acyclic

v1

v3
v2

(a)

 v1
 v2

 v3

 < 90°

(b)
Fig. 2: (a) A plane graph including a separating 3-cycle v1v2v3.
(b) A tall triangle with respect to the edge v1v2.

connected graph. In a tree, a leaf is a vertex of degree one.
A star is a tree having at most one non-leaf vertex. A set of
disjoint stars in a graph G is a set of stars such that no two
different stars have edges that are incident with each other
on G.

A drawing of a graph G in the plane R2 is a map that as-
signs to each vertex v ∈ V (G) a unique point pv, and to each
edge e = uv ∈ E(G) a Jordan arc ℓe with pu and pv as its
endpoints. A planar drawing is a drawing such that no two
edges intersect except possibly at a common endpoint. A
straight-line drawing is a drawing where each edge is drawn
as a straight line. As mentioned in the Introduction, a pla-
nar graph is a graph that admits a planar drawing. A plane
graph Γ is a planar graph G that has been drawn in the
plane. We use the notation V (Γ) and E(Γ) for V (G) and
E(G), respectively. Connected regions of R2 \ Γ are called
the faces of Γ. The outer face is the unique face that ex-
tends to infinity. The edges incident to a face f of Γ are
called the boundary of f . Outer edges are the edges that
form the boundary of the outer face. The set of edges except
for the outer edges are called inner edges. An inner 3-cycle
is a 3-cycle that is a boundary of a face except for the outer
face. In a plane graph Γ, a separating 3-cycle T ⫅ Γ is a
3-cycle such that there is a vertex in both the outer and the
inner regions bounded by T , see Fig. 2(a).

A loop is an edge whose endpoints are the same vertex.
Multiple edges are two or more edges incident with the same
two vertices. A simple graph is a graph without loops and
multiple edges. A simple planar (equivalently, plane) graph
is a maximal if it is not possible to add an edge such that
the resulting graph is still a planar (plane) graph.

In a straight-line drawing D of a plane graph Γ, when there
is a 3-cycle C = (v1, v2, v3, v1), a triangle v1v2v3 is the region
enclosed by edges v1v2, v2v3, v3v1. A triangle v1v2v3 is a tall
triangle with respect to an edge v1v2 if the angle ∠v1v3v2 is
accute, i.e., less than 90◦, see Fig. 2(b).

Given a plane graph Γ, a constraint pair is an ordered pair
of adjacent vertices. Throughout this paper, a constraint
pair (u, v) is represented by a bold arrow directed from u to
v. Let Γ be a maximal plane graph and A be a set of con-
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Fig. 3: (a) A maximal plane graph Γ with set of constraint pairs
A = {(v1, v2), (v2, v1), (v4, v3)} on Γ. Edges with constraint pairs
are drawn in bold, with arrows indicating the ordered pairs. Edges
with two-direction constraint pairs have bidirected arrows. (b) A
tall drawing D of (Γ, A).

straint pairs in Γ. For an edge uv ∈ E(Γ), if both constraint
pairs (u, v) and (v, u) are in A, then we say that the edge uv

has a two-direction constraint pair. If only one of the con-
straint pairs (u, v) and (v, u) is in A, then the edge uv has a
one-direction constraint pair.

A tall drawing D of (Γ, A) is a straight-line drawing of Γ in
which every 3-cycle that has an edge uv such that (u, v) ∈ A,
is drawn as a tall triangle with respect to the edge uv. A max-
imal plane graph Γ is shown in Fig. 3(a), and a tall drawing
D of (Γ, A) is shown in Fig. 3(b).

Given a plane graph Γ and a set of constraint pairs A on Γ,
we call the problem of producing a tall drawing D of (Γ, A) or
determining that none exists the Tall Drawing Problem,
or TDP for short.

2. 2 Constrained RAC Drawing Problem Setting
We deal with a special case of the RAC drawing problem,

where the input is a 1-plane graph in which at most one end-
point of a crossing edge is incident with other edges. We
give a transformation procedure that given a 1-plane graph
Υ as an instance of the constrained case of the RAC Drawing
Problem gives an instance (Γ, A) of the TDP, described as
Procedure Transform(Υ).

Procedure Transform(Υ)
Require: A 1-plane graph Υ in which at most one endpoint

of each crossing edge is incident with other edges.
Ensure: A maximal plane graph Γ and a set A of constraint

pairs on Γ.
1: Remove all crossing edges and endpoints of crossing edges

not incident with any other edge of Υ to obtain Υ′, as in
Fig. 4(b);

2: Add edges to Υ′ to obtain a maximal plane graph Γ;
/* Recall that each face in a maximal plane graph is
bounded by a 3-cycle, see Fig. 4(c) */

3: Replace in Υ′ the edges and vertices removed in Line 1,
preserving the original vertex-edge incidence, as well as
edge crossings from Υ, as in Fig. 4(d);

4: Let
A := {(u,v) ∈ E(Γ) | u and v are endpoints of two cros

-sing edges whose intersection is in the unique
face with boundary cycle C such that
u, v ∈ V (C) and v immediately follows u

in a clock-wise order};

5: return (Γ, A) (see Fig. 4(e)).

Given an instance (Γ, A) of the TDP, we call a cycle C ⫅ Γ
forbidden if it satisfies one of the following conditions:

(i) C is a 3-cycle with at least two constraint pairs in
the clockwise order and at least one vertex in its inner region,
see Fig. 5(a).

(ii) C is a 4-cycle with four constraint pairs in the clock-
wise order and at least one vertex in its inner region, see
Fig. 5(b).

Lemma 1. Instances of the TDP with forbidden cycles do
not admit tall drawings.

Proof. Let (Γ, A) be an instance of the TDP.
We first prove the case of forbidden 3-cycles by using con-

tradiction. Let (a, b, c) be a 3-cycle with constraint pairs
(a, b) and (b, c), as illustrated in Fig. 5(a). The 3-cycle
(a, b, c, a) must be drawn as a tall triangle with respect to
both (a, b) and (b, c), as in Fig. 5(c). Assume that there ex-
ists a vertex e in the inner region of triangle abc. Let C1 be
the circle with diameter ab, and C2 the circle with diameter
bc, as in Fig. 5(c). It is an elementary fact from geometry
that these circles cross at the orthogonal projection of b on
the line passing through a and c. Since Γ is maximal plane,
if there are vertices inside the region bounded by the triangle
abc, then there must be vertices e and f such that the tri-
angles abe and bcf are faces of Γ, and they are tall triangles

(a) (b)  

(d)  (c)  

(e)  

Fig. 4: A transformation from the special case of problem into
the new problem. (a) A 1-plane graph Υ in which at most one
endpoint of each crossing edge is incident with other edges. (b) Re-
moving all crossing edges to obtain Υ′. (c) Augmenting Υ′ into a
maximal plane graph Γ. Added edges are shown in dashed lines.
(d) Replacing removed edges into Υ′ to identify constraint pairs.
(e) The transformed instance (Γ, A).
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Fig. 5: (a) A forbidden 3-cycle. (b) A forbidden 4-cycle. (c) A
forbidden 3-cycle with fixed outer edges. (d) A forbidden 4-cycle
with fixed outer edges.

with respect to (a, b) and (b, c), respectively. For abe to be a
tall triangle with respect to (a, b), it must hold ∠bea ≦ 90◦.
Thus, the vertex e must be outside the region enclosed by C1.
Similarly, the vertex f must be outside the region enclosed
by C2. However, if the vertices e and f are located like this,
the triangle abe and triangle bcf overlap, which contradicts
that the graph Γ is a plane graph.

The case of a 4-cycle a, b, c, d can be handled similarly, by
observing two 3-cycles, say (a, b, c) and (a, c, d) formed by
the diagonal ac, see Fig. 5(d).

Theorem 2. Let Γ be a maximal plane graph with n ver-
tices and A be a set of constraint pairs that form a set of
disjoint stars on Γ. Then (Γ, A) admits a tall drawing if and
only if (Γ, A) has no forbidden cycle. Moreover, it can be
decided whether (Γ, A) satisfies all necessary and sufficient
conditions in O(n2) time. Furthermore, if one exists, a tall
drawing D of (Γ, A) can be constructed in O(n2) time.

By Lemma 1, if an instance (Γ, A) of the TDP has a forbid-
den cycle, then (Γ, A) does not admit a tall drawing. There-
fore, in the following, we prove the sufficiency of the condition
of Theorem 2.

3 Fixed Outer Boundary

In this section we introduce a generalization of the TDP
where we ask that a given plane graph is redrawn as a tall
drawing with a fixed given outer boundary. Formally, given
as input a maximal plane graph Γ, a set A of constraint pairs
on Γ, and a triangle P , the Tall Drawing Problem with
Fixed Outer Boundary (FTDP for short) asks to con-
struct a tall drawing D of (Γ, A) such that the outer edges
of D are exactly the edges of P , or determine that no such
drawing exists.

It immediately follows that forbidden cycles with respect

to the TDP do not admit tall drawings for the FTDP as well.

Theorem 3. Let Γ be a maximal plane graph with n ≧ 4
vertices, A be a set of constraint pairs that forms a set of dis-
joint stars on Γ, and P be a triangle. An instance (Γ, A, P )
admits a tall drawing whose outer edges are fixed by P if and
only if (Γ, A) has no forbidden cycle and P itself is a tall tri-
angle with respect to constraint pairs on outer edges. It can
be checked in O(n2) time if the instance (Γ, A, P ) satisfies
the necessary and sufficient conditions, and if it does, a tall
drawing of (Γ, A, P ) with P as the outer boundary can also
be constructed in O(n2) time.

The necessity of the condition of Theorem 3 follows im-
mediately from Lemma 1. We will prove the sufficiency of
Theorem 3 by using mathematical induction on the num-
ber of constraint pairs along the inner edges in Section 3. 4.
However, before proceeding with the formal description of
the induction steps, we introduce some basic operations.

3. 1 No constraint Pairs Along the Inner Edges
First, we show the sufficiency of Theorem 3 for instances

(Γ, A, P ) of the FTDP without constraint pairs along the
inner edges by the following lemma.

Lemma 4. An instance (Γ, A, P ) of the FTDP without con-
straint pairs along the inner edges admits a tall drawing if
(Γ, A) has no forbidden cycle and P is a tall triangle with
respect to constraint pairs on outer edges.

Proof. We consider 3 cases based on the number of con-
straint pairs along the outer edges of Γ.

Case 1. First, we deal with the case where there are no
constraint pairs along the outer edges. In this case, |A| = 0.
By Fáry’s Theorem [13], [17], [21], (Γ, A, P ) allows a straight-
line drawing for any P .

Case 2. There is one constraint pair along the outer edges.
Let e = pq be an outer edge that has a constraint pair (p, q),
and u be the vertex in P that is not incident to e. Place
u such that P is a tall triangle with respect to e. If there
are no other vertices, we are done. Otherwise, the edge e

composes a 3-cycle that is not P . Let T = (v, p, q, v) be an
inner 3-cycle that includes e, and v be the vertex in T that
is not incident with e, see Fig. 6(a). We place v inside P so
that T is a tall triangle. There exists a path from v to u that
does not include any of the outer edges. We draw one such
path from v to u as a straight line. Then, the region of P

excluding T can be divided into two regions defined by the
triangles uvq and uvp. By Fáry’s Theorem [13], [17], [21], a
straight-line drawing can be drawn in these two regions, as
illustrated in Fig. 6.

Case 3. Finally in the case where there are two or more
constraint pairs along the outer edges in the clockwise order,
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Fig. 6: (a) An instance (Γ, A, P ) with a single constraint pair (p, q)
on the outside boundary. (b) A tall drawing D of the instance
(Γ, A, P ) in (a).

by the assumption that (Γ, A) has no forbidden cycle, there
exist no vertices except for three vertices composing outer
edges. Then, it is trivial that if P is a tall triangle with
respect to constraint pairs on outer edges then the instance
(Γ, A, P ) admits a tall drawing.

3. 2 Separation Operation on a Separating 3-Cycle
We show that if an instance (Γ, A, P ) of the FTDP has a

separating 3-cycle, then the instance can be reduced to two
smaller instances which can be solved independently.

Lemma 5. Let (Γ, A, P ) be an instance of the FTDP that
has no forbidden cycles and A is a set of disjoint stars on Γ.
If Γ has a separating 3-cycle T , then the instance (Γ, A, P )
satisfies the following three conditions.

(i) Let V1 be the set of vertices of T and in the outer
region of T , and let E1 ≜ {uv ∈ E | u, v ∈ V1}. Let
Γ1 ≜ (V1, E1) and A1 ≜ {(u, v) ∈ A | u, v ∈ V1}. Then,
the instance (Γ1, A1, P ) has no forbidden cycle.

(ii) Let V2 be the set of vertices that are in T and the
inner region of T , and let E2 ≜ {uv ∈ E | u, v ∈ V2}. Let
Γ1 ≜ (V1, E1) and A2 ≜ {(u, v) ∈ A | u, v ∈ V2, (u, v) is
not along edges of T in the counterclockwise order}. If there
is a tall drawing D of (Γ1, A1, P ) of (i), then let PT be the
drawing of T in D1. Then, the instance (Γ2, A2, PT ) has no
forbidden cycle.

(iii) Let D2 be a tall drawing of the instance (Γ2, A2, PT )
of (ii). If both D1 and D2 exist, then there is a tall drawing
D of the instance (Γ, A, P ).

We call separating an instance (Γ, A, P ) into instances
(Γ1, A1, P ) and (Γ2, A2, PT ) as in Lemma 5 a separation op-
eration. For brevity, we just sketch the separation operation
in Fig. 7, omitting the formal proof of Lemma 5.

3. 3 Contraction Operation
In this section given an instance (Γ, A, P ) of the FTDP,

we show that if an inner edge e ∈ E(Γ) with a constraint
pair is not an edge of a separating 3-cycle, then we can ob-
tain an instance with fewer constraint pairs by contracting
edge e. We call the operation of contracting edge e, erasing

(a)  (Γ, A, P)

(b)  (Γ1, A1, P) 

(d)  (Γ2, A2, PT)

(c)  D1

(e)  D2

(f)  D

 PT

  

Fig. 7: The separation operation. (a) An input instance (Γ, A, P ).
(b) Subinstance (Γ1, A1, P ). (c) A tall drawing D1 of the subin-
stance (Γ1, A1, P ). (d) Subinstance (Γ2, A2, PT ). (e) A tall draw-
ing D2 of the subinstance (Γ2, A2, PT ). (f) A tall drawing D of
the instance (Γ, A, P ).

loops, and exchanging each multiple edge for a single edge a
contraction operation on e.

Lemma 6. For an instance (Γ, A, P ) of the FTDP such
that A is a set of disjoint stars on Γ, and an inner edge
e = (uv) ∈ E(Γ) with a constraint pair that is not an edge of
a separating 3-cycle, the following statements hold:

(i) Let Γ′ be the graph obtained by a contraction oper-
ation on e. Let A′ ≜ A \ {(u, v), (v, u)}. If (Γ, A, P ) has
no forbidden cycle, then (Γ′, A′, P ) also does not have any
forbidden cycles.

(ii) If a tall drawing D′ of the instance (Γ′, A′, P ) exists,
then a tall drawing D of the instance (Γ, A, P ) also exists.

Proof. We will examine in detail only the contraction op-
eration for the case of a one-direction constraint pair, and the
case of contracting an edge with a two-direction constraint
pair can be treated similarly.

Let (Γ, A, P ) be an instance of the FTDP. Let e = uv ∈
E(Γ) be an edge such that (u, v) is a constraint pair, but not
(v, u), and e is not an edge of a separating 3-cycle. Since
Γ is maximal planar, every edge is an edge of exactly two
face-bounding 3-cycles. Say that for the edge e those cycles
are (u, v, x, u) and (u, v, y, u), as in Fig. 8(a).

The constraint pair (u, v) requires for the 3-cycle (u, x, v, u)
to be drawn as a tall triangle with respect to the edge e = uv.
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Fig. 8: (a) An instance (Γ, A, P ) with an edge e = uv such that
(u, v) ∈ A and e is not contained in any separating 3-cycle. (b) An
instance (Γ′, A′, P ) obtained from (Γ, A, P ) in (a) by contracting
the edge e.

(i) We carry out the contraction operation for on e.
Let w be the vertex obtained by contraction the edge uv.
Figure 8(b) shows the resulting instance (Γ′, A′, P ) as in
Lemma 6. Since the edge uv is not an edge of a separat-
ing 3-cycle, there are no multiple edges except for between
the vertex w and x, and the vertex w and y after contraction,
which are replaced by single edges xw and yw, respectively.
Then, (Γ′, A′, P ) is an instance of the FTDP, as it can be
easily argued that Γ′ is a maximal plane graph and A′ is a
set of disjoint stars on Γ′.

The set A′ of constraint pairs does not contain forbidden
cycles, as existence of a forbidden 4-cycle implies a cycle
whose edges all had constraint pairs, contradicting that A is
a set of disjoint stars, and a forbidden 3-cycle in A′ implies
that here must have existed a path of length 3 each of whose
edges had a constraint pair before the contraction operation,
which again contradicts the assumption that the set A forms
a set of disjoint stars in Γ

Therefore, the instance (Γ′, A′, P ) has no forbidden cycle.
(ii) Figure 9(a) shows a tall drawing D′ of the instance

(Γ′, A′, P ). We now examine how to replace the contracted
edge uv and convert the drawing D′ of (Γ′, A′, P ) into a
drawing D of the original instance (Γ, A, P ).

Let v1, v2, . . . , vj be the vertices adjacent to w, and let
Pw be the polygon defined by the cycle v1, v2, . . . , vj . Let
S1, S2, . . . , Sj be the j edges of Pw, as in Fig. 9(a).

For each i, let Li be the straight line that contains Si, and
di be the distance between w and Li. Let r = mini di, and C

be the inner region of the cycle whose center is w and radius
is r. We call the region C a safe region for placing the end-
points u and v of the contracted edge uv. Figure 9(b) shows
a safe region C.

We examine the following two cases.
(a) None of the edges ux, uy, vx and vy has a constraint

pair.
(b) Some of the edges ux, uy, vx and vy have a con-

straint pair.
(a) We argue that this preserves the tallness of all already

drawn triangles, and also both triangles uvx and uvy are
tall with respect to the constraint pairs (u, v) and (v, u), re-
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Fig. 9: (a) A drawing D′ of (Γ′, A′, P ). (b) A safe region C.
(c) A drawing D of (Γ, A, P ). (d) A drawing D of (Γ, A, P ) with
a constraint pair (u, y).

spectively. Let D be a drawing obtained in this way, as in
Fig. 9(c). It is trivial that D is a drawing of Γ. Each of the
angles in the triangles including w changes only minutely.
Then, if these triangles must be drawn as a tall triangle, this
property can be preserved in D. All triangles not containing
w in D′ are unaffected and remain the same in D. Then
if these triangles are tall triangles in D′, they are also tall
triangles in D. Further, the angles ∠uxv and ∠uyv can be
controlled to be acute by choosing the length of the expanded
edge uv. Therefore, D is a tall drawing. Moreover, none of
the outer edges of Γ′ are not moved. Then, D′ and D have
the same outer boundary, which is P . Therefore D is a tall
drawing of (Γ, A, P ).

(b) Note that only the constraint pairs (v, x), (x, u), (u, y),
and (y, v) are of interest, as they require the triangles u, v, x

and u, v, y to be drawn as tall triangle with respect to them.
Without loss of generality, we examine the cases when (u, y)
or (y, v) is a constraint pair. Note that if (y, u) or (v, y)
is a constraint pair, this together with (u, v) would form a
forbidden 3-cycle.

For brevity, we only present the case when (u, y) ∈ A, and
the case of (y, v) ∈ A can be handled similarly. The angle
∠uvy can be made acute by placing u and v in such a way
that the distance between y and v is maximized, see Fig. 9(d),
making uvy a tall triangle with respect to uy. Moreover, this
can be accomplished without modifying any outer edges in
D′. Therefore, D is a tall drawing of (Γ, A, P ).

3. 4 Mathematical Induction on the Number of
Constraint Pairs on Inner Edges

In this section, Theorem 3 is shown by mathematical in-
duction on the number of constraint pairs along the inner
edges of an FTDP instance (Γ, A, P ). Moreover, we prove
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the sufficiency of Theorem 2 using Theorem 3.

Proof. (a) In the case that there is no constraint pair along
the inner edges, by Lemma 4, an instance (Γ, A, P ) admits a
tall drawing.

(b) In the case that there are constraint pairs along the
inner edges, assume that Theorem 3 is satisfied if the num-
ber of constraint pairs along the inner edges is k or less, and
let |A| = k + 1. Let e be one of the inner edges having a
constraint pair. There are two possibilities: e is included in
a separating 3-cycle, or it is not.

(b-1) In the case that e is not contained in a separating
3-cycle, by Lemma 6(i), an instance (Γ′, A′, P ) is obtained.
Since (Γ′, A′, P ) is obtained by contraction operation on the
edge e, the number of constraint pairs along the inner edges
in (Γ′, A′, P ) is at most k. By the inductive assumption,
(Γ′, A′, P ) admits a tall drawing D′, and by Lemma 6(ii),
(Γ, A, P ) admits a tall drawing D. Therefore, Theorem 3
is satisfied if the number of constraint pairs along the inner
edges is k + 1.

(b-2) In the case when e is included in a separating 3-
cycle, by Lemma 5(i), an instance (Γ1, A1, P1) is obtained.
If there is a constraint pair in the inner region of the sep-
arating 3-cycle including e, the number of constraint pairs
along the inner edges in (Γ1, A1, P1) is at most k. By the
assumption of mathematical induction, (Γ1, A1, P1) admits
a tall drawing D1. If there is no constraint pair in the inner
region of the separating 3-cycle including e, the number of
constraint pairs along the inner edges in (Γ1, A1, P1) is k +1.
While there exists a separating 3-cycle including the edge e,
we repeat the separation operation, until we obtain an in-
stance (Γ̂, A, P̂ ) such that e ∈ E(Γ̂) and e is not included
in any separating 3-cycle of Γ̂. By (b-1), this instance ad-
mits a tall drawing D̂. On the other hand, assume that a
tall drawing D1 of (Γ1, A1, P ) exists. By Lemma 5(ii), and
instance (Γ2, A2, PT ) is obtained. Since e is an inner edge
of (Γ, A, P ) and an outer edge of (Γ2, A2, PT ), the number
of constraint pairs along the inner edges in (Γ2, A2, PT ) is at
most k. By the inductive assumption, (Γ2, A2, PT ) admits
a tall drawing D2. By Lemma 5(iii), (Γ, A, P ) admits a tall
drawing D.

By (b-1) and (b-2), Theorem 3 is also satisfied if the num-
ber of constraint pairs along the inner edges is k + 1, and by
the principle of mathematical induction, for any k ≧ 0.

The result of Theorem 3 implies the sufficiency of the con-
dition in Theorem 2.

4 An Algorithm for Constructing a Tall
Drawing

In this section, we give algorithms to prove tall drawing

problem with a fixed outer boundary and tall drawing prob-
lem. Procedure Draw1(Γ, A, P ) gives an algorithm that pro-
duces a tall drawing of a FTDP instance (Γ, A, P ) that sat-
isfies the necessary and sufficient conditions of Theorem 3.

Procedure Draw1(Γ, A, P )
Require: A maximal plane graph Γ, a set A of constraint

pairs on Γ such that (Γ, A) has no forbidden cycle, and
a triangle P that is a tall triangle with respect to con-
straint pairs on outer edges of Γ.

Ensure: A tall drawing D of (Γ, A, P ).
1: if there is no constraint pair along the inner edges then
2: Let D be a drawing of (Γ, A, P ) by Lemma 4
3: else
4: Let e be an inner edge having a constraint pair;
5: if there is a separating 3-cycle including e then
6: Let T be a separating 3-cycle including e;
7: Let Γ1 be a graph on T and the outer region of T ;
8: Let A1 be a set of constraint pairs along the edges

of Γ1;
9: Let D1 := Draw1(Γ1, A1, P );

10: Let PT be the shape of T in D1;
11: Let Γ2 be the graph on T and the inner region of T ;
12: Let A2 be a set of constraint pairs along T and the

inner edges of Γ2;
13: D2 := Draw1(Γ2, A2, PT );
14: Let D be a drawing such that D2 is embedded into

PT of D1

15: else
16: Let Γ′ be the graph obtained by a contraction oper-

ation on e as in Lemma 6;
17: Let A′ be the set of constraint pairs along the edges

of Γ′;
18: D′ := Draw1(Γ′, A′, P );
19: Let D be the drawing obtained by expanding e in

D′ as in Lemma 6
20: end if
21: end if ;
22: return D.

Lemma 7. Given an instance (Γ, A, P ) of the FTDP such
that |V (Γ)| = n, A is a set of disjoint stars on Γ and does
not form any forbidden cycles, and P is a tall triangle with
respect to the outer edges of Γ, Procedure Draw1 constructs
a tall drawing of (Γ, A, P ) in O(n2) time.

Proof. The correctness of Procedure Draw1 is trivial by
the proof of the sufficiency of Theorem 3 in Section 3. 4.

We analyze the time complexity of Procedure Draw1. Let
|E(Γ)| = m, and n ≧ 3. Since for a maximal plane graph it
holds that m = 3(n − 2) we can state the time complexity of
Procedure Draw1 T (n) in terms of n.

We show that T (n) ≦ cn2 for some constant c.
The input is classified in three cases.
(a) There is no constraint pair along the inner edges. The

time complexity of checking the condition of Line 1 is O(m)
by just examining all edges. If the condition is satisfied, then
a drawing D in Line 2 can be constructed in O(n + m) time,
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see, e.g., Chrobak and Payne [4].
(b) There is a constraint pair along an inner edge e and

e is included in a separating 3-cycle; Then the operations
of Lines 4 to 14 are carried out. If one exists, we can
find an edge e included in a separating 3-cycle in O(m)
time. Let (Γ1, A1, P ) and (Γ2, A2, PT ) be newly created in-
stances by a separation operation, such that |V (Γ1)| = n1,
|V (Γ2)| = n2, and n2 = n + 3 − n1 holds. Moreover, we have
that 4 ≦ n1 ≦ n − 1.

Assume that when k < n, T (k) ≦ ck2.
There are two cases concerning the value of n.
(i) n < 17. It is trivial that T (n) is in O(n), and

T (k) ≦ ck2 for an appropriately chosen constant c > 0.
(ii) n ≧ 17. Then we have

T (n) = T (n1) + T (n2) + cn

≦ cn2
1 + c(n + 3 − n1)2 + cn.

The value of cn2
1 + c(n + 3 − n1)2 is maximum when n1 = 4,

and therefore we get

cn2
1 + c(n + 3 − n1)2 + cn ≦ 42c + c(n − 1)2 + cn

≦ cn2,

from which it follows that T (n) ≦ cn2.

(c) There is a constraint pair along an inner edge e and
e is not contained in a separating 3-cycle. Then, the en-
tire procedure for contraction operation can be carried out
in O(n + m) time, from where the algorithm recurses taking
T (n − 1) time to produce a drawing D′, and finally recon-
structing a drawing D from D′ can be done in O(n+m) time,
which also gives a bound that T (n) is O(n2), as required.

Given an instance (Γ, A) of the TDP, it is straightforward
to use Procedure Draw1 together with procedures for check-
ing the existence of forbidden cycles and fixing an outer
boundary P to produce a tall drawing of (Γ, A) or report
that none exists.

5 Conclusions

In this study, we introduced the Tall Drawing Problem
(TDP), obtained necessary and sufficient conditions for an
instance to admit a tall drawing, and gave an O(n2)-time al-
gorithm to produce a drawing of an instance with n vertices
or recognize that none exists.

Two interesting possible future directions for research
present themselves. First, we would like to relax the as-
sumptions on the tall drawing problem, e.g., when the set of
constraint pairs is not a set of disjoint stars. Second, using
the tall drawing problem, we would like to solve a special
case of the RAC drawing problem such that the input of the
problem is a 1-plane graph in which at most one endpoint of
one crossing edge is incident with other edges.
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