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Abstract

Given a bipartite graph G with an edge set E between two disjoint vertex sets V1 and V2,

a 2-layer drawing Γ of G is an embedding of G in the plane with two parallel layers L1 and L2

such that the vertices in Vi, i = 1, 2 are placed along Li and the edges are drawn in the area

between the layers. The problem of finding a 2-layer drawing Γ of G that minimizes the number

edge crossings is known to be NP-hard, and an exact algorithm based on a branch-and-bound

method has been proposed [M. Jünger and P. Mutzel, 2-layer straight-line crossing minimization:

Performance of exact and heuristic algorithms, Journal of Graph Algorithms and Applications,

1(1): 1–25, 1997].

In this paper, we propose a new integer linear programming (ILP) formulation for the two-

sided crossing minimization problem and report that, for dense instances with |E| ≥ 0.9|V1||V2|,
our new ILP implemented with CPLEX performs much faster than the branch-and-bound algo-

rithm.

Keywords: Graph Drawing, Layered Drawing, Crossing Minimization, Bipartite Graphs, Integer

Linear Programming



1 Introduction

Graph drawing is computing a visually informative geometric representations of graphs in two or

three dimensions. It has wide range of applications such as VLSI design, visualization of social

networks and biological networks. Consequently, two or three dimensional drawings of graphs with

a variety of aesthetics and edge representations have been extensively studied [1, 8, 10, 12].

Among the well-known aesthetic criteria for graph drawing, minimizing the number of edge

crossings has been the most important criteria in graph drawing. Furthermore, the human experi-

ments by Purchase showed some evidence that the number of edge crossings is negatively correlated

with the readability of a graph drawing by human [11]. Therefore, there is a rich literature on

crossing minimization in a graph drawing; see the bibliography by Vrt’o [13].

Hierarchical graphs (or level graphs) are directed graphs with vertices assigned into layers.

Hierarchical graphs appear in many applications such as CASE tools and software visualization.

Conventionally, hierarchical graphs are drawn as layered drawings, where vertices of each level of

the hierarchy are drawn on the same horizontal line called a layer, and all levels are arranged as

parallel lines, with edges drawn as straight lines between each level [2, 6, 9].

Note that the number of edge crossings in a layered drawing is directly determined by the

permutations of the vertices on each layer. However, the problem of minimizing the number of

edge crossings in a layered drawing is known to be NP-hard, even for the case with two layers [4],

which is called the two-sided crossing minimization problem. Moreover, the problem is NP-hard,

even for the case when the permutation of one layer is fixed [3], which is called the one-sided

crossing minimization problem. Nevertheless, for both problems, exact algorithms, approximation

algorithms and heuristics are available; see [1, 8, 12, 13].

In this paper, we focus on exact algorithms for the two-sided crossing minimization problem.

Let G = (V1, V2;E) be a simple bipartite graph with two disjoint vertex sets V1 and V2 of sizes n1

and n2, respectively, and m = |E| is the number of edges.

More formally, given a bipartite graph G = (V1, V2;E), the two-sided crossing minimization

problem asks to place the vertices of V1 and V2 on two parallel lines, referred as layer 1 and layer 2,

respectively, such that

i) each vertex is placed at a unique point, i.e., no two vertices are placed at the same point, and

ii) the total number of crossings between edges in E is minimized, where the edges are drawn

as straight lines connecting their corresponding endpoints.

Previous work on exact algorithms for the two-sided crossing minimization problem include

an integer linear programming (ILP) formulation by Jünger et al. [6] and a branch-and-bound

approach by Jünger and Mutzel [7], which performs better than solving the ILP by a conventional

ILP solver such as CPLEX. One major reason for the ILP not being efficient is that it requires Θ(m2)

variables and constraints for an instance with m edges, whereas the one-sided crossing minimization

problem admits an ILP with O(n2) variables and O(n3) constraints for an instance with n vertices.

Contrary to this, the branch-and-bound algorithm branches on subinstances defined by partially

fixing a permutation of vertices along the first layer, and uses the compact ILP for the one-sided

crossing minimization problem when a permutation of vertices along the first layer is completely

fixed. More recently, another ILP for the two-sided crossing minimization problem with O(n4)

variables and O(n3) constraints and a branch-and-bound algorithm have been proposed by Zheng

and Buchheim [14].

In this paper, we propose a new ILP formulation for the two-sided crossing minimization prob-

lem, by introducing O(n2) variables and O(n3) constraints for an instance with n vertices. We first

overview the branch-and-bound algorithm of Jünger and Mutzel [7] in Section 2. Details of our new

ILP formulation are given in Section 3. We compare the performance in terms of running time of our
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formulation with the branch-and-bound algorithm by Jünger and Mutzel [7]. Experimental results

presented in Section 4 show that our new ILP formulation is much faster than the branch-and-

bound algorithm, and highly efficient for dense graphs. Finally, we give some concluding remarks

in Section 5.

2 Background

2.1 An ILP for one-sided crossing minimization

In this problem setting, we are given a bipartite graph G = (V1, V2;E) where |Vi| = ni, i = 1, 2, and

a fixed permutation on the vertices in V2. While the one-sided crossing minimization problem is

NP-hard [3], an ILP formulation based on the linear ordering problem [5] was presented as follows.

For all u, v ∈ V1, we can pre-compute the crossing numbers cuv and cvu, i.e., the numbers of edge

crossings formed by edges incident with u and v when u precedes v, and v precedes u, respectively.

Then, a well-known ILP formulation for the linear ordering problem [1, 5, 7] can be used to solve

the one-sided crossing minimization problem. More specifically, this ILP uses O(n2
1) variables and

O(n3
1) constraints, and can be described as below:

ILP Linear Order

variables xuv, xvu ∈ {0, 1}, ∀{u, v} ∈
(
V1

2

)
,

min
∑

u,v∈V1,u6=v

cuv · xuv

subject to xuv + xvu = 1, ∀{u, v} ∈
(
V1

2

)
, (1)

xuv + xvw − 1 ≤ xuw, ∀(u, v, w) ∈ V 3
1 , u 6= v 6= w, u 6= w. (2)

The variables xuv give for each pair of distinct vertices u, v ∈ V1 their relative positions in a total

order, such that

xuv =

{
1, if u precedes v,

0, otherwise,

and the constraints of Eqs. (1) and (2) ensure a proper total order on the vertices.

2.2 A branch-and-bound algorithm for two-sided crossing minimization

The branch-and-bound algorithm by Jünger and Mutzel [7] solves the two-sided crossing minimiza-

tion problem as follows. An instance of a subproblem is defined by fixing a total order of some of

the vertices in V2 as part of a final permutation on V2. Then the algorithm branches on which of

the vertices without assigned order in V2 to place next. Once a total order for all the vertices in V2

has been fixed, the formulation ILP Linear Order can be used to determine an optimal ordering

for the vertices in V1.

As a bounding procedure the algorithm uses the observation that values for the crossing numbers

cuv, u, v ∈ V1, can be computed with respect to the partially fixed order on V2, and the following

value ∑
{u,v}∈(V12 )

min{cuv, cvu}

is used in a bounding procedure instead of trying all possible permutations on V2.
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3 A New ILP Formulation for the Two-sided Crossing Minimiza-

tion

Recall that we are given a bipartite graph G = (V1, V2;E) with |V1| = n1, |V2| = n2, |E| = m, and

without loss of generality we assume that n1 ≥ n2. For a vertex v in G, we denote by N(v) the

set of neighbors of v, that is, the set of vertices adjacent with v. Note that since G is bipartite, if

v ∈ V1 it holds that N(v) ⊆ V2, and vice versa.

Our main contribution is an ILP formulation that directly determines total orders of vertices

in both vertex sets V1 and V2. The ILP formulation has O(n2
1 + n2

2) variables and O(n3
1 + n3

2)

constraints, which do not depend on the number m of edges, making the formulation especially

effective for dense graphs.

The main idea behind this formulation is to fix an initial total order <1 on the vertices in V1, and

pre-compute the edge crossings cuv and cvu for all pairs of distinct vertices u, v ∈ V2 with respect

to this fixed order. Then, we only compute the relative change in cuv and cvu by checking for all

neighbors of u and v whether they appear in the same relative order as in the initial order <1.

More specifically, the new ILP formulation can be described as follows:

ILP Formulation 2-Layer

variables x
(1)
ab , x

(1)
ba ∈ {0, 1}, ∀{a, b} ∈

(
V1

2

)
,

x(2)uv , x
(2)
vu ∈ {0, 1}, ∀{u, v} ∈

(
V2

2

)
,

c′uv, c
′
vu ∈ {0, 1, . . . , n2

2}, ∀{u, v} ∈
(
V2

2

)
,

zuv, zvu ∈ {0, 1, . . . , n2
2}, ∀{u, v} ∈

(
V2

2

)
,

min
∑

∀{u,v}∈(V22 )

(zuv + zvu)

subject to x
(1)
ab + x

(1)
ba = 1, ∀{a, b} ∈

(
V1

2

)
, (3)

x
(1)
ab + x

(1)
bc − 1 ≤ x(1)ac , ∀(a, b, c) ∈ V 3

1 , a 6= b 6= c, a 6= c, (4)

x(2)uv + x(2)vu = 1, ∀{u, v} ∈
(
V2

2

)
, (5)

x(2)uv + x(2)vw − 1 ≤ x(2)uw, ∀(u, v, w) ∈ V 3
2 , u 6= v 6= w, u 6= w, (6)

c′uv = cuv −
∑

a∈N(v),
b∈N(u),
a<1b

x
(1)
ba +

∑
a∈N(v),
b∈N(u),
b<1a

x
(1)
ab , ∀(u, v) ∈ V2

2, u 6= v, (7)

zuv ≥ c′uv − n2
1(1− x(2)uv ), ∀(u, v) ∈ V2

2, u 6= v. (8)

The variables x
(i)
uv , u, v ∈ Vi, i = 1, 2, and the constraints in Eqs. (3) to (6) determine a total order

of the vertices in the respective sets. The novelty of this formulation lies in the constraint of Eq. (7),

where, as mentioned earlier, the number of crossings of the edges incident with vertices u, v ∈ V2

is corrected based on the relative positions of the edges’ endvertices in V1. Then, the variables zuv,

u, v ∈ V2, u 6= v, simply assume the correct values of the number of crossings of edges incident with

vertices u and v based on their relative positions determined by the variables x
(2)
uv in Eq. (8).
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4 Experimental Results

We implemented the branch-and-bound algorithm by Jünger and Mutzel [7], and our ILP Formu-

lation 2-Layer using the C++11 programming language and ILOG CPLEX 12.7.1 Student Edition

as an ILP solver. All programs were compiled using the gcc compiler version 4.2.1, and run on a

MacBook Air computer with a 2-core Intel Core i7 processor running at 1.7 GHz, 8 GB of memory,

and the macOS Sierra 10.12.5 operating system.

We conducted experiments on randomly generated bipartite graphs with 7 to 13 vertices on each

layer, and edge density ranging from 0.90 to 0.99. All reported results are the average running time

over five instances.

Figures 1 and 2 show a comparison between the branch-and-bound algorithm and our ILP

Formulation 2-Layer. We can clearly see that on average our ILP Formulation 2-Layer

performs twice faster than the branch-and-bound algorithm. For example, Fig. 2 shows that, for

graphs with n1 = n2 = 11 and density 0.99, our method runs 105 times faster than the branch-and-

bound algorithm does.

Furthermore, we can observe that the running time of the branch-and-bound algorithm quickly

rises with the number of vertices as well as the density. For example, Fig. 2 shows that it took over

1000 seconds, even for graphs with 11 vertices on each layer. Hence, we omit further experiments

using the branch-and-bound algorithm on larger graphs as the running time will surely surpass

1000 seconds.

On the other hand, not only does our ILP Formulation 2-Layer perform fast in terms

of running time, but also its running time tends to decrease with the density of the input graph.

Figures 1 to 4 consistently show that the running time of our ILP Formulation 2-Layer decreases

with the density of the graph instances.
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Figure 1: Experimental results when n1 = n2 = 7
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Figure 2: Experimental results when n1 = n2 = 11
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Figure 3: Experimental results when n1 = n2 = 12
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Figure 4: Experimental results when n1 = n2 = 13

5 Conclusion

In this paper, we presented a novel ILP formulation for the two-sided crossing minimization problem

in a 2-layer drawing of bipartite graphs. Not only is our formulation suited to be solved purely with

an ILP solver, but the number of variables and constraints are determined individually by the

number of vertices in each layer.

Experimental results showed that the running time of our new ILP formulation implemented

with the CPLEX solver is much faster than that of the branch-and-bound algorithm by Jünger and

Mutzel [7] for dense graph instances. Furthermore, we observed that the running time of our ILP

algorithm decreases as the density of an input graph increases.

It is left as a future work to conduct more extensive experiments, comparing our ILP with other

types of exact algorithms for the two-sided crossing minimization problem, e.g., [9, 14], and develop

other formulations and compare their effectiveness on real instances.
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