
Proof of the volume conjecture for twist knots

Abstract

We prove the volume conjecture for any twist knots by using an equivalence relation, complex

analysis, analytic continuation, and Method of steepest descent on the basis of colored Jones polyno-

mials.

1 Introduction

H.Murakami-J.Murakami [MM] reformulated Kashaev’s conjecture as the volume conjecture. In this

paper, we study the volume conjecture of any oriented twist knots. The volume conjectures has so far

proven to be true only for the following four sorts of knot: the figure-eight knot by Ekholm (see [M]),

52 by Kashaev-Yokota [KY] and Ohtsuki [O], torus knots by Kashaev-Tirkkonen[KT] and the whitehead

doubles of non-trivial torus knots by Zheng [Z]. These volume conjectures were solved by calculating

colored Jones polynomial. We solve the volume conjecture for twist knots by using some equivalence

relations, complex analysis, analytic continuations, and function of several complex variables on the basis

of colored Jones polynomials. The following is the volume conjecture:

Conjecture 1.1. Let K be an oriented hyperbolic knot, JN (K, q) be the colored Jones polynomial of K

and Vol(K) be the hyperbolic volume of S3 \K. Then we obtain the following equality holds:

lim
N→∞

2π log |JN (K, exp(2π
√
−1/N))|

N
= Vol(K). (1)

The purpose of this paper is to prove that the volume conjecture is true for any oriented twist knots.

Namely, we prove the following theorem.

Theorem 1.2. Let K be a twist knot, JN (K, q) be the colored Jones polynomial of K, Vol(K) be the

hyperbolic volume of S3 \K. Then the above equality (1) holds.

Let K be a twist knot as in Figure 1. Note that positive numbers correspond to left-handed twists

and negative numbers correspond to right-handed twists respectively.
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2p

Figure 1: Here 2p (p ∈ Z \ {0, 1}) denote the numbers of half twists in each box.

2 Lemmas necessary for Proof of Volume Conjecture for twist

knots

Let N be a positive integer, ni be positive integers or equal to 0, and q be exp(2π
√
−1/N). We know the

following theorem.

Theorem 2.1 ([T]). Let p be a positive integer, Kp>0 be the usual p-th twist knot, JN (K; q) be the colored

Jones polynomial of K, and K∗ be the mirror image of the knot K. We know that K−p is the mirror

image of Kp>0.

JN (K∗
p>0; q) = q1−N

∑
N−1≥n2p−1≥···≥n1≥0

(q1−N )n2p−1q
−Nn2p−1

2p−2∏
i=1

(−1)niq(−1)iNni+(ni
2 )−nini+1

[
ni+1

ni

]
,

where we have used the usual q-binomial coefficient[
ni+1

ni

]
=

(q)ni+1

(q)ni+1−ni
(q)ni

with the standard q-hyper geometric notation

(q)n =

n−1∏
k=0

(1− qk+1) = (1− q)nΓq(n+ 1).

Definition 2.2. We say that f(N) and g(N) are equivalent if the difference |f(N)− g(N)| tends to zero

when N → ∞. Namely, we denote lim
N→∞

|f(N)− g(N)| = 0 by f(N)
N∼ g(N).

This relation
N∼ is an equivalence relation. Hence, reflexive relation, symmetric relation, and transitive

relation hold.

Lemma 2.3. If i(N)
N∼ g(N), h(N)

N∼ i(N), and g(N) ≤ f(N) ≤ h(N), then we have that

f(N)
N∼ i(N).

Moreover, if i(N) is a constant function, then

lim
N→∞

f(N) = i(N)

holds.
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Proof. Because of the assumptions, we have that

g(N)− i(N) ≤ f(N)− i(N) ≤ h(N)− i(N),

and

lim
N→∞

|g(N)− i(N)| = lim
N→∞

|h(N)− i(N)| = 0.

Hence,

lim
N→∞

|f(N)− i(N)| = 0,

and

f(N)
N∼ i(N).

We define the following dilogarithm function:

Li2(z) :=

∞∑
n=1

zn

n2
(|z| < 1).

We know that the following equality:

− log(1− z) =

∞∑
n=1

zn

n
(|z| < 1).

Hence, the analytic continuation of the dilogarithm function is given by

Li2(z) = −
∫ z

0

log(1− t)

t
dt (z ∈ C \ [1,∞)).

Here, log(1 − t) := log |1 − t| +
√
−1Arg(1 − t) (0 ≤ Arg(1 − t) < 2π) is a regular analytic function on

C \ [1,∞). Hence, Li2(z) is a regular analytic function on C \ [1,∞).

Definition 2.4. We define the following functions:

f(z1, . . . , z2p−1) := −Li2(
1

z1
) +

2p−2∑
i=1

(
Li2(zi)− Li2(

zi
zi+1

) + Li2(
1

zi+1
)
)
+ Li2(z2p−1),

f(z
(1)
1 , . . . , z

(2p−1)
2p−1 ) :=

2p−2∑
i=1

(
Li2(z

(i)
i )− Li2(

z
(i)
i

z
(i)
i+1

) + Li2(
1

z
(i)
i+1

)
)
− Li2(z

(2p−1)
2p−1 ) +

π2

6
,

f̃(z
(1)
1 , . . . z

(2p−1)
2p−1 ) :=

2p−2∑
i=1

(
−
√
−1Li2(z

(i)
i ) +

π2
√
−1

6
+

√
−1Li2(

z
(i)
i

z
(i)
i+1

)− π2
√
−1

6

−
√
−1Li2(

1

z
(i)
i+1

) +
π2

√
−1

6

)
+

√
−1Li2(z

(2p−1)
2p−1 )− π2

√
−1

6
,

and

g(n,N) :=
π2

√
−1n2

N2
− 2πn log(1− exp(2π

√
−1n/N))

N
+
πn log 4

N
+
πn sin2(πnN )

N
,

where z
(i)
i := exp(2π

√
−1ni/N), 1/z

(i)
i+1 := exp(2π

√
−1(ni+1 − ni)/N).

Hence,

f̃(z
(1)
1 , . . . z

(2p−1)
2p−1 ) = −

√
−1f(z

(1)
1 , . . . z

(2p−1)
2p−1 ) +

π2
√
−1(2p− 2)

6
.
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2.1 First reduction

Firstly, we prove that

f(z
(1)
1 , . . . , z

(2p−1)
2p−1 )

N∼ f(exp(2π
√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N)),

f(z
(1)
1 , . . . , z

(2p−1)
2p−1 ) + Li2(z

(2p−1)
2p−1 )− π2

6

N∼ f(exp(2π
√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N)),

2π log |(q)n|
N

N∼
√
−1Li2(exp(2π

√
−1n/N))− π2

√
−1

6

N∼ Im[−Li2(exp(2π
√
−1n/N))],

and the following limit value converges:

lim
N→∞

Li2(exp(2π
√
−1n/N)).

Hence, the following limit value converges:

lim
N→∞

f(exp(2π
√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N)).

Moreover, we obtain the following formulas:

2π

N
log

(
|(q)n2p−1 |

2p−2∏
i=1

∣∣∣[ni+1

ni

]∣∣∣) =
2π

N

(
log |(q)n2p−1 |+

2p−2∑
i=1

log
∣∣∣[ni+1

ni

]∣∣∣)
N∼

2p−2∑
i=1

Im[Li2(exp(2π
√
−1ni/N))− Li2(exp(2π

√
−1ni+1/N))

+ Li2(exp(2π
√
−1(ni+1 − ni)/N))] + Im[−Li2(exp(2π

√
−1n2p−1/N))]

= Im[f(z
(1)
1 , . . . , z

(2p−1)
2p−1 )]

N∼ Im[f(exp(2π
√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N))],

and

2π

N
log

(
|(q)n2p−1 |

2p−2∏
i=1

∣∣∣[ni+1

ni

]∣∣∣) =
2π

N

(
log |(q)n2p−1 |+

2p−2∑
i=1

log
∣∣∣[ni+1

ni

]∣∣∣)
N∼ f̃(z

(1)
1 , . . . , z

(2p−1)
2p−1 )

= −
√
−1f(z

(1)
1 , . . . , z

(2p−1)
2p−1 ) +

π2
√
−1(2p− 2)

6

N∼ −
√
−1f(exp(2π

√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N)) +

π2
√
−1(2p− 2)

6
.

To show the above formulas, we first prove the property of dilogarithm function Li2(z) of Lemma 2.5,

Lemma 2.6 and Lemma 2.7.

Lemma 2.5. If z ∈ C \ (−∞, 0], then we obtain the following functional equality:

Li2(1− z) = −1

2
log2 z − Li2(1−

1

z
).
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Proof. We obtain the following equalities:

Li2(1− z) + Li2(1−
1

z
) = Li2(1− z)−

∫ 1−1/z

0

1− t

t
dt

= Li2(1− z)−
∫ z

1

log( 1t )

1− 1
t

· dt
t2

= Li2(1− z)−
∫ z

1

log t

t
dt−

∫ z

1

log t

t− 1
dt

= Li2(1− z)−
[1
2
log2 t

]z
1
+

∫ 1−z

0

1− t

t
dt

= Li2(1− z)− 1

2
log2 z − Li2(1− z) = −1

2
log2 z.

Lemma 2.6. If z ∈ C \ [0,∞), then we obtain the following functional equality:

−Li2(
1

z
) = Li2(z) +

π2

6
+

1

2
log2(−z).

Proof. We obtain the following equalities:

Li2(z) + Li2(
1

z
) =

∫ 0

z

log(1− t)

t
dt+

∫ 0

1/z

log(1− t)

t
dt

=

∫ −1

z

log(1− t)

t
dt+

∫ −1

1/z

log(1− t)

t
dt+ 2

∫ 0

−1

log(1− t)

t
dt

= 2Li2(−1) +

∫ −1

z

log(1− t)

t
dt+

∫ −1

z

t log(
t− 1

t
)
−dt
t2

= −π
2

6
+

∫ −1

z

log(1− t)

t
− log(1− t)

t
+

log(−t)
t

dt

= −π
2

6
− 1

2
log2(−z).

Lemma 2.7. If the domain of definition of Li2(z) is z ∈ C\[1,∞) and that of Li2(−z) is z ∈ C\(−∞,−1],

then we obtain the following functional equality:

Li2(z) + Li2(−z) =
1

2
Li2(z

2).

Proof. We obtain the following equalities:

Li2(z) + Li2(−z) =
∞∑

n=1

(zn
n2

+
(−z)n

n2

)
=

∞∑
m=1

( z2m−1

(2m− 1)2
− z2m−1

(2m− 1)2

)
+

∞∑
k=1

( z2k

(2k)2
+

z2k

(2k)2

)
=

1

2
Li2(z

2).
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Lemma 2.8. The following limit value uniformly converges: for every n ∈ C,

lim
N→∞

Li2(exp(2π
√
−1n/N)).

Proof. For sufficiently large N and N ′ such that N > N ′, we obtain the following inequalities:

|Li2(exp(2π
√
−1n/N))− Li2(exp(2π

√
−1n/N ′))| =

∣∣∣∫ exp(2π
√
−1n/N)

exp(2π
√
−1n/N ′)

log(1− t)

t
dt
∣∣∣

≤
∫ 2πn

N′

2πn
N

∣∣∣ log(1− exp(
√
−1θ))

exp(
√
−1θ)

∣∣∣|√−1exp(
√
−1θ)|dθ =

∫ 2πn
N′

2πn
N

| log(1− exp(
√
−1θ)|dθ

≤
∫ 2πn

N′

2πn
N

(1− log |θ|)dθ =
[
2θ − θ log |θ|

] 2πn
N′

2πn
N

=
2πn

N ′

(
2− log

∣∣∣2πn
N ′

∣∣∣)− 2πn

N

(
2− log

∣∣∣2πn
N

∣∣∣) → 0 (N > N ′ → ∞).

Lemma 2.9. With the same notation as in Theorem 2.1 we have that

2π log |(q)n|
N

=
√
−1Li2(exp(2π

√
−1n/N))− π2

√
−1

6
+ g(n,N)

N∼ Im[−Li2(exp(2π
√
−1n/N))].

Proof. Because of Lemma 2.5 and Lemma 2.6, we obtain the following equalities:

√
−1Li2(exp(2π

√
−1n/N))− π2

√
−1

6
− Im[−Li2(exp(2π

√
−1n/N))]

=
√
−1(Re[Li2(exp(2π

√
−1n/N))] +

√
−1Im[Li2(exp(2π

√
−1n/N))])− π2

√
−1

6
+ Im[Li2(exp(2π

√
−1n/N))]

=
√
−1(Re[Li2(exp(2π

√
−1n/N))]− π2

6
)

=
√
−1(Re[−1

2
log2(1− exp(2π

√
−1n/N))− Li2

(
1− 1

1− exp(2π
√
−1n/N)

)
]− π2

6
)

=
√
−1(Re[−1

2
log2(1− exp(2π

√
−1n/N))− Li2

( exp(2π
√
−1n/N)

exp(2π
√
−1n/N)− 1

)
]− π2

6
)

=
√
−1(Re[−1

2
log2(1− exp(2π

√
−1n/N)) + Li2

(exp(2π√−1n/N)− 1

exp(2π
√
−1n/N)

)
+
π2

6
+

1

2
log2

(
− exp(2π

√
−1n/N)

exp(2π
√
−1n/N)− 1

)
]− π2

6
)

=
√
−1(Re[Li2

(exp(2π√−1n/N)− 1

exp(2π
√
−1n/N)

)
− log(exp(2π

√
−1n/N)) log(1− exp(2π

√
−1n/N))

+
1

2
log2(exp(2π

√
−1n/N))]) → 0 (N → ∞).

Hence, we obtain the following formulas:

2π log |(q)n|
N

=
2π log |

∏n−1
k=0(1− qk+1)|
N

=
2π

∑n
k=1 log |1− qk|

N
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N∼ 2π

∫ n/N

0

log |1− exp(2π
√
−1x)|dx

=
√
−1Li2(exp(2π

√
−1n/N)) +

π2
√
−1n2

N2
− 2πn log(1− exp(2π

√
−1n/N))

N
+
πn log 4

N

+
πn log sin2(πnN )

N
− π2

√
−1

6

=
√
−1Li2(exp(2π

√
−1n/N))− π2

√
−1

6
+ g(n,N)

N∼ Im[−Li2(exp(2π
√
−1n/N))].

Corollary 2.10. With the same notation as in Theorem 2.1 we have that

2π log
∣∣∣[ni+1

ni

]∣∣∣
N

N∼ −
√
−1Li2(exp(2π

√
−1ni/N)) +

π2
√
−1

6
− g(ni, N) +

√
−1Li2(exp(2π

√
−1ni+1/N))

− π2
√
−1

6
+ g(ni+1, N)−

√
−1Li2(exp(2π

√
−1(ni+1 − ni)/N)) +

π2
√
−1

6
− g(ni+1 − ni, N)

N∼ Im[Li2(exp(2π
√
−1ni/N))− Li2(exp(2π

√
−1ni+1/N)) + Li2(exp(2π

√
−1(ni+1 − ni)/N))].

Lemma 2.11. f(z
(1)
1 , . . . , z

(2p−1)
2p−1 ) and f(z1, . . . , z2p−1) in Definition 2.4 above. We obtain the following

equivalence relations:

f(z
(1)
1 , . . . , z

(2p−1)
2p−1 )

N∼ f(exp(2π
√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N)),

and

f(z
(1)
1 , . . . , z

(2p−1)
2p−1 ) + Li2(z

(2p−1)
2p−1 )− π2

6

N∼ f(exp(2π
√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N)).

Proof. Firstly, for a sufficiently large N ,∣∣∣−Li2(
z
(i)
i

z
(i)
i+1

) + Li2(
exp(2π

√
−1ni/N)

exp(2π
√
−1ni+1/N)

)
∣∣∣

= | − Li2(exp(2π
√
−1ni+1)/N)) + Li2(exp(2π

√
−1(ni − ni+1)/N))|

≤
∫ 2πni+1

N

2π(ni−ni+1)

N

| log(1− exp(
√
−1θ))|dθ

≤
∫ 2πni+1

N

2π(ni−ni+1)

N

(1− log |θ|)dθ =
[
2θ − θ log |θ|

] 2πni+1
N

2π(ni−ni+1)

N

=
2πni+1

N
(2− log

2πni+1

N
)− 2π(ni − ni+1)

N
(2− log

2π(ni+1 − ni)

N
) → 0 (N → ∞).

Secondly, for a sufficiently large N ,∣∣∣Li2( 1

z
(i)
i+1

)− Li2(
1

exp(2π
√
−1ni/N)

)
∣∣∣
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= |Li2(exp(2π
√
−1ni+1/N))− Li2(exp(−2π

√
−1ni+1/N)|

≤
∫ 2πni+1

N

−2πni+1
N

| log(1− exp(
√
−1θ))|dθ

≤
∫ 2πni+1

N

−2πni+1
N

(1− log |θ|)dθ =
[
2θ − θ log |θ|

] 2πni+1
N

−2πni+1
N

=
2πni+1

N
(2− log

2πni+1

N
) +

2πni+1

N
(2− log

2πni+1

N
) → 0 (N → ∞).

Thirdly, for a sufficiently large N , because of Lemma 2.7,∣∣∣−Li2(z
(2p−1)
2p−1 )− Li2(exp(2π

√
−1n2p−1/N)) + Li2(

1

exp(2π
√
−1n1/N)

) +
π2

6

∣∣∣
=

∣∣∣2Li2(exp(2π√−1n2p−1/N))− Li2(exp(−2π
√
−1n1/N))− π2

6

∣∣∣
=

∣∣∣Li2(exp(4π√−1n2p−1/N))− 2Li2(−exp(2π
√
−1n2p−1/N))− Li2(exp(−2π

√
−1n1/N))− π2

6

∣∣∣
≤

∫ 4πn2p−1
N

−2πn1
N

| log(1− exp(
√
−1θ))|dθ + | − 2Li2(−exp(2π

√
−1n2p−1/N))− π2

6
|

≤
∫ 4πn2p−1

N

−2πn1
N

(1− log |θ|)dθ + | − 2Li2(−exp(2π
√
−1n2p−1/N))− π2

6
|

=
[
2θ − θ log |θ|

] 4πn2p−1
N

−2πn1
N

+ | − 2Li2(−exp(2π
√
−1n2p−1/N))− π2

6
|

=
4πn2p−1

N
(2− log

4πn2p−1

N
) +

2πn1

N
(2− log

2πn1

N
) + | − 2Li2(−exp(2π

√
−1n2p−1/N))− π2

6
|

→ 0 (N → ∞).

Fourthly, for a sufficiently large N ,∣∣∣−Li2(exp(2π
√
−1n2p−1/N)) + Li2(

1

exp(2π
√
−1n1/N)

)
∣∣∣

=
∣∣∣Li2(exp(2π√−1n2p−1/N))− Li2(exp(−2π

√
−1n1/N))

∣∣∣
≤

∣∣∣∫ 2πn2p−1
N

−2πn1
N

log(1− exp(
√
−1θ))dθ

∣∣∣ ≤ ∫ 2πn2p−1
N

−2πn1
N

| log(1− exp(
√
−1θ))|dθ

≤
∫ 2πn2p−1

N

−2πn1
N

(1− log |θ|)dθ =
[
2θ − θ log |θ|

] 2πn2p−1
N

−2πn1
N

=
2πn2p−1

N
(2− log

2πn2p−1

N
) +

2πn1

N
(2− log

2πn1

N
)

→ 0 (N → ∞).

Hence, we obtain the following formulas:

|f(z(1)1 , . . . , z
(2p−1)
2p−1 )− f(exp(2π

√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N))|
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=
∣∣∣2p−2∑
i=1

(
Li2(z

(i)
i )− Li2(exp(2π

√
−1ni/N))− Li2(

z
(i)
i

z
(i)
i+1

) + Li2(
exp(2π

√
−1ni/N)

exp(2π
√
−1ni+1/N)

)

+ Li2(
1

z
(i)
i+1

)− Li2(
1

exp(2π
√
−1ni/N)

)
)
− Li2(z

(2p−1)
2p−1 )− Li2(exp(2π

√
−1n2p−1/N))

+ Li2(
1

exp(2π
√
−1n1/N)

) +
π2

6

∣∣∣
≤

2p−2∑
i=1

(
|Li2(z(i)i )− Li2(exp(2π

√
−1ni/N))|+ | − Li2(

z
(i)
i

z
(i)
i+1

) + Li2(
exp(2π

√
−1ni/N)

exp(2π
√
−1ni+1/N)

)|

+ |Li2(
1

z
(i)
i+1

)− Li2(
1

exp(2π
√
−1ni/N)

)|
)
+ | − Li2(z

(2p−1)
2p−1 )− Li2(exp(2π

√
−1n2p−1/N))

+ Li2(
1

exp(2π
√
−1n1/N)

) +
π2

6
| → 0 (N → ∞),

and

|f(z(1)1 , . . . , z
(2p−1)
2p−1 ) + Li2(z

(2p−1)
2p−1 )− π2

6
− f(exp(2π

√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N))|

=
∣∣∣2p−2∑
i=1

(
Li2(z

(i)
i )− Li2(exp(2π

√
−1ni/N))− Li2(

z
(i)
i

z
(i)
i+1

) + Li2(
exp(2π

√
−1ni/N)

exp(2π
√
−1ni+1/N)

)

+ Li2(
1

z
(i)
i+1

)− Li2(
1

exp(2π
√
−1ni/N)

)
)
− Li2(exp(2π

√
−1n2p−1/N)) + Li2(

1

exp(2π
√
−1n1/N)

)
∣∣∣

≤
2p−2∑
i=1

(
|Li2(z(i)i )− Li2(exp(2π

√
−1ni/N))|+ | − Li2(

z
(i)
i

z
(i)
i+1

) + Li2(
exp(2π

√
−1ni/N)

exp(2π
√
−1ni+1/N)

)|

+ |Li2(
1

z
(i)
i+1

)− Li2(
1

exp(2π
√
−1ni/N)

)|
)
+ | − Li2(exp(2π

√
−1n2p−1/N)) + Li2(

1

exp(2π
√
−1n1/N)

)|

→ 0 (N → ∞).

2.2 Second reduction

Secondly, we prove the following equality by using Method of steepest descent:∫ N

0

· · ·
∫ N

0

exp
(√−1N

2π
(f(exp(2π

√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N))− π2(2p− 2)

6
)
)
dn1 · · · dn2p−1

= exp
(
−3π

√
−1(2p− 1)

4

)
·N

2p−1
2 · exp

(
−N

2π
Im[f(a1, . . . , a2p−1)]

)
·
( 1

a1
· · · 1

a2p−1
+O(N−1)

)
×

2p−1∏
j=1

(−ξj)−
1
2 · exp

(√−1N

2π
(Re[f(a1, . . . , a2p−1)]−

π2(2p− 2)

6
)
)
,

As for symbol ξj , see the Lemma 2.12. We know the following equality:

−Li2(
1

z
) = Li2(z) +

π2

6
+

1

2
log2(−z) (z ∈ (0, 1]).

9



Hence, domain of Li2(z) is C.
Let (a1, . . . , a2p−1) ∈ (C\ [0,∞))2p−1 be a solution of ∂f/∂z1 = · · · = ∂f/∂z2p−1 = 0. The solution of

these equations which induces the complete hyperbolic structure of the knot complement exists uniquely

by virtue of the Lemma 2.3 of [Y].

Im[f(a1, . . . , a2p−1)] is the hyperbolic volume of a twist knot [CMY].

Let the path from λi to µi be γi. Because of (a1, . . . , a2p−1) ∈ C2p−1 is saddle point, we satisfy the

following equality:

max
zi∈γi

f(z1, . . . , z2p−1) = f(a1, . . . , a2p−1).

We prove the following Lemma in this section:

Lemma 2.12.∫ N

0

· · ·
∫ N

0

exp
(√−1N

2π
(f(exp(2π

√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N))− π2(2p− 2)

6
)
)
dn1 · · · dn2p−1

= exp
(
−3π

√
−1(2p− 1)

4

)
·N

2p−1
2 · exp

(
−N

2π
Im[f(a1, . . . , a2p−1)]

)
·
( 1

a1
· · · 1

a2p−1
+O(N−1)

)
×

2p−1∏
j=1

(−ξj)−
1
2 · exp

(√−1N

2π
(Re[f(a1, . . . , a2p−1)]−

π2(2p− 2)

6
)
)
,

where ξj are eigenvalues of the Hessian matrix of f(z1, . . . , z2p−1) evaluated at (a1, . . . , a2p−1) and

(−ξj)−
1
2 are defined with arguments:

|Arg
√

−ξj | < π.

Proof. We regard exp(2π
√
−1ni/N) as zi. We obtain the following equality:

exp(
2π

√
−1ni
N

)
2π

√
−1

N
dni = dzi.

Hence,∫ N

0

· · ·
∫ N

0

exp
(√−1N

2π
(f(exp(2π

√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N))− π2(2p− 2)

6
)
)
dn1 · · · dn2p−1

=

∫
|z2p−1|=1

· · ·
∫
|z1|=1

( N

2π
√
−1

)2p−1

exp
(√−1N

2π
(f(z1, . . . , z2p−1)−

π2(2p− 2)

6
)
) 1

z1
· · · 1

z2p−1
dz1 · · · dz2p−1.

We deform |zi| = 1 into Ci so that ai will be a maximal value f(a1, . . . , a2p−1). As you know, γi ⊂ Ci.

Because of Method of steepest descent, we obtain the following formulas:∫
|z2p−1|=1

· · ·
∫
|z1|=1

( N

2π
√
−1

)2p−1

exp
(√−1N

2π
(f(z1, . . . , z2p−1)−

π2(2p− 2)

6
)
)

× 1

z1
· · · 1

z2p−1
dz1 · · · dz2p−1

=

∫
C2p−1

· · ·
∫
C1

( N

2π
√
−1

)2p−1

exp
(√−1N

2π
(f(z1, . . . , z2p−1)−

π2(2p− 2)

6
)
)

× 1

z1
· · · 1

z2p−1
dz1 · · · dz2p−1

10



=
( N

2π
√
−1

)2p−1( 4π2

√
−1N

) 2p−1
2

exp
(√−1N

2π
(f(a1, . . . , a2p−1)−

π2(2p− 2)

6
)
)

×
( 1

a1
· · · 1

a2p−1
+O(N−1)

) 2p−1∏
j=1

(−ξj)−
1
2

= exp
(
−3π

√
−1(2p− 1)

4

)
·N

2p−1
2 · exp

(
−N

2π
Im[f(a1, . . . , a2p−1)]

)
·
( 1

a1
· · · 1

a2p−1
+O(N−1)

)
×

2p−1∏
j=1

(−ξj)−
1
2 · exp

(√−1N

2π
(Re[f(a1, . . . , a2p−1)]−

π2(2p− 2)

6
)
)
.

Therefore, we obtain the claim.

Corollary 2.13. With the same notation as in Lemma 2.12 we have that∫ N

0

· · ·
∫ N

0

exp
(−√

−1N

2π
f(exp(2π

√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N))

)
dn1 · · · dn2p−1

= exp
(
−π

√
−1(2p− 1)

4

)
·N

2p−1
2 · exp

(N
2π

Im[f(a1, . . . , a2p−1)]
)
·
( 1

a1
· · · 1

a2p−1
+O(N−1)

)
×

2p−1∏
j=1

(−ξj)−
1
2 · exp

(−√
−1N

2π
Re[f(a1, . . . , a2p−1)]

)
,

3 Proof of the volume conjecture for twist knots

In this section, we prove Volume Conjecture for twist knots by using Lemmas of the previous Section.

Lemma 3.1. With the same notation as in Theorem 2.1. If

2π log |ψ(N)|
N

→ 0 (N → ∞),

then we have that

2π

N
log

(
|ψ(N)||(q)n2p−1

|
2p−2∏
i=1

∣∣∣[ni+1

ni

]∣∣∣) N∼ Im[f(exp(2π
√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N))]

N∼ −
√
−1f(exp(2π

√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N)) +

π2
√
−1(2p− 2)

6

+

2p−2∑
i=1

(−g(ni, N) + g(ni+1, N)− g(ni+1 − ni, N)).

Proof. We obtain the following formulas:

2π

N
log

(
|ψ(N)||(q)n2p−1

|
2p−2∏
i=1

∣∣∣[ni+1

ni

]∣∣∣) =
2π

N

(
log |ψ(N)|+ log |(q)n2p−1

|+
2p−2∑
i=1

log
∣∣∣[ni+1

ni

]∣∣∣)
N∼ 2π

N

(
log |(q)n2p−1

|+
2p−2∑
i=1

log
∣∣∣[ni+1

ni

]∣∣∣)

11



N∼
2p−2∑
i=1

Im[Li2(exp(2π
√
−1ni/N))− Li2(exp(2π

√
−1ni+1/N))

+ Li2(exp(2π
√
−1(ni+1 − ni)/N))] + Im[−Li2(exp(2π

√
−1n2p−1/N))] (2)

= Im[f(z
(1)
1 , . . . , z

(2p−1)
2p−1 )]

N∼ Im[f(exp(2π
√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N))]. (3)

Here, Equivalent relation (2) is shown by using Lemma 2.9 and Corollary 2.10. Equivalent relation (3) is

shown by using Lemma 2.11. Moreover,

2π

N
log

(
|ψ(N)||(q)n2p−1

|
2p−2∏
i=1

∣∣∣[ni+1

ni

]∣∣∣) =
2π

N

(
log |ψ(N)|+ log |(q)n2p−1

|+
2p−2∑
i=1

log
∣∣∣[ni+1

ni

]∣∣∣)
N∼ 2π

N

(
log |(q)n2p−1

|+
2p−2∑
i=1

log
∣∣∣[ni+1

ni

]∣∣∣)
N∼ f̃(z

(1)
1 , . . . , z(2p−1)) +

2p−2∑
i=1

(−g(ni, N) + g(ni+1, N)− g(ni+1 − ni, N)) (4)

N∼ −
√
−1f(exp(2π

√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N)) +

π2
√
−1(2p− 2)

6
(5)

+

2p−2∑
i=1

(−g(ni, N) + g(ni+1, N)− g(ni+1 − ni, N)).

Here, Equivalent relation (4) is shown by using Lemma 2.9 and Corollary 2.10. Equivalent relation (5) is

shown by using Lemma 2.11.

Lemma 3.2. With the same notation as in Theorem 2.1 we have that

lim
N→∞

2π log |JN (K∗
p>0; q)|

N
≤ Im[f(a1, . . . , a2p−1)].

Proof. We obtain the following inequality:

2π log |JN (K∗
p>0; q)|

N
≤ 2π

N
log

∑
N−1≥m2p−1≥···≥m1≥0

|(q)m2p−1
|
2p−2∏
i=1

∣∣∣[mi+1

mi

]∣∣∣.
When N − 1 ≥ m2p−1 ≥ · · · ≥ m1 ≥ 0, because of [CK],

Γq(z + 1) =
1− qz

1− q
Γq(z),

and [
m2p−1 + 1

s

]
=

[
m2p−1

s− 1

]
+ qs

[
m2p−1

s

]
hold. By using the above equalities, we obtain the following formulas:

12



(i) In case of m1,

∣∣∣∣∣
[

m2

m1 + 1

]
[
m2

m1

] ∣∣∣∣∣ = ∣∣∣ (q)m2−m1(q)m1

(q)m2−(m1+1)(q)m1+1

∣∣∣ = |(1− q)m2−2m1−1| ⋚ 1.

Hence,

m1 =
m2 log(1− q)− log(1− q)−

√
−1π

2 log(1− q)
→ m2 − 1

2
(N → ∞).

In fact, when we substitute m1 = (m2 − 1)/2 for |(1− q)m2−2m1−1|, we obtain the following equality:

|(1− q)m2−(m2−1)−1| = 1.

(ii) In case of m2, . . . ,m2p−2,

∣∣∣∣∣
[
mi+1

mi + 1

][
mi + 1

mi−1

]
[
mi+1

mi

][
mi

mi−1

] ∣∣∣∣∣ = ∣∣∣ (q)mi+1−mi
(q)mi−mi−1

(q)mi+1−mi−1(q)mi−mi−1+1

∣∣∣ = |(1− q)mi+1−2mi+mi−1−1| ⋚ 1.

Hence,

mi =
2mi+1 log 2 + 2mi−1 log 2 +mi+1 log(sin

2 π
N ) +mi−1 log(sin

2 π
N )− 2 log(2

√
sin2 π

N )

4 log 2 + 2 log(sin2 π
N )

→ mi+1 +mi−1 − 1

2
(N → ∞).

In fact, when we substitute mi = (mi+1 + mi−1 − 1)/2 for |(1 − q)mi+1−2mi+mi−1−1|, we obtain the

following equality:

|(1− q)mi+1−(mi+1+mi−1−1)+mi−1−1| = 1.

(iii) In case of m2p−1, ∣∣∣∣∣ (q)m2p−1+1

(q)m2p−1

∣∣∣∣∣ = |(1− q)m2p−1+1| ⋚ 1.

Hence,

m2p−1 =
π
√
−1− log(1− q)

log(1− q)
→ −1 (N → ∞)

In fact, when we substitute m2p−1 = −1 for |(1− q)m2p−1+1|, we obtain the following equality:

|(1− q)−1+1| = 1.

Thus,

· · · ≤ |(q)−2| ≤ |(q)−1| ≥ |(q)0| ≥ |(q)1| ≥ · · · .
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Consequently, m2p−1 = 0 is a maximal value of |(q)0| = 1. Moreover,

∣∣∣∣∣
[
m2p−1 + 1

m2p−2

]
[
m2p−1

m2p−2

] ∣∣∣∣∣ = ∣∣∣qm2p−2 +

[
m2p−1

m2p−2 − 1

]
[
m2p−1

m2p−2

] ∣∣∣ = ∣∣∣qm2p−2 +
1− qm2p−2

1− qm2p−1−m2p−2+1

∣∣∣ ⋚ 1.

Hence,

m2p−1 =
2(πm2p−2 − π) +

√
−1N log 1+qm2p−2

2

2π
→ m2p−2

2
− 1 (N → ∞).

In fact, when we substitute m2p−1 = m2p−2/2− 1 for |qm2p−2 + (1− qm2p−2)/(1− qm2p−1−m2p−2+1)|, we
obtain the following equality:∣∣∣qm2p−2 +

1− qm2p−2

1− q
m2p−2

2 −1−m2p−2+1

∣∣∣ = ∣∣∣ 1− q
m2p−2

2

1− q−
m2p−2

2

∣∣∣ = 1.

Therefore, there exist the following positive real sequence ni ∈ N (1 ≤ i ≤ 2p− 1):

n2 = 2n1 + 1, ni+1 = 2ni − ni−1 + 1 (i = 2, . . . , 2p− 3), and n2p−1 =
n2p−2

2
− 1 (6)

such that for every (m1, . . . ,m2p−1) ∈ N2p−1,

|(q)m2p−1
|
2p−2∏
i=1

∣∣∣[mi+1

mi

]∣∣∣ ≤ |(q)0|
2p−2∏
i=1

∣∣∣[ni+1

ni

]∣∣∣.
Hence, we obtain the following formulas:

2π log |JN (K∗
p>0; q)|

N
≤ 2π

N
log

∑
N−1≥m2p−1≥···≥m1≥0

|(q)m2p−1 |
2p−2∏
i=1

∣∣∣[mi+1

mi

]∣∣∣
≤ 2π

N
log

∑
N−1≥m2p−1≥···≥m1≥0

|(q)0|
2p−2∏
i=1

∣∣∣[ni+1

ni

]∣∣∣
=

2π

N
log

(
N2p−1|(q)0|

2p−2∏
i=1

∣∣∣[ni+1

ni

]∣∣∣)
=

2π

N

(
logN2p−1 + log |(q)0|+

2p−2∑
i=1

log
∣∣∣[ni+1

ni

]∣∣∣)
N∼ f̃(z

(1)
1 , . . . , z

(2p−1)
2p−1 )−

√
−1Li2(exp(2π

√
−1n2p−1/N)) +

π2
√
−1

6

+

2p−2∑
i=1

(−g(ni, N) + g(ni+1, N)− g(ni+1 − ni, N))

= −
√
−1(f(z

(1)
1 , . . . , z

(2p−1)
2p−1 ) + Li2(exp(z

(2p−1)
2p−1 ))− π2

6
) +

π2
√
−1(2p− 2)

6

− g(n1, N) + g(n2p−1, N)−
2p−2∑
i=1

g(ni+1 − ni, N)
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N∼ −
√
−1f(exp(2π

√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N)) +

π2
√
−1(2p− 2)

6

− g(n1, N) + g(n2p−1, N)−
2p−2∑
i=1

g(ni+1 − ni, N). (7)

Here, Equivalent relation (7) is shown by using Lemma 2.11. Because of Lemma 3.1, we obtain the

following formulas:

− log |JN (K∗
p>0; q)| ≥

N

2π

(√
−1f(exp(2π

√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N))− π2

√
−1(2p− 2)

6

)
− N

2π

(
−g(n1, N) + g(n2p−1, N)−

2p−2∑
i=1

g(ni+1 − ni, N)
)
,

1

|JN (K∗
p>0; q)|

≥ exp
(√−1N

2π
(f(exp(2π

√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N))− π2(2p− 2)

6
)

− N

2π
(−g(n1, N) + g(n2p−1, N)−

2p−2∑
i=1

g(ni+1 − ni, N))
)
∈ R>0,

and

1

|JN (K∗
p>0; q)|

≥
∣∣∣exp(√−1N

2π
(f(exp(2π

√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N))− π2(2p− 2)

6
)

− N

2π
(−g(n1, N) + g(n2p−1, N)−

2p−2∑
i=1

g(ni+1 − ni, N))
)∣∣∣.

Since for every 0 ≤ n ≤ N ,∣∣∣exp(±N

2π
g(n,N)

)∣∣∣ = ∣∣∣exp(±(π√−1n2

2N
+n log 2−n log(1−exp(2π

√
−1n/N))+

n

2
log sin2

(πn
N

)))∣∣∣ = 1

holds, we obtain the following equations:∫ N

0

· · ·
∫ N

0

1

|JN (K∗
p>0; q)|

dn1 · · · dn2p−1

≥
∫ N

0

· · ·
∫ N

0

∣∣∣exp(√−1N

2π
(f(exp(2π

√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N))− π2(2p− 2)

6
)

− N

2π
(−g(n1, N) + g(n2p−1, N)−

2p−2∑
i=1

g(ni+1 − ni, N))
)∣∣∣dn1 · · · dn2p−2

=

∫ N

0

· · ·
∫ N

0

∣∣∣exp(√−1N

2π
(f(exp(2π

√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N))− π2(2p− 2)

6
)
)∣∣∣dn1 · · · dn2p−2

≥
∣∣∣∫ N

0

· · ·
∫ N

0

exp
(√−1N

2π
(f(exp(2π

√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N))− π2(2p− 2)

6
)
)
dn1 · · · dn2p−2

∣∣∣.
Because of Lemma 2.12, we obtain the following formulas:

N2p−1

|JN (K∗
p>0; q)|
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≥
∣∣∣exp(−3π

√
−1(2p− 1)

4

)
·N

2p−1
2 · exp

(
−N

2π
Im[f(a1, . . . , a2p−1)]

)
·
( 1

a1
· · · 1

a2p−1
+O(N−1)

)
×

2p−1∏
j=1

(−ξj)−
1
2 · exp

(√−1N

2π
(Re[f(a1, . . . , a2p−1)]−

π2(2p− 2)

6
)
)∣∣∣

= N
2p−1

2 · exp
(
−N

2π
Im[f(a1, . . . , a2p−1)]

)
·
∣∣∣( 1

a1
· · · 1

a2p−1
+O(N−1)

)
·
2p−1∏
j=1

(−ξj)−
1
2

∣∣∣
= N

2p−1
2 · exp

(
−N

2π
Im[f(a1, . . . , a2p−1)]

)
· T (N).

Here,

T (N) :=
∣∣∣( 1

a1
· · · 1

a2p−1
+O(N−1)

)
·
2p−1∏
j=1

(−ξj)−
1
2

∣∣∣.
Hence,

log
N

2p−1
2

|JN (K∗
p>0; q)| · T (N)

≥ −N

2π
Im[f(a1, . . . , a2p−1)],

and
2π

N

(
− logN

2p−1
2 + log |JN (K∗

p>0; q)|+ log T (N)
)
≤ Im[f(a1, . . . , a2p−1)].

Since

lim
N→∞

2π

N
logN = lim

N→∞

2π

N
log T (N) = 0

holds, we obtain the following formula:

lim
N→∞

2π log |JN (K∗
p>0; q)|

N
≤ Im[f(a1, . . . , a2p−1)].

Lemma 3.3. Let {as} be a complex sequence. For every 0 ≤ s ≤ N − 1 and 0 ≤ t ≤ N − 1,

2||as| − |at|| ≤ |
N−1∑
u=0

au|

holds.

Proof. Because of triangle inequality, we obtain the following inequality:

|as| = |as +
N−1∑

u=0,u̸=s

au −
N−1∑

u=0,u ̸=s

au| ≤ |as +
N−1∑

u=0,u ̸=s

au|+ | −
N−1∑

u=0,u ̸=s

au| ≤ |
N−1∑
u=0

au|+
N−1∑

u=0,u ̸=s

|au|.

Hence,

|as| −
N−1∑

u=0,u ̸=s

|au| ≤ |
N−1∑
u=0

au|.

Similarly,

−|at|+
N−1∑

u=0,u ̸=t

|au| ≥ −|
N−1∑
u=0

au|.
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Hence,

−|
N−1∑
u=0

au| ≤ 2(|as| − |at|) ≤ |
N−1∑
u=0

au|.

Therefore, we obtain the claim.

Lemma 3.4. With the same notation as in Theorem 2.1 we have that

|JN (K∗
p>0; q)| ≥ 22p−1|(q)0|

2p−2∏
i=1

∣∣∣[ni+1

ni

]∣∣∣− 2N2p−2.

Proof. Since, for every mi, mi+1 ∈ N, [
mi+1

mi

]
= 0 (mi+1 < mi)

holds, we obtain the following equality:

q1−N
∑

N−1>m1>···>m2p−1>0

(q1−N )m2p−1
q−Nm2p−1

2p−2∏
i=1

(−1)miq(−1)iNmi+(mi
2 )−mimi+1

[
mi+1

mi

]
= 0.

Hence,

JN (K∗
p>0; q)

= q1−N
∑

N−1≥m2p−1≥···≥m1≥0

(q1−N )m2p−1q
−Nm2p−1

2p−2∏
i=1

(−1)miq(−1)iNmi+(mi
2 )−mimi+1

[
mi+1

mi

]

+ q1−N
∑

N−1>m1>···>m2p−1>0

(q1−N )m2p−1q
−Nm2p−1

2p−2∏
i=1

(−1)miq(−1)iNmi+(mi
2 )−mimi+1

[
mi+1

mi

]

= q1−N
N−1∑

m2p−1,··· ,m1=0

(q1−N )m2p−1q
−Nm2p−1

2p−2∏
i=1

(−1)miq(−1)iNmi+(mi
2 )−mimi+1

[
mi+1

mi

]
.

We define the following sequence:

j(m2p−1, . . . ,m1) := (q1−N )m2p−1
q−Nm2p−1

2p−2∏
i=1

(−1)miq(−1)iNmi+(mi
2 )−mimi+1

[
mi+1

mi

]
.

Since for every mi, mi+1 ∈ N, [
mi+1

mi

]
= 0 (mi+1 < mi)

holds, we obtain the following equality: for every 1 ≤ i ≤ 2p− 2,

j(m2p−1, . . . ,mi+1,mi, . . . ,m1) = 0 (mi+1 < mi).

Hence, we obtain the following formulas:

|
N−1∑

m2p−1,...,m1=0

j(m2p−1, . . . ,m1)|

17



≥ 2
∣∣∣| N−1∑

m2p−2,...,m1=0

j(n2p−1,m2p−2 . . . ,m1)| − |
N−1∑

m2p−2,...,m1=0

j(0,m2p−2, . . . ,m1)|
∣∣∣

≥ 2
(
|

N−1∑
m2p−2,...,m1=0

j(n2p−1,m2p−2, . . . ,m1)| −
N−1∑

m2p−2,...,m1=0

)

= 2
(
|

N−1∑
m2p−2,...,m1=0

j(n2p−1,m2p−2, . . . ,m1)| −N2p−2
)

≥ 2
(
2
∣∣∣| N−1∑

m2p−3,...,m1=0

j(n2p−1, n2p−2,m2p−3, . . . ,m1)|

− |
N−1∑

m2p−3,...,m1=0

j(n2p−1, n2p−1 + 1,m2p−3, . . . ,m1)|
∣∣∣−N2p−2

)

= 2
(
2|

N−1∑
m2p−3,...,m1=0

j(n2p−1, n2p−2,m2p−3, . . . ,m1)| −N2p−2
)

= 4|
N−1∑

m2p−3,...,m1=0

j(n2p−1, n2p−2,m2p−3, . . . ,m1)| − 2N2p−2.

We repeat the above calculation 2p− 3 times. Then, we obtain the following inequality:

∣∣∣ N−1∑
m2p−1,m2p−2,...,m1=0

j(m2p−1,m2p−2, . . . ,m1)
∣∣∣ ≥ 22p−1|j(n2p−1, n2p−2, n2p−3, . . . , n1)| − 2N2p−2.

Hence,

|JN (K∗
p>0; q)| ≥ 22p−1|(q)0|

2p−2∏
i=1

∣∣∣[ni+1

ni

]∣∣∣− 2N2p−2.

Lemma 3.5. With the same notation as in Theorem 2.1 we have that

Im[f(a1, . . . , a2p−1)] ≤ lim
N→∞

2π log |JN (K∗
p>0; q)|

N
.

Proof. Because of Lemma 3.4, for a sufficiently large N , we obtain the following formula:

22p−1|(q)0|
2p−2∏
i=1

∣∣∣[ni+1

ni

]∣∣∣ ≤ |JN (K∗
p>0; q)|+ 2N2p−2.

Hence, we obtain the following formulas:

2π log(|JN (K∗
p>0; q)|+ 2N2p−2)

N
≥ 2π

N
log

(
22p−1|(q)0|

2p−2∏
i=1

∣∣∣[ni+1

ni

]∣∣∣) (8)

=
2π

N

(
log 22p−1 + log |(q)0|+

2p−2∑
i=1

log
∣∣∣[ni+1

ni

]∣∣∣)
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≥ 2π

N

(
log 22p−1 + log |(q)0|+ log |(q)2p−1|+

2p−2∑
i=1

log
∣∣∣[ni+1

ni

]∣∣∣)
N∼

2p−2∑
i=1

Im[Li2(exp(2π
√
−1ni/N))− Li2(exp(2π

√
−1ni+1/N))

+ Li2(exp(2π
√
−1(ni+1 − ni)/N))] + Im[Li2(exp(2π

√
−1n2p−1/N))]

= Im[f(z
(1)
1 , . . . , z

(2p−1)
2p−1 )]

N∼ Im[f(exp(2π
√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N))]. (9)

Here, Inequality (8) is shown by using Lemma 3.4. Equivalent relation (9) is shown by using Lemma

2.11. Hence, we obtain the following formula:

|JN (K∗
p>0; q)|+ 2N2p−2 ≥ exp(

N

2π
Im[f(exp(2π

√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N))]).

Hence,∫ N

0

· · ·
∫ N

0

|(|JN (K∗
p>0; q)|+ 2N2p−2)|dn1 · · · dn2p−1

≥
∫ N

0

· · ·
∫ N

0

| exp
(N
2π

Im[f(exp(2π
√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N))]

)
|

× | exp
(−√

−1N

2π
Re[f(exp(2π

√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N))]

)
|dn1 · · · dn2p−1

≥
∫ N

0

· · ·
∫ N

0

| exp
(−√

−1N

2π
f(exp(2π

√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N))

)
|dn1 · · · dn2p−1

≥
∣∣∣∫ N

0

· · ·
∫ N

0

exp
(−√

−1N

2π
f(exp(2π

√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N))

)
dn1 · · · dn2p−1

∣∣∣.
Because of Corollary 2.13, we obtain the following formulas:

N2p−1(|JN (K∗
p>0; q)|+ 2N2p−2)

≥
∣∣∣∫ N

0

· · ·
∫ N

0

exp(
−
√
−1N

2π
f(exp(2π

√
−1n1/N), . . . , exp(2π

√
−1n2p−1/N)))dn1 · · · dn2p−1

∣∣∣
=

∣∣∣exp(−√
−1π(2p− 1)

4

)
·N

2p−1
2 · exp

(N
2π

Im[f(a1, . . . , a2p−1)]
)
·
( 1

a1
· · · 1

a2p−1
+O(N−1

)
×

2p−1∏
j=1

(−ξj)−
1
2 exp

(−√
−1N

2π
Re[f(a1, . . . , a2p−1)]

)∣∣∣
= N

2p−1
2 exp

(N
2π

Im[f(a1, . . . , a2p−1)]
)
× U(N).

Here,

U(N) :=
∣∣∣( 1

a1
· · · 1

a2p−1
+O(N−1)

) 2p−1∏
j=1

(−ξj)−
1
2

∣∣∣.
Hence,

2π

N

(
log

1

U(N)
+

2p− 1

2
logN + log

∣∣∣|JN (K∗
p>0; q)|+ 2N2p−2

∣∣∣) ≥ Im[f(a1, . . . , a2p−1)].
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Since

lim
N→∞

2π

N
logN = 0,

and

2π log
∣∣∣|JN (K∗

p>0; q)|+ 2N2p−2
∣∣∣

N

N∼
2π log |JN (K∗

p>0; q)|
N

,

hold, we obtain the following formula:

Im[f(a1, . . . , a2p−1)] ≤ lim
N→∞

2π log |JN (K∗
p>0; q)|

N
.

Theorem 3.6. Theorem 1.2 is true.

Proof. Because of Lemma 2.3, Lemma 3.2, and Lemma 3.5, we obtain Theorem 1.2.

References

[CMY] J. Cho, J. Murakami, Y. Yokota, The complex volumes of twist knots, Proceeding of the American

Mathematical Society, 137 (2009), 3533–3541.

[CK] P. Cheung , V. Kac. Quantum Calculus, New York : Springer-Verlag, (2001).

[KT] R. M. Kashaev, O. Tirkkonen, A proof of the volume conjecture on torus knots, Zap. Nauchn. Sem.

POMI (2000) 269 262–268.

[KY] R.M.Kashaev, Y.Yokota, On the volume conjecture for the knot 52, preprint. (The authors’ affil-

iations:“Section de Mathematiques, Universite de Geneve, 2-4, rue de Lievre, 1211 Geneve 4, Suiss”

and “Department of Mathematics and Information Sciences, Tokyo Metropolitan University, Tokyo,

192-0397, Japan”.)

[M] H.Murakami, An introduction to the volume conjecture, Interactions between hyperbolic geome-

try,quantum topology and number theory, 1–40, Contemp. Math., 541, Amer. Math. Soc., Providence,

RI, (2011).

[MM] H. Murakami, J. Murakami, The colored Jones polynomials and the simplicial volume of a knot,

Acta Math. 186 (2001), 85–104.

[O] T. Ohtsuki, On the asymptotic expansion of the Kashaev invariant of the 52 knot, Quantum Topology

7, (2016), 669–735.

[T] T. Takata, A formula for the colored Jones polynomial of 2-bridge knots, Kyungpook Math. J. 48

(2008), no. 2, 255–280.

[Y] Y. Yokota, On the volume conjecture for hyperbolic knots, J. Knot Theory Ramifications 20 (2011),

955–976.

[Z] H. Zheng, Proof of the volume conjecture for Whitehead doubles of a family of torus knots, Chin.

Ann. Math. Ser. B, 28 (2007), 375–388.

20


