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Anomalous diffusion found in fluid systems is studied. Diffusion constants and mean
square displacements are analytically obtained on the basis of the continuous-time random
walk (CTRW) velocity model, and the values are compared with those obtained from model
simulations employing dissipative dynamics describing oscillating convection flows. Good
agreement is obtained.

§1. Introduction

Diffusion processes are commonly observed in many fields in physics, chemistry
and biology, and they have been studied both theoretically and experimentally. Nor-
mal diffusion, such as Brownian motion, is characterized by a mean square displace-
ment (MSD) that increases linearly with time, 〈r2〉(t) ∝ t. Other types of diffusion
processes have also been studied, and they are characterized by the nature of the
temporal evolution of the MSD. Specifically, with 〈r2〉(t) ∝ tζ , we have the following
cases:

0 <ζ< 1 anomalous subdiffusion,
ζ= 1 normal diffusion (Brownian motion),

1 <ζ< 2 anomalous superdiffusion,
ζ= 2 ballistic motion.

Based on the viewpoint of deterministic diffusion,1) diffusion is caused by chaotic
dynamics in a dynamical system. The invariant sets relevant to the chaotic dynam-
ics in the phase space undergo bifurcations when the control parameter is changed.
Long correlations occur in the vicinity of a bifurcation point, leading to anoma-
lous diffusion. In such systems, there are crossover phenomena between anomalous
and normal diffusion. Miyazaki et al. studied such a crossover between anomalous
subdiffusion and normal diffusion related to modulational intermittency.2), 3)

In this paper, in order to analyze the crossover between anomalous superdif-
fusion and normal diffusion, we use a continuous-time random walk (CTRW)4), 5)

velocity model, which describes motion consisting of uniform motion and instanta-
neous changes of direction. A similar crossover between ballistic motion and normal
diffusion is studied in Ref. 6).

∗) Present address: Pixela Corporation, 4-45-1 Ebisujima-cho, Sakai City, Osaka 590-0985,
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876 K. Ito and S. Miyazaki

When a particle moves with uniform velocity for a time that is distributed ac-
cording to a probability density function (PDF), and then randomly changes direc-
tion, in many cases the corresponding MSD exhibits a crossover between ballistic
motion and normal diffusion. However, if there is power-law behavior in the PDF
with the power γ satisfying 2 < γ < 3, a crossover between anomalous superdiffusion
and normal diffusion occurs. We numerically show that this type of crossover occurs
in the motion of a particle in oscillating convection flows.7), 8)

This paper is organized as follows. In §2, we describe the crossover between
anomalous superdiffusion and normal diffusion on the basis of the CTRW veloc-
ity model. We show that the result obtained in our numerical simulation exhibits
crossover in §3. The final section is devoted to concluding remarks.

§2. Implementation of the CTRW velocity model

In this section, following the description of Zumofen et al.,9) we review the
general framework of the CTRW theory. In the CTRW framework, the random-
walk process is entirely specified by ψ(r, t), the probability density of moving a
distance r in time t in a single motion event. There are two cases for ψ(r, t). In the
decoupled case, ψ(r, t) can be written ψ(t)λ(r), where λ(r) represents the PDF for
moving a distance r in a single event. In the coupled case, ψ(r, t) can be written
p(r|t)ψ(t), where p(r|t) is the conditional probability for moving a distance r in
a time t. These two cases are referred to as the ‘jump model’ and the ‘velocity
model’, respectively. In this paper, we focus only on the velocity model. For the
velocity model, ψ(t) is the PDF for moving in a single direction up to time t, ‘the
flight duration’. The probability density P (r, t) for being at location r at time t will
be calculated in terms of ψ(r, t). In order to obtain P (r, t), we define Ψ(r, t), the
probability of passing location r at time t in a single motion event. Ψ(r, t) is given
by

Ψ(r, t) = p(r|t)
∫ ∞

t
dt′
∫ ∞

|r|
dr′ ψ(r′, t′). (1)

In order to derive recursive expressions for P (r, t), we consider Q(r, t), the prob-
ability of arriving at r at exactly time t and stopping before randomly choosing a
new direction. Irrespective of which model we choose, the following recursive relation
holds:

Q(r, t) =
∫
dr′
∫ t

0
dt′Q(r − r′, t− t′)ψ(r′, t′) + δ(r)δ(t). (2)

In Fourier (r → k) and Laplace (t→ s) spaces, we have

Q(k, s) =
1

1 − ψ(k, s)
, (3)

where we introduce for the Fourier and/or Laplace transforms the convention that
the arguments indicate the space in which the function is defined, e. g., Q(k, s) is
the Fourier-Laplace transform of Q(r, t). Moreover, the probability density P (r, t) is
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Crossover between Anomalous Superdiffusion and Normal Diffusion 877

related to Q(r, t) by

P (r, t) =
∫
dr′
∫ t

0
dt′Q(r − r′, t− t′)Ψ(r′, t′). (4)

Finally, in Fourier and Laplace spaces, we have

P (k, s) =
Ψ(k, s)

1 − ψ(k, s)
. (5)

The corresponding MSD is given in Laplace space by

〈r2〉(s) = − ∂2P (k, s)
∂k2

∣∣∣∣
k=0

. (6)

We now give some information supplementing the above descriptions. In the
one-dimensional case, it is usually assumed that

p(r|t) =
1
2

[δ(r − vt) + δ(r + vt)] , (7)

where the first and second terms describe uniform motion with positive constant
velocity v and negative constant velocity −v. Thus, the key functions ψ(r, t), ψ(k, s)
and Ψ(k, s) are explicitly given by

ψ(r, t) =
1
2

[δ(r − vt) + δ(r + vt)] , (8)

ψ(k, s) =
1
2

[ψ(s− ikv) + ψ(s+ ikv)] , (9)

Ψ(k, s) =
1
2

[
1 − ψ(s− ikv)

s− ikv
+

1 − ψ(s+ ikv)
s+ ikv

]
. (10)

Therefore, substituting Eqs. (9) and (10) into Eqs. (5) and (6), we obtain the corre-
sponding MSD in Laplace space, 〈r2〉(s), as

〈r2〉(s) =
2v2

(
sdψ(s)

ds + 1 − ψ(s)
)

s3(1 − ψ(s))
. (11)

The power law of the flight duration density function ψ(t) ∼ t−γ (γ > 1) implies
that the MSDs for three of the cases listed above satisfy the following:

〈r2〉(t) ∝



t (ζ = 1) 3 < γ normal diffusion,
t4−γ (ζ = 4 − γ) 2 < γ < 3 anomalous superdiffusion,
t2 (ζ = 2) 1 < γ < 2 ballistic motion.

(12)

In the case of two-dimensional square and triangular lattices, if the motion is
projected on to the x- or y-axis, the MSDs are expressed by Eq. (11), except for the
numerical factor 2 (see Appendix A).

We derive the crossover between anomalous superdiffusion and normal diffusion
by using the CTRW velocity model. To calculate the MSD, first we must obtain ψ(t).
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Let us introduce the indices γ and δ, with γ = 1+ δ (1 < δ < 2), which characterize
the power-law domain of ψ(t) in the velocity model. Replacing the power 3

2 in the
PDF derived from the first passage time problem of Brownian motion11), 12) with
1 + δ and normalizing the PDF, we obtain the following artificial PDF ψ1+δ(t) in
the form of a power law multiplied by an exponential function:

ψ1+δ(t) =
aδ

2e2βaKδ(2βa)
t−(1+δ) exp

[
−β(t− a)2

t

]
. (13)

Here, the power law ψ1+δ(t) ∝ t−(1+δ) is obeyed for a � t � β−1, and Kν(z)
represents a modified Bessel function.10) The fact that the power-law region is wide
implies that the ratio of the two characteristic time scales, a/β−1 = aβ, is small.
The average flight duration t̄ is given by

t̄ =
∫ ∞

0
t ψ1+δ(t) dt = a

K1+δ(2βa)
Kδ(2βa)

− δ

β
∼ a2β

δ − 1
. (for aβ → 0) (14)

Equation (13) is not derived from a concrete stochastic process but, rather, invented
as an artificial generalization of the PDF of the first passage time of Brownian
motion, in order to allow the derivation of analytical expressions of the quantities of
interest.

The Laplace transform of Eq. (13) is given by

ψ1+δ(s) =
(

1 +
s

β

)δ/2 Kδ

(
2aβ

√
1 + s

β

)
Kδ(2βa)

. (15)

For both a� t� β−1 and t� β−1, the arguments of the modified Bessel functions
in Eq. (15) are small. Substituting the approximation

K(δ, 2z) ∼ Γ (δ)
2

z−δ
(

1 − z2

δ − 1

)
(for z → 0) (16)

into Eqs. (11) and (15), we have

〈r2〉(s)
=

2v2π(δ − 1)(aβ)2δ−2

{Γ (δ)}2 sin{π(δ − 1)}
1
s3

(
(1 +

s

β
)δ−1 − 1

δ

β

s

{
(1 +

s

β
)δ − 1

})
, (17)

∼ 2v2π(a2β)δ−1

δ{Γ (δ − 1)}2 sin{π(δ − 1)} s
δ−4, (for β � s� 1/a) (18)

2v2π(aβ)2δ−2

2β{Γ (δ − 1)}2 sin{π(δ − 1)} s
−2, (for s� β) (19)

so that we observe anomalous superdiffusion, 〈r2〉(t) ∝ t3−δ, for a � t � β−1, and
normal diffusion, 〈r2〉(t) = 2Dt, with diffusion constant D = v2π(aβ)2δ−2

2β{Γ (δ−1)}2 sin{π(δ−1)} .
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Crossover between Anomalous Superdiffusion and Normal Diffusion 879

The inverse Laplace transform of Eq. (17) yields the scaling form of the MSD
describing the crossover between anomalous and normal diffusion:

〈r2〉(t)
2Dt

= ϕ(βt), (20)

ϕ(z) =
2

δ − 1

(
z2

6δ
+

1
6Γ (1 − δ)z

{
z3

δ(δ − 1)
− 3z + 2(2 − δ)

}
γ(2 − δ, z)

+
1

6Γ (1 − δ)

{
z2

δ(δ − 1)
− z

δ
− 2
}
z1−δe−z

)
, (21)

where γ(c, z) represents an incomplete gamma function.10)

§3. Diffusive motion of a particle with finite mass in oscillating
Rayleigh-Bénard convection
—Model Simulations—

The motion of a fluid particle in a velocity field v(r, t) is determined by the
differential equation

dr

dt
= v(r, t), (22)

with the initial condition r(0). Even for regular velocity fields, the particle motion
can become chaotic. This is called Lagrangian chaos. For an incompressible fluid, the
dynamical system (22) is conservative. In two dimensions, the evolution equations
become

dx

dt
=
∂φ

∂z
,

dz

dt
= −∂φ

∂x
, (23)

where φ is the stream function, and r = (x, z). Equation (23) is a Hamilto-
nian system. Solomon and Gollub13) studied experimentally and numerically par-
ticle diffusion in Rayleigh-Bénard convection, which oscillates temporally. In order
to obtain oscillating convection flows, the streaming function φ(r, t) = A

k sin{kx
+B sin(ωt)}W (z) was phenomenologically introduced, where k is the wavenumber,
A is the maximum vertical velocity, B and ω are, respectively, the amplitude and
frequency of the oscillation, and W (z) is a function that satisfies the boundary con-
ditions at the top and bottom surfaces (z = 1 and 0). Ouchi et al.7) found that the
diffusion in the convection discussed above is anomalous and the diffusion constant
D diverges for some ranges of the amplitude B.

Recently, Sakaguchi8) numerically studied the deterministic diffusion of particles
with finite mass in the same oscillating convection flows. He assumed the simple
model

dvx
dt

= γm

(
∂φ

∂z
− vx

)
,

dvz
dt

= γm

(
−∂φ
∂x

− vz

)
, (24)

where vx = dx/dt, vz = dz/dt, and γ−1
m denotes a response time and is proportional

to the mass of the particle. For the massless case, γm becomes infinity, and Eq. (23)
is recovered.
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Fig. 1. Temporal evolution of x(t) starting from (x, vx, z, vz) = (0.5, 0, 0.5, 0) for B = 0.04910.

As an example of diffusive motion exhibiting crossover behavior between anoma-
lous superdiffusion and normal diffusion, we considered a particle with finite mass
in oscillating convection flows and studied it by analyzing Eq. (24) numerically. For
the sake of simplicity, we assumed the same stream function, φ(r, t) = A/π sin{πx
+B sin(2πt)}W (z), with W (z) = z2(1− z)2, for the convection with rigid boundary
conditions. Then, we fixed A = 4π, γm = 20 and varied the amplitude, B, between
0.04800 and 0.05000 in steps of 10−5. Numerical simulations were performed using
the fourth-order Runge-Kutta method.

Figure 1 depicts the temporal evolution of x(t) between t = 2000 and 4000,
with the initial conditions (x, vx, z, vz) = (0.5, 0, 0.5, 0) for B = 0.04910, and Fig. 2
the trajectory of a tracer particle, (x, z), between t = 2100 and 2200 with the same
parameter values and initial conditions. The arrows in Fig. 2 indicate the directions
of motion of the particle.

Figures 1 and 2 show that a particle transfers to another cell of convection, rolls
randomly, and moves straight along the x-axis with a positive or negative constant
velocity on average. In other words, in oscillating convection flows, a particle with
finite mass transferring between cells in succession moves straight with a positive or
negative constant velocity on average and randomly changes its direction. It follows
that the motion of the particle can be regarded as obeying the CTRW velocity model.

Figures 3(a) – (c) depict double-logarithmic plots of the MSDs of x(t) for B =
0.04810, 0.04910 and 0.04920. The average was calculated using 104 different initial
conditions, (x, vx, z, vz) = (x0, 0, z0, 0). In these figures, the lines represent 〈x2〉(t) ∝
t, and the dotted line represents 〈x2〉(t) ∝ t1.2. In Fig. 3(b), we see that anomalous
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Fig. 2. Trajectory of a tracer particle, (x, z), between t = 2100 and 2200, with the same parameter

values and initial conditions as in Fig. 1. The arrows indicate the directions of motion of the

particle.

superdiffusion, with 〈x2〉(t) ∝ t1.2 (i. e. ζ = 1.2), is followed by normal diffusion.
Our aim is to derive this crossover (see Fig. 3(b)) using the CTRW velocity

model. Therefore, we first calculate the power law behavior of the PDF for the flight
duration, ψ(t), for B = 0.04910. A numerical definition of the flight duration is
the number of time steps between times at which the sign of displacement changes.
The ‘+’ symbols in Fig. 4 represent the PDF of the flight duration, where the
mean flight duration is estimated as t̄ ∼ 16.9. From these numerical data, we
determine the three parameters δ, a and β in the PDF of the flight duration given
by Eq. (13). In the power-law region of the above PDF, Eq. (13) is reduced to the
line logψ1+δ(t) = Y − (1 + δ) log t, with

Y = log
(

aδ

2Kδ(2aβ)

)
. (25)

Applying the least square method to the power-law region, 20 ≤ t ≤ 100, we have
δ ∼ 0.77 and Y ∼ 5.18. From Eqs. (14) and (25), we obtain

a =
(
2eYKδ(2aβ)

)1/δ
, (26)

β =
2aβ K1+δ(2aβ)

2t̄Kδ(2aβ)
− δ

t̄
, (27)
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Fig. 3. Double-logarithmic plots of the MSD of x(t) for B = 0.04810, 0.04910 and 0.04920. The

‘+’ symbols represent the MSD resulting from numerical simulations. The solid line represents

〈x2〉(t) ∝ t, and the dotted line represents 〈x2〉(t) ∝ t1.2.
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Fig. 4. The PDF of the flight duration, ψ(t), for B = 0.04910. Plotted are the results of the theory

(solid line), the power law ψ(t) ∝ t−(1+δ) with δ = 0.77 (dashed line), and the numerical data

(‘+’ symbols).

which yield the following closed equation for x = 2aβ:

2
(
2eYKδ(x)

)1/δ xK1+δ(x)
2t̄Kδ(x)

− δ

t̄
− x = 0. (28)

Substituting δ = 0.77 and Y = 5.18 into Eq. (28) and solving this equation, we
obtain x ∼ 0.625, so that we have a ∼ 54.2 and β ∼ 0.00436 (1/β ∼ 230) from
Eqs. (27) and (28). The theoretical power-law region, a � t � 1/β, is consistent
with the numerical data. In this way, the three parameters δ, a and β in Eq. (13)
can be determined from the numerical data without ambiguity. Equation (13) for
B = 0.04910 with δ = 0.77, a = 54.2 and β = 0.00436 is represented by the solid line
in Fig. 4, where the power law behavior ψ(t) ∝ t−(1+δ) is represented by the dashed
line.

Figure 5 depicts the scaled MSD ϕ(βt) = 〈r2〉(t)
2Dt plotted as a function of the

scaled time βt for B = 0.04910. The predictions of the theory given by Eqs. (20)
and (21) are plotted by the solid line, and the numerical data are plotted by the ‘+’
symbols. We see that the crossover observed in the numerical data is more abrupt
than that given by the theory.

As mentioned by Sakaguchi,8) there are many ‘windows’ of stable limit cycle
attractors when the parameter B is varied. If a limit cycle that runs across convection
cells exists and is stable, a particle moves straight with a positive or negative constant
velocity on average. A limit cycle corresponds to an accelerator mode in Hamiltonian
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Fig. 5. The scaled MSD ϕ(βt) = 〈r2〉(t)
2Dt

plotted as a function of the scaled time βt for B = 0.04910.

Plotted are the results of the theory given by Eqs. (20) and (21) (solid line) and numerical data

(‘+’ symbols).
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Fig. 6. Temporal evolution of x(t) starting from (x, z) = (0.2, 0.2) and (x, z) = (0.8, 0.4) for B =

0.04900.
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Crossover between Anomalous Superdiffusion and Normal Diffusion 885

systems.
Figure 6 depicts uniform motion of the stable limit cycles at B = 0.04900. The

sign of the velocity depends on the initial conditions. At B = 0.04910, the limit
cycles are destabilized. However, the velocity correlation decays very slowly in the
vicinity of the bifurcation point. The velocity vx remains positive or negative for a
long time, and the direction of motion changes intermittently. This behavior might
be related to the power-law behavior of ψ(t).

§4. Concluding remarks

We expect that the crossover between anomalous and normal diffusion studied
in the present paper will be confirmed in an experiment measuring particle diffusion
in Rayleigh-Bénard convection.

Recently, Tamura et al.14), 15) tracked the trajectory of a particle injected into
a two-dimensional thin layer of nematic liquid crystal exhibiting soft-mode turbu-
lence.16) They observed that diffusive motion occurs in two dimensions, and the
MSD displays crossover between anomalous superdiffusion and normal diffusion. In
the experiment, they found patches, i. e., domains in which the wavenumber of the
vector field is almost constant. The entire system is filled with such patches, whose
sizes and wavenumbers are distributed. There exists a characteristic time scale τ ,
which is essentially the average patch size divided by the average velocity of a tracer
particle. For t � τ , anomalous diffusion appears in the manner described in §3,
where intra-patch motion dominates. By contrast, inter-patch motion dominates for
t� τ , so that normal diffusion is observed due to the isotropy of the whole system.
This crossover is caused by the local anisotropy and the global isotropy. In this sense,
it is different from the crossover we studied. In our case, we do not need a meta-
macroscopic scale, such as the patch size, but rather certain power-law behavior of
the PDF, such as a distribution of the durations of straight motion. The crossover
we described should be observable in the intra-patch motion within a single large
patch in liquid crystal experiments exhibiting soft-mode turbulence.

With inspiration from experiments on soft-mode turbulence (SMT) by Tamura
et al. and numerical studies on oscillating convection flows by Sakaguchi, we found
crossover between anomalous superdiffusion and normal diffusion in numerical simu-
lations of a particle with finite mass in oscillating convection flows. Then, using the
CTRW velocity model, we analyzed this crossover. The PDF of the flight duration
of a particle introduced artificially, Eq. (13), played an essential role in our study.
Figure 4 depicts an example of this PDF. This implies that when one obtains an
arbitrary power law exponent γ (2 < γ < 3), and the crossover between anomalous
superdiffusion with a power law exponent ζ = 4 − γ and normal diffusion, the sys-
tem could be described by the CTRW velocity model. The theoretical derivation
of Eq. (13), or its alternative based on physical pictures, has not yet been realized.
We believe that the power-law behavior of ψ(t) is related to the invariant sets in the
phase space, which cause anomalous diffusion.

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/110/5/875/1897475 by guest on 29 M

ay 2022



886 K. Ito and S. Miyazaki

Acknowledgements

We would like to thank Koyo Tamura for illuminating discussions.

Appendix A
Results for Two-Dimensional Lattices Reduced to One Dimension

One-dimensional CTRW formalism can be extended to the two-dimensional case.
Here, we show that one-dimensional results are recovered by projecting the motion on
to a line. It is easy to observe experimentally the two-dimensional motion of a tracer
particle projected on to a line. Thus, we consider the reduction to one dimension
of the two-dimensional CTRW velocity model. Let i = (1, 0) and j = (0, 1) be unit
vectors in the two-dimensional Cartesian space. For a square lattice, a test particle
moves only along four directions i,−i, j,−j, with equal probability 1

4 . We assume
that the flight duration for all directions is distributed according to a single PDF
ψ(t). By projecting the motion on to the x-axis, we have

psq(x|t) =
1
4

[δ(x− vt) + 2δ(vt) + δ(x+ vt)] . (A.1)

The same expression is obtained for the projection on to the y-axis. Thus, ψ(k, s)
and Ψ(k, s) are given by

ψsq(k, s) =
1
4

[ψ(s− ikv) + 2ψ(s) + ψ(s+ ikv)] , (A.2)

Ψsq(k, s) =
1
4

[
1 − ψ(s− ikv)

s− ikv
+ 2

1 − ψ(s)
s

+
1 − ψ(s+ ikv)

s+ ikv

]
. (A.3)

Substituting Eqs. (A.2) and (A.3) into Eqs. (5) and (6), we obtain the corresponding
MSD in Laplace space, 〈x2〉sq(s), as

〈x2〉sq(s) =
v2
(
sdψ(s)

ds + 1 − ψ(s)
)

s3(1 − ψ(s))
, (A.4)

which coincides with that in the one-dimensional case given by Eq. (11), except for
the numerical factor 2.

For a triangular lattice, a test particle moves only along the directions (cos n6π)i+
(sin n

6π)j (n = 0, 1, 2, 3, 4, 5) with equal probability 1
6 . In the same way as for the

square case, by projecting the motion on to the x- or y-axis, we have

ptri(x|t) =
1
6

[
δ(x− vt) + 2δ

(x
2
− vt

)
+ 2δ

(x
2

+ vt
)

+ δ(x+ vt)
]
, (A.5)

ptri(y|t) =
1
6

[
2δ(vt) + 2δ

(√
3

2
y − vt

)
+ 2δ

(√
3

2
y + vt

)]
, (A.6)

which also reproduces the following one-dimensional results given by Eq. (11), except
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for the numerical factor 2:

〈x2〉tri(s) =
v2
(
sdψ(s)

ds + 1 − ψ(s)
)

s3(1 − ψ(s))
, (A.7)

〈y2〉tri(s) =
v2
(
sdψ(s)

ds + 1 − ψ(s)
)

s3(1 − ψ(s))
. (A.8)
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