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An approximate calculation method of time correlations by use of delayed coordinate
is proposed. For a solvable piecewise linear hyperbolic chaotic map, this approximation is
compared with the exact calculation, and an exponential convergence for the maximum time
delay M is found. By use of this exponential convergence, the exact result for M → ∞ is
extrapolated from this approximation for the first few values of M . This extrapolation is
shown to be much better than direct numerical simulations based on the definition of the
time correlation function. As an application, the irregular dependence of diffusion coefficients
similar to Takagi or Weierstrass functions is obtained from this approximation, which is
indistinguishable from the exact result only at M = 2. The method is also applied to the
dissipative Lozi and Hénon maps and the conservative standard map in order to show wide
applicability.

Subject Index: 033

§1. Introduction

One of the most important characterizations of chaotic or stochastic systems is a
description of collapses of temporal correlations. Two conventional methods are well
known to obtain time correlations analytically. One is based on unstable periodic
orbits,1),2) the other on Markov partitions.3),4) Both are very cumbersome to find.
We would like to propose a new method without using unstable periodic orbits or
Markov partitions in this paper.

We confine ourselves to discrete chaotic dynamical systems hereafter. Let us
consider a chaotic map xn+1 = F (xn) with discrete time n = 0, 1, 2, · · · . For an
observable un = h{xn}, where h{x} is a unique function of x, the equation of motion
of u is given by un+1 = Lun with the time evolution operator L defined by LG(x) =
G(F (x)) for an arbitrary function G of x. By use of the projection operator method
proposed by Mori,5) the equation of motion is transformed into

un+1 = ζun +
n−1∑
s=0

ψn−1−sus + fn, (1.1)

with both ζ ≡ 〈(Lu0)u0〉/〈(u0)2〉 and the memory kernel ψn ≡ 〈(Lfn)u0〉/〈(u0)2〉
defined, and the fluctuating force fn = (QL)nQLu0 orthogonal to u0, i.e., 〈fnu0〉 = 0,
where the projection operator P is defined as PG(x) ≡ x〈G(x)x〉/〈x2〉 with Q ≡
1 − P. The bracket 〈· · · 〉 denotes the long time average. The long time average of



1144 K. Morino, M. U. Kobayashi and S. Miyazaki

both sides of Eq. (1.1) multiplied by u0 yields

〈un+1u0〉 = ζ〈unu0〉 +
n−1∑
s=0

ψn−1−s〈usu0〉. (1.2)

The time correlation function of u is given by Cn = 〈unu0〉, where the vanishing
average 〈un〉 = 0 is assumed. Equation (1.2) is expressed by Cn as

Cn+1 = ζCn +
n−1∑
s=0

ψn−1−sCs. (1.3)

Thus the projection operator method gives us an equation satisfied by the time
correlation function in a closed form. However, the memory term in Eq. (1.3) forces
us to use a cumbersome procedure for analytical treatments such as the continued
fraction expansion.6)

One may compare an equation of motion of a damped oscillator ÿ + ẏ + y = 0
whose phase space is one-dimensional with the equivalent two-dimensional equation
of motion (ẏ, ṗ) = (p, y + p), where the former non-Markov equation becomes the
latter Markov one with an extension from the one-dimensional phase space y to
the two-dimensional one (y, p). Fujisaka7) amplified this idea and proposed a novel
method of calculating time correlation functions, where the memory term is ignored
and the phase space is suitably extended as explained below. The observable is
extended to the linearly independent state vector

u{x} ≡ (h1{x}, h2{x}, · · · , hM+1{x})T , (1.4)

where h1{x} is identical to the original observable h{x}. M is the number of new
scalar observables h2, h3, · · · , hM+1 with vanishing long time averages. The extended
state vector u obeys the equation of motion un+1 = Lun. If M is appropriately
chosen, the contribution from the memory term is expected to be negligibly small,
so that we have

un+1 ≈ ζ̂un + fn (1.5)

with

ζ̂ ≡ 〈(Lu0)uT
0 〉/〈u0u

T
0 〉. (1.6)

The fluctuating force fn is orthogonal to u0, i.e., 〈fnuT
0 〉 = 0. Equation (1.5) can

be written using the time correlation matrix Ĉn ≡ 〈unuT
0 〉 as Ĉn+1 ≈ ζ̂Ĉn, which

yields

Ĉn ≈ ζ̂nĈ0. (1.7)

By noting that ζ̂ = Ĉ1Ĉ
−1
0 , the approximate original time correlation function C(M)

n

is thus given by 1-1 component of Ĉn.
However, the questions on how the phase space is extended and how M is ap-

propriately chosen are still unanswered. In this paper, we confine ourselves to the
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time-delayed coordinate as an extended phase space, i.e., u{x} = (h1{x}, h2{x},
· · · , hM+1{x})T = (x0, x1, · · · , xM )T with a chaotic map xn+1 = F (xn). Then we
control the time delay M , and discuss the ways of convergence of our method to the
exact time correlation functions for completely or partially solvable chaotic maps.

This paper is organized as follows. Introducing a solvable model whose time
correlation functions are analytically obtained, we compare the exact ones Cn with
our approximations C(M)

n and numerically study theM dependence of the differences
|C(M)

n −Cn| in §2. And we assume the M dependence of |C(M)
n −Cn| and extrapolate

Cn from C
(M)
n for small values of n and M , the results of which are compared with

numerical evaluations of Cn according to its definition also in §2. As an application
of our method, we obtain a complex parameter dependence of diffusion coefficients
called fractal diffusion coefficient found by Klages and Dorfman8) without using
Markov partitions in §3. In §4, we present the results for the nonhyperbolic Hénon
map and the conservative standard map in order to show wide applicability of our
method. The final section is devoted to concluding remarks.

§2. Exponential convergence to the exact time correlation functions for
a solvable chaotic map

We consider the following piecewise-linear chaotic map:

xn+1 = f(xn) =

{
xn + 1/2, (xn ∈ [0, 1/2))
2xn − 1, (xn ∈ [1/2, 1])

(2.1)

whose two-time correlation function Cn = 〈xnx0〉 − 〈xn〉2 obeys the following recur-
rence equation:

Cn+2 =
1
4

(
Cn+1 + Cn

)
+

1
144

(
−1

2

)n
. (2.2)

The exact solution is given by

Cn =
1
18

(
−1

2

)n

+
1

36
√

17

{(1 +
√

17
8

)n 37 + 3
√

17
8

−
(1 −√

17
8

)n 37 − 3
√

17
8

}
, (2.3)

the values of which are listed in Table I for n = 0, 1, · · · , 7. It can be shown that
the values of Cn are rational for an integer n, and there exist three decay rates
(
√

17−1)/8 ≈ 0.390, 1/2 = 0.5, and (
√

17+1)/8 ≈ 0.640. The last and slowest decay
rate (

√
17 + 1)/8 ≈ 0.640 essentially determines the collapse of the time correlation.

Table I. Numerical values of the time correlation function.

n 0 1 2 3 4 5 6 7

Cn
11
144

1
144

1
36

1
192

23
2304

3
1024

15
4096

211
147456
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Fig. 1. Analytic solution Cn Eq. (2.3) (+ with solid line) and our approximation C
(M)
n for M = 0

(× with dashed line), 1 (∗ with dashed line) and 2 (˜ with dotted line) in Eq. (2.4) are shown

in the semilogarithmic plot. The straight dashed-dotted line corresponds to the slowest decay

rate (
√

17 + 1)/8 ≈ 0.640 in Eq. (2.3).

Fig. 2. |C(M)
n − Cn| are plotted against M for n = 15 (◦), 16 (¨), 17 (˜), 18 (∗), 19 (×), and 20

(+) with a logarithmic vertical axis. The least square method applied to the whole data yields

an exponential convergence |C(M)
n − Cn| ∝ exp(−αM) with α 	 0.903 (straight dotted line).

The correlation matrix Ĉn is determined by ζ̂ and Ĉ0 as

Ĉn = ζ̂nĈ0, (2.4)

where the 1-1 element of Ĉn is the approximate time correlation function C(M)
n . We

compare the analytic solution Eq. (2.3) with our approximation for M = 0, 1, 2 in
Eq. (2.4) in Fig. 1. For a fixed M , C(M)

n is equal to Cn for n = 0, 1, · · ·M + 1, and
for a fixed n, C(M)

n approaches to Cn, as M is increased. The M dependence of the
difference |C(M)

n − Cn| is depicted for n = 15, 16, 17, 18, 19, and 20 in Fig. 2. For a
fixed n, C(M)

n oscillates with period two as a function of M , so that we decompose
Fig. 2 into Fig. 3 for even M and Fig. 4 for odd M . We see that the even-even
and the odd-odd combinations for n and M yield the better exponential convergence
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Fig. 3. |C(M)
n −Cn| are plotted against even M for n = 15 (◦), 16 (¨), 17 (˜), 18 (∗), 19 (×), and

20 (+) with a logarithmic vertical axis. The least square method applied to the data for even

n yields the better exponential convergence |C(M)
n −Cn| ∝ exp(−αM) with α 	 0.800 (straight

dotted line).

Fig. 4. |C(M)
n − Cn| are plotted against odd M for n = 15 (◦), 16 (¨), 17 (˜), 18 (∗), 19 (×), and

20 (+) with a logarithmic vertical axis. The least square method applied to the data for odd n

yields the better exponential convergence |C(M)
n − Cn| ∝ exp(−αM) with α 	 0.787 (straight

dotted line).

|C(M)
n − Cn| ∝ exp(−αM).

Using the exponential convergence, we can approximate the time correlation
function by the extrapolation C(∞)

n as

C(∞)
n = C(M)

n ± e−αM+B, (2.5)

where the sign in front of the exponential function depends on n, and the real
parameters α and B are determined from the least square method applied to C(M)

n

at several small values of M for a fixed n.
For a fixed odd (even) n, C(∞)

n is obtained from the extrapolation using the data
C

(M)
n at M = 1, 3, 5, 7, 9 (2, 4, 6, 8, 10), and compared with the exact value in Table
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Table II. Comparison between the extrapolation C
(∞)
n derived from Eq. (2.5) and the exact value

Cn given by Eq. (2.3).

n C
(∞)
n (extrapolation) Cn (exact)

20 5.653e-006 5.647e-006

25 6.020e-007 6.008e-007

30 6.503e-008 6.494e-008

35 7.029e-009 6.986e-009

40 7.545e-010 7.527e-010

45 8.185e-011 8.106e-011

50 8.768e-012 8.730e-012

Fig. 5. Comparison between the numerically evaluated time correlation function based on the de-

finition Cnum
n (+), our approximation C

(∞)
n (× with a dashed line), and the exact one Cn

(∗ with a dotted line).

II. A good agreement is found, where the convergence rate α depends on n, e.g.,
α 	 0.784 for n = 20 and α 	 0.772 for n = 25.

We also compare the direct numerical simulation based on the definition of the
time correlation function with the exact one Cn and our approximation C∞

n in Fig. 5,
where the averages along the 9× 106 time steps after some initial transient states in
the numerical simulation are used to evaluate Cnum

n , and C(∞)
n is extrapolated from

not the exact but numerically evaluated C(M)
n for M = 1, 3, 5 and for M = 2, 4, 6 in

our approximation. The convergence rates α 	 0.638 at n = 7 and 0.625 at n = 8
are used for all odd values and all even values of n.

We see that the direct numerical simulation starts to deviate largely from the
exact value at n = 15, which is considered to depend on the whole length of the time
steps. In contrast, our approximation is in good agreement with the exact value.

§3. An application — Irregular parameter dependence on diffusion
coefficients in chaotic diffusion

Diffusion phenomena are characterized by the linear growth of the mean square
displacement 〈(xt−x0)2〉 = 2Dt, where D is called the diffusion coefficient. Diffusion
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Fig. 6. Map given by Eq. (3.1) at a = 4.

Fig. 7. xn vs n by iteration of the map given by Eq. (3.1) at a = 3.2. Four nearby initial points

diffuse over time.

is caused by stochastic noise such as Brownian motions or by chaotic dynamics. Here,
we confine ourselves to the latter case, chaotic diffusion also known as deterministic
diffusion.

Let us consider the following chaotic one-dimensional map shown in Fig. 6:

xn+1 = f(xn) =

{
a(xn −N) +N, x ∈ AN ,

a(xn −N − 1) +N + 1, x ∈ BN ,
(3.1)

where N ∈ N , AN = (N,N + 1
2 ], BN = (N + 1

2 , N + 1], and a is a real parameter
with a > 2. As shown in Fig. 7, the nearby initial points diffuse by iteration of the
chaotic map without any stochastic factor.

Position xn is decomposed into an integer part Xn and fractional part x′n. The
new dynamics are given by Nn+1 = Nn +Δ(x′n) and x′n+1 = g(x′n), where Δ(x′n) =
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f(x′n)� and g(x′n) = f(x′n) − 
f(x′n)�. Δ(x′n) can be considered as velocity. In this
case, the diffusion coefficient is given by

D = lim
N→∞

1
2N

〈(N−1∑
n=0

xn −N〈x〉
)2〉

(3.2)

=
C0

2
+

∞∑
n=1

Cn , (3.3)

where Cn is given by the two-time correlation functions of the velocity Δ(x′n). Exact
calculations of Cn and D are possible for integer values of a mentioned later and
for countable numbers of values of a using Markov partitions. For example, we
divide the unit interval I = [0, 1) into four subintervals I1 = [0, 1/4), I2 = [1/4, 1/2),
I3 = [1/2, 3/4) and I4 = [3/4, 1) at a = 4 shown in Fig. 6. For the dynamics of the
fractional part, I = I1 ∪ I2 ∪ I3 ∪ I4 = g(Ii) is satisfied for i = 1, 2, 3, and 4. Note
that I = Ii ∩ Ij = φ for i �= j. The iteration between the subintervals is specified by
the transition matrix or the matrix representation of the Frobenius-Perron operator
H, whose element is given by Hij = 1/4 for all combinations of i and j. We can
assign the velocity ui = Δ(Ii) as a dynamical valuable with each subinterval Ii for
i = 1, 2, 3, and 4 with u1 = 0, u2 = 1, u3 = −1, and u4 = 0. Large deviation
statistics and time correlation functions of the velocity are obtained from H and its
generalization. As described by Yoshida et al.,9) the Markov partition at a = 1+

√
3

is given by I ′1 = [0, 1/(1 +
√

3)), I ′2 = [1/(1 +
√

3), 1/2), I ′3 = [1/2, 1 − 1/(1 +
√

3)),
and I ′4 = [1−1/(1+

√
3), 1) with g(I ′1) = g(I ′4) = I, g(I ′2) = I ′1, and g(I ′3) = I ′4. Note

that I = I ′1 ∪ I ′2 ∪ I ′3 ∪ I ′4 and I = I ′i ∩ I ′j = φ for i �= j. The elements of the matrix
representation of the Frobenius-Perron operator H are given by Hk2 = Hl3 = 0 for
k = 2, 3, 4 and l = 1, 2, 3, 1/(1 +

√
3) otherwise. It is a cumbersome procedure to

find the values of a at which the Markov partition is obtained. The situation is
similar to the method of finding unstable periodic orbits. Indeed, most of the edges
of the subintervals are unstable periodic orbits. The dimension of H, which is equal
to the number of partitions, and the elements of H depend very sensitively on the
parameter a. Not only H but also the diffusion coefficient D sensitively depends
on the parameter a, which was first found by Klages and Dorfman8) as the fractal
diffusion coefficient. Similar irregular parameter dependences of diffusion coefficients
are observed in several studies.10),11)

Our approximation proposed in the present paper does not need Markov par-
titions, so the irregular parameter dependence of the diffusion coefficient can be
obtained much more easily than in the preceding studies.8),9) Let the observable of
concern u in Eq. (1.1) be the velocity Δ. We approximate Cn by C

(M)
n by use of

Eq. (1.7) and obtain D from Eq. (3.3). The parameter a dependence of the diffusion
coefficient D obtained by our approximation is shown in Fig. 8 for M = 0, 1, and 2.
Only at M = 2 is the result indistinguishable from the exact result.8) Note that Ĉn

is always a (M + 1) × (M + 1) matrix with constant dimension for all a. Note that
direct numerical simulations based on the definition of the diffusion coefficient can-
not follow the exact irregular parameter dependence similar to Takagi or Weierstrass
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Fig. 8. Irregular parameter dependence of diffusion coefficients obtained by our approximation for

M = 0 (dotted line), M = 1 (dashed line), and M = 2 (solid line). The exact result obtained

by Klages and Dorfman8) is indistinguishable from our result for M = 2. The exact results for

even and odd values of a given by Eqs. (3.4) and (3.5) are also plotted with symbols × and +,

respectively.

functions, but a rough dependence.
Analytical results for integer values of a are known,12)–14) so we can discuss how

our approximation converges to the exact result. For even numbers of a,⎧⎪⎨
⎪⎩
C0 = (a−1)(a−2)

12 ,

Cn = 0, (n ≥ 1)
D = (a−1)(a−2)

24 ,

(3.4)

and for odd numbers of a,⎧⎪⎨
⎪⎩
C0 = (a−1)(a2−2a+3)

12a ,

Cn =
(

1
a

)n+1(a−1
2

)3
, (n ≥ 1)

D = (a2−1)
24 ,

(3.5)

hold, which are plotted with symbols × and +, respectively, in Fig. 8. The differences
|C(M)

n − Cn| are plotted against M for n = 5, 6, 7, 8, 9, and 10 at a = 11 in Fig. 9
as a semilogarithmic plot. Exponential convergences |C(M)

n − Cn| ∼ B exp(−αaM)
are observed. For large a, αa approaches α∞ 	 0.98. The differences αa − α∞
are plotted against a in Fig. 10 as a logarithmic plot. An algebraic dependence
αa − α∞ ∝ a−γ with γ 	 2.1 is observed. The differences |DM − D| are plotted
against M for a = 5, 7, 9, 11, 73, and 143 in Fig. 11 as a semilogarithmic plot, where
DM is obtained from our approximation and D is the exact value. Exponential
convergences |DM −D| ∼ B exp(−βaM) are observed. The parameter a dependence
of βa is plotted in Fig. 12. A logarithmic dependence βa 	 0.97 log a + 0.82 is
observed. Note that log a is nothing but the Lyapunov exponent of the chaotic map
given by Eq. (3.1).
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Fig. 9. The differences |C(M)
n − Cn| are plotted against M for n = 5 (+), n = 6 (×), n = 7 (∗),

n = 8 (˜), n = 9 (¨), and n = 10 (◦) at a = 11 as a semilogarithmic plot.

Fig. 10. The differences αa − α∞ are plotted against a as a logarithmic plot (+). An algebraic

dependence αa − α∞ ∝ a−γ with γ 	 2.1 is drawn with a dotted line.

Fig. 11. The differences |DM − D| are plotted against M for a = 5 (+), a = 7 (×), a = 9 (∗),
a = 11 (˜), a = 73 (¨), and a = 143 (◦) as a semilogarithmic plot.
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Fig. 12. The parameter a dependence of βa is plotted as symbols (+). A logarithmic dependence

βa 	 0.97 log a + 0.82 is drawn with a dotted line.

§4. Other examples

In this section, we present the results for the nonhyperbolic Hénon map and the
conservative standard map in order to show wide applicability of our method.

Hata and his collaborators compared the spectrum of singularities, the general-
ized dimensions and entropies obtained by direct numerical simulations with those
obtained by the approximation by use of the unstable periodic points for the Lozi and
Hénon maps.15) Good and poor quantitative agreements were observed, respectively,
for the hyperbolic Lozi map and for the nonhyperbolic Hénon map.

The Lozi map16) is given by (xn+1, yn+1) = (f(xn)+byn, xn−1/2) with f(x) = βx
for (0 ≤ x < 1/2), β(1 − x) for (1/2 ≤ x < 1). We set the parameters as β = (1 +√

5)/2 and b = −0.3. The Hénon map17) is given by (xn+1, yn+1) = (1−ax2
n+yn, bxn).

We set the parameters as a = 1.4 and b = 0.3. The choice of the parameter, which
yields a single-piece chaotic attractor for both maps, is the same as that by Hata and
his collaborators.15) We obtain the two-time correlation function Cn = 〈xnx0〉−〈xn〉2
by direct numerical simulations and our approximation C(M)

n . We plot |C(M)
n − Cn|

against M for the Hénon map at n = 10(+), 11(×), 12(∗), 13(�), and 14(�) and for
the Lozi map at n = 10(◦), 11(•), 12(�), 13(�), and 14(�) in Fig. 13. Even though
the agreements between C(M)

n and Cn for the Lozi map are better than those for the
Hénon map, |C(M)

n −Cn| becomes smaller as M is increased also for the Hénon map.
Note that Markov partitions for the nonhyperbolic Hénon map seem impossible in
order to obtain the correlation function.

Next, we take the conservative standard map (Xn+1, Pn+1) = (Xn + Pn+1, Pn +
A sin(2πXn)) and consider the diffusion in the momentum direction. The diffusion
coefficient of the ensemble of the chaotic orbit is defined by D = limT→∞〈(PT (i) −
P0(i))2〉, where the average 〈· · · 〉 is taken over the ensemble of i orbits. Applying
the Fourier-path integral method, Meiss and his collaborators18) derived an analytic
expression for the diffusion coefficient D as
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Fig. 13. |C(M)
n − Cn| are plotted against M for the Hénon map at n = 10(+), 11(×), 12(∗), 13(˜),

and 14(¨) and for the Lozi map at n = 10(◦), 11(•), 12(
), 13(N), and 14(O).

Fig. 14. Normalized diffusion coefficients D/DQ in the momentum direction are plotted against the

parameter A of the standard map for the direct numerical simulation (+) and for our method

with M = 5 (×). The theoretical approximation (4.1) is drawn with a solid line.

D

DQ
=

1 − 2J2
1 (2πA) − J2

2 (2πA) + 2J2
3 (2πA)

(1 + J2(2πA))2
, (4.1)

where Jn(x) is the n-th order Bessel function and DQ = A2/4. We plot the theoret-
ical approximation (4.1) with a solid line and the parameter dependence of D/DQ

obtained from direct numerical simulations with the symbol (+) in Fig. 14. Re-
markable deviations are observed around A = 1, A = 2, and A = 3, where the
anomalous diffusion caused by accelerator modes occurs.19)–21) For the two-time cor-
relation function Cn = 〈xnx0〉 − 〈xn〉2 with xn = Pn+1 − Pn, we calculate CM

n using
our approximation. Then we obtain the diffusion coefficient D using Eq. (3.3) for
M = 5. We plot the parameter dependence of D/DQ obtained from our approxi-
mation as the symbol (×) in Fig. 14. Good agreements with Eq. (4.1) are observed
except for the regions of anomalous diffusion.

Venegeroles analytically calculated the leading Pollicott-Ruelle resonance, whose
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wave number dependence determines the diffusion coefficients, for the standard map
and other twist maps.22) His theoretical approximation is very similar to Eq. (4.1).
He compared his analytical parameter dependence of the diffusion coefficient de-
rived from the Pollicott-Ruelle resonance with direct numerical simulations. Good
agreements similar to our results shown in Fig. 14 were observed.

§5. Concluding remarks

In the present paper, we proposed an approximate calculation method of time
correlations by use of a delayed coordinate, which is a special case of the method
proposed by the preceding works.7),23)

For a solvable piecewise linear hyperbolic chaotic map, we compare our approx-
imation with the exact calculation and find the exponential convergence for the
maximum time delay M . Using this exponential convergence, we can extrapolate
from our approximation for the first few values of M to the exact result for M → ∞.
We also show that this extrapolation is much better than direct numerical simula-
tions based on the definition of the time correlation function. It seems impossible
to show how the approximation proposed by the preceding studies7),23) converges to
the exact result in general cases except for the delayed coordinate.

As an application, we obtain the irregular parameter dependence of diffusion
coefficients using our method. Our approximation is indistinguishable from the ex-
act result only at M = 2. Furthermore, our method does not need any cumbersome
procedure to find a Markov partition. Note that direct numerical simulations based
on the definition of the diffusion coefficient cannot follow the exact irregular parame-
ter dependence similar to Takagi or Weierstrass functions, only a rough and rather
smooth dependence.

The general theoretical derivation of the convergence rates from our approxima-
tion to the exact result is still an open question. The convergence rate α in §2 has
no simple relationship with the three decay rates in Eq. (2.3) or with the Lyapunov
exponent. Numerical results in §3 imply that αa ∼ 1 + 1/a2 and βa ∼ λ + const
approximately hold, where λ = log a is the Lyapunov exponent. The reason why
these parameter dependences of the convergence rates hold is still unclear.

We also presented the results for the dissipative Lozi and Hénon maps and the
conservative standard map in order to show the wide applicability of our method.

We considered here exponential time correlation decays only. Our approximation
should be generalized for intermittent signals with an algebraic time correlation
decay.
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